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The 24th European Conference on Few-Body Problems was held in Guildford, UK, on the
campus of the University of Surrey, between 1-6 September, 2019. The conference continued
the series taking place every three years, following recent outings in Aarhus (2016), Krakow
(2013) and Salamanca (2010).
Sessions covered various topics in few-body physics: few-nucleon systems, atoms and
molecules, clustering in nuclei, short range correlations in nuclei, hadrons and particles, light
nuclei, hyperon interaction and hypernuclei, few-body techniques, kaonic atoms and clusters,
and nuclear reactions. In addition, there was a special session in memory of Roy Glauber, and
a Young Researcher Prize Session in which award-winners Robin Smith and Sebastian König
gave presentations. The conference featured a half-day excursion to nearby Hampton Court
Palace, erstwhile home of King Henry VIII in the 16th Century.
Sponsorship of the the Prize for Young Researchers came from Springer. NuPECC sponsored the poster prize, with first place going to Ivan Muzalevskii (JINR), second to Yaakov
Yudkin (Bar Ilan University) and third to Rimantas Lazauskas (University of Strasbourg). The
UK Science and Technology Facilities Council (STFC) provided additional support.
As with previous instances of the conference, the 24th consisted of invited and contributed
talks, in plenary and parallel sessions, along with a poster session. All contributors were invited to present their work in these proceedings, which have been organised using the open
refereeing policies of the SciPost Physics Proceedings journal. This means that referee’s reports, comments, and replies, can be freely read online for each contribution.
Figure 1 shows the official conference photo. A further library of photographs can be found
online [1].

Figure 1: Conference Photograph for EFB24
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Abstract
Nuclei with proton and neutron numbers away from stability are known as exotic, and
provide stringent tests of nuclear models, mainly developed for the description of stable
nuclei. However, only the most extreme combinations lead to literally exotic structures,
with sometimes unexpected properties. In this contribution we review some selected
examples around the neutron dripline of very light elements: neutron halo structures
with embedded substructures in the boron chain; the emission of neutron pairs in 16 Be;
and the existence of multi-neutron resonances in ‘superheavy’ hydrogen isotopes.
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Introduction

The composition of the nucleus is relatively simple: an ensemble, more or less balanced, of
protons and neutrons. Its structure, however, is well understood only for a finite range of
combinations close to the stable equilibrium values, along the so-called valley of stability.
The basic question of what the properties of a system with a given number Z of protons
and N of neutrons would be, is still open for most of those numbers. Different nuclear models
have been developed based mostly on the description of stable nuclei, and their extrapolations
towards unknown (N , Z) combinations usually diverge among themselves. Therefore, the
ability to produce and study in the laboratory increasingly exotic combinations has been very
valuable in guiding and/or discarding those models.
Ideally, producing the whole range of possible N values for each given element Z would
be the ultimate goal. However, when moving up in Z this range becomes increasingly wide
specially on the neutron-rich side, due to the need to counterbalance the Coulomb repulsion
among the protons and to the absence of a Coulomb barrier for the neutrons.
As such, the most neutron-rich combinations soon become unreachable in the laboratory,
making the knowledge of those systems rely exclusively on the ability of nuclear models to
predict the properties of any system.
001.1
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Figure 1: The (N , Z) chart of isotopes up to neon (Z = 10). Stable nuclei are represented by black boxes, and exotic nuclei by red (neutron deficient) and cyan (neutron
rich) boxes. The exotic structures discussed in this contribution are highlighted in
magenta (boron chain), green (dineutron emission) and orange (multi-neutron systems). For comparison, a neutron star has been placed along the N /Z =8 line.
On one hand, reaching the (N , Z) limits in the region where they are attainable, presently
up to Z ∼ 9 [1], provides the most stringent test of those models.
On the other hand, even if all combinations away from stability are called exotic, only
around the extreme limits do the nuclear properties deviate from smooth trends and generate
literally exotic structures, even more challenging for the models.
In this contribution we will review some of these “exotic structures in exotic nuclei”, all of
them probed at the Radioactive Isotope Beam Factory (RIBF) of the RIKEN Nishina Center, in
Japan. They are displayed in Fig. 1, where we see how they spread over N /Z ratios from 2–3
to infinity, in the case of multi-neutron systems.

2

Z=5: the boron ‘matryoshka’

In the naive shell-model picture, neutron numbers between 8 and 20 correspond to the filling of
the sd-shell neutron single-particle orbitals (ν0d5/2 , ν1s1/2 , ν0d3/2 ). Approaching the neutron
dripline, the energies of these orbitals evolve, leading for example to the disappearance of the
N = 20 magic number for Z = 10–12 and to the appearance of new shell closures at N = 14
and 16 in the oxygen isotopes [2–4]. These changes dictate the structure and location of the
neutron dripline from boron to fluorine, leading for example to the sudden increase of the
dripline from N =16 to 22 (Fig. 1), known as the “oxygen anomaly” [5].
A more general and fundamental anomaly arises along the boron isotopic chain, in which
most of the isotopes lie around the dripline. The weak binding characteristic of the dripline
together with clustering phenomena lead to a number of exotic structures: from the proton
halo of 8 B [6], through the unbound threshold states of 16,18 B [7, 8], to the two-neutron halo
of 17 B and the two/four neutron halo/skin of 19 B [9]. More recently, resonances in 20,21 B have
been observed [10].
On Fig. 2 we have sketched the complex exotic structures that can be found when going
from the bound isotope 15 B up to the resonances in 21 B. The first neutron-rich unbound isotope,
16
B, exhibits a very narrow, low-energy neutron resonance at about 40 keV, that has been
measured with a precision of only a few keV. This system of 16 nucleons can be modeled as a
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Figure 2: The boron chain from A=15 to 21. The bound isotopes are marked within
a thick frame, and the different number of clusters display the dominant structure
of the corresponding ground states, from the 15 nucleons of 15 B to the two- and
three-body structures of all the heavier isotopes.
series of one neutron resonances on top of a core of 15 nucleons. By adding a second neutron,
the system becomes bound again, although the two valence neutrons form a neutron halo
around the same 15-nucleon core.
By adding an extra neutron, 18 B is unbound again. However, the ground state is no longer
a neutron resonance, but a virtual state with a huge scattering length of about −100 fm [8], the
largest known n-nucleus scattering length. This surprisingly large value has been confirmed
by the SAMURAI collaboration, and naturally opens the debate about the possibility of Efimov
states or physics [11] in 19 B. The latter is a (weakly) bound system exhibiting a two-neutron
halo, with a 2n separation energy compatible with zero (S2n = 0.14 ± 0.39 MeV [12]). Note
that it may also be considered as a four-neutron halo or skin, since as said above the 17 B core
is already a two-neutron halo itself (see Fig. 2).
The potential to exhibit Efimov physics has been investigated within a three-body model
[13], in which 19 B is built from potentials reproducing the known scattering lengths in the
17
B+n (∼ −100 fm) and n+n (∼ −20 fm) systems. With these simple ingredients, and without any three-body force, the model reproduces the basic features of the system within the
experimental uncertainties: a weakly-bound ground state, with extended spatial distribution,
and no bound excited states.
Surprisingly, these properties are even described at the unitary limit, in which both scattering lengths are taken to infinity. A more precise measurement of the key parameters, the
19
B mass and the 17 B+n scattering length, would provide a more stringent constraint on this
description and on the Efimov character of the system.
Even this surprisingly complex and exotic system, 19 B, can play the role of a single body
if we keep adding neutrons to the system. In fact, three 1n resonances have been measured
in 20 B, in which the exotic 19 B structure acts like a core. By adding an extra neutron, a 2n
resonance has been observed in 21 B, again on top of a 19 B core (Fig. 2).
Moreover, this resonance does not decay through the available 20 B ones, but seems to emit
the two neutrons directly in its decay towards 19 B, making of the 21 B ground state a good
candidate for the exotic 2n emission.
This confirms the boron isotopes as an ideal ground for the study not only of exotic structures, but also of exotic decays.

3

Z=4: ‘dineutron’ emission

Concerning this exotic decay, the emission of a ‘dineutron’ was claimed from the interpretation
of a low-energy n-n signal in the decay of the unbound system 16 Be [14]. In fact, the signal
was compared to the distributions from a free three-body 14 Be+n+n phase space and from a
two-body 14 Be+2 n phase space. Logically, the latter was closer to the data, and lead to the “2 n
emission” conclusion. However, a more realistic three-body phase space, taking into account
001.3
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Figure 3: Simulated multi-neutron efficiency of the NEBULA array for the decay of
unbound oxygen isotopes AO at 250 MeV/nucleon into 24 O+(A−24)n as a function
of the decay energy. The dotted blue line corresponds to the standard two-wall configuration of NEBULA, the solid blue line to the EXPAND extension to four walls, and
the dashed red line to the addition of four double-planes of NeuLAND.
the attractive n-n interaction, could also have described the experimental signal [15].
In order to shed light on this debate, a new experiment was performed by the SAMURAI
collaboration using the reaction 17 B(p, 2p)14 Be+n+n. Thanks to the high luminosity and resolution provided by the MINOS target [16] and to the large acceptance of the neutron array
NEBULA [17], in the range of the wide structure previously observed in Ref. [14] two narrow
resonances were detected, identified with the J π = 0+ ground state and the 2+ first excited
state of 16 Be.
The correlations in the decay of those two states show a direct 2n emission (without going
through any 15 Be resonance) with a very strong n-n signal, specially in the decay of the excited
state. However, a ‘dineutron’ hypothesis is no longer needed to describe either of the two
decays [18].
Work is in progress for the interpretation of the n-n signal from microscopic principles. A
three-body model of 16 Be from the 14 Be+n and n+n potentials [19] describes well the two
resonances observed. An extension of the model in order to calculate the n-n signal that
should be observed from the outgoing flux of the three-body wave function leads to good
overall agreement for the 16 Be ground state.
More importantly, it links the origin of the signal with a compact 2n lobe of the wave
function, generated mainly by the n-n interaction. Similar calculations are in progress for the
2+ excited state, an even more challenging case.

4

Z=1 and 0: neutron matter

The previous examples are definitely exotic, but correspond to N /Z values ranging ‘only’ from
2 to 3. In order to reach even larger asymmetries, one needs to go down in Z, as can be
seen in Fig. 1. In the hydrogen chain, beyond the triton one finds wide resonances of 1, 2, 3n
respectively for 4,5,6 H in the range 2–3 MeV. However, 7 H has attracted special attention in
recent decades. On one hand, its N /Z = 6 is the closest one can get in the laboratory to
the ratio found in neutron stars (N /Z ∼ 8). Therefore, it represents a unique benchmark for
calculations of neutron-dominated matter.
On the other hand, the different experiments that have been undertaken (see for example
Refs. [20,21]) point towards a very low-energy structure, at least below those of the preceding
isotopes, which is extremely surprising for a system so far away from the dripline.
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However, all the different experiments had in common that the statistics and resolutions
were low, the backgrounds important, and that the detection of 7 H was indirect (the missing
mass of a binary reaction) due to the inability to detect the neutrons of the subsequent 3 H+4n
decay.
The landscape is in fact similar for the Z = 0 case. After several decades of unsuccessful
search for multi-neutron systems, the first positive (although weak) signal was observed at
GANIL in the breakup of 14 Be into 10 Be+4n [22]. However, several attempts were not able to
confirm it, until an independent experiment at RIKEN, the double charge-exchange reaction
4
He(8 He,8 Be)4n, found another positive but again weak signal [23].
In these cases as well, the detection of the tetraneutron was indirect.
In an attempt to answer these two fundamental questions, an experiment has been undertaken at RIKEN aiming to detect directly the formation of 7 H and its decay into 4n [24]. In order to do so, the NEBULA neutron array was completed with a demonstrator of the NeuLAND
array from GSI, allowing the detection of the four neutrons in coincidence with efficiencies
higher than 1% (red line in Fig. 3).
The reaction 8 He(p, 2p){3 H+4n} at 150 MeV/nucleon on the MINOS target leads to a
seven-body final state, with two protons at about 45◦ and a triton and four neutrons at forward
angles. The detection of all these particles will lead to an energy resolution for 7 H states of
about 100 keV, an order of magnitude better than the previous missing-mass experiments.
Moreover, the detection of the full kinematics allows for the reconstruction of the {3 H+4n}
system in its center of mass. If low-energy states of 7 H decay directly into 3 H (as expected due
to the absence of low-energy resonances in 4,5,6 H), the angular correlations in the decay will
unambiguously show whether the phase space corresponds to two bodies instead of five, which
would be the signature of the formation of a tetraneutron resonance in the decay.

5

Conclusion

During the recent SAMURAI campaigns at RIKEN many exotic nuclear structures have been
(and are being) revealed. The neutron-rich end of the boron isotopic chain exhibits many of
them, like two-neutron haloes and strong virtual states, the lighter ones being embedded into
the heavier ones like a femtoscopic matryoshka.
At the end of this chain one finds 21 B, a candidate for 2n emission. This exotic decay has
been extensively studied in the case of 16 Be, with the help of a microscopic three-body model
that links the emission pattern to the structure of the wave function of the system.
Finally, the still open question about the existence of multi-neutron systems, like 7 H and
the tetraneutron, has been addressed with a complete kinematics, high-resolution and highstatistics experiment. In the short-term future the results should bring definitive answers for
both systems.
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Abstract
Results presented in this contribution are obtained within the Low Energy Nuclear Physics
International Collaboration (LENPIC). LENPIC aims to develop chiral nucleon-nucleon
and many-nucleon interactions complete through at least the fourth order in the chiral
expansion. These interactions will be used together with consistently derived current operators to solve the structure and reactions of light and medium-mass nuclei including
electroweak processes. In this contribution the current status of the chiral nuclear forces
and current operators will be briefly discussed. A special role played by the calculations
of nucleon-deuteron scattering will be explained.
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Introduction

The Low Energy Nuclear Physics International Collaboration (LENPIC) is a project established
in 2013 that "aims to develop chiral effective field theory nucleon-nucleon (NN) and threenucleon (3N) interactions complete through at least fourth order in the chiral expansion
(N3LO). Using these new interactions, LENPIC aims to solve the structure and reactions of
light nuclei including electroweak observables with consistent treatment of the corresponding
exchange currents" [1]. This initiative has brought together physicists from several institutions: Ruhr-University Bochum, Germany, University of Bonn, Germany, Technical University
of Darmstadt, Germany, Jagiellonian University, Cracow, Poland, Iowa-State University, USA,
Jülich Research Centre, Germany, Kyushu Institute of Technology, Japan, Ohio State University,
002.1
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USA, Orsay Institute of Nuclear Physics, France, and TRIUMF, Canada. The Co-Spokespersons
of this collaboration are Evgeny Epelbaum from Ruhr-University Bochum and James Vary from
Iowa State University.

2

Nucleon-deuteron scattering with semi-phenomenological nuclear potentials

Each group involved in the LENPIC project contributes its own expertise. The Cracow-Bochum
group had a lot of experience related to investigations of elastic nucleon-deuteron scattering
and nucleon-induced deuteron breakup processes. These investigations, based on rigorous
solutions of the 3N Faddeev equations in momentum space started in the 1980s and in the
1990s were carried out with the semi-phenomenological (the so-called "realistic") NN forces,
which very accurately described the properties of the two-nucleon (2N) system. These were
the AV18 [2], CD Bonn [3], NijmI, NijmII, Nijm93 and Reid93 [4] potentials. The results of
these studies (see for example Refs. [5,6]) proved that in general predictions for 3N scattering
observables agree well with data at the incoming nucleon energies below approximately 30
MeV.
The situation was different at higher energies, where clear discrepancies between the theoretical predictions employing NN forces only and data emerged. For the minimum of the
elastic scattering cross section agreement with the data was restored, at least for energies below approximately 140 MeV, when the Tucson–Melbourne [7] or Urbana IX [8] 3N force (3NF)
models were added to the 3N Hamiltonian. The parameters of the 3N potentials used in the
calculations were chosen to reproduce the experimental triton binding energy [6,9,10]. On the
other hand, for many spin observables in elastic nucleon-deuteron scattering (for example the
nucleon analyzing power and the deuteron tensor analyzing powers [6, 11]) large 3NF effects
were predicted, but the available combinations of 2N and 3N forces could not reproduce the
data. One of possible reasons for this disagreement between the theoretical predictions and
the data could be the nonrelativistic character of the formalism. However, the results obtained
within the framework of relativistic Faddeev equation [12, 13] revealed only small effects in
the cross section. Also elastic scattering polarization observables are only slightly affected by
relativity at the considered energies [12, 13].
The conclusion from all these studies was that the discrepancies observed at higher energies, which persisted even when the Tucson–Melbourne or Urbana IX 3NF models were included in the calculations, called for better models of the 3NF (with a richer spin structure)
and consistence between the 2N and 3N potentials. This could be achieved only within the
chiral effective field theory.

3

Nucleon-deuteron scattering with chiral nuclear potentials

In [14] for the first time that consistency was realized when low energy 3N scattering was
investigated with chiral next-to-next-to-leading order (N2LO) 2N and 3N forces. Later in
Refs. [15, 16] precise 2N potentials were derived at next-to-next-to-next-to-leading order
(N3LO) of the chiral expansion. They reproduced experimental phase-shifts [17,18] in a wide
energy range and almost equally well as the semi-phenomenological 2N potentials. The corresponding N3LO 3N force contributions were derived in Refs. [19, 20]. They do not involve
any unknown parameters. The large number of terms in the 3NF at N3LO required a new automatized method of their partial-wave decomposition [21–23]. The two free parameters of
the 3N potential at N2LO were fixed to reproduce the triton binding energy and the nucleon002.2
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Figure 1: The differential cross section dσ/dΩ (left panel), the nucleon analyzing
power A y (N ) (middle panel) and the deuteron tensor analyzing power T22 (right
panel) for elastic nucleon-deuteron scattering at the laboratory nucleon energy E=
200 MeV as a function of the center of mass nucleon scattering angle θc.m. calculated
with the chiral N4LO 2N potential [25, 26] employing the local coordinate-space
regularization. The five lines show predictions obtained with five different regulator
values R= 0.8, 0.9, 1.0, 1.1 and 1.2 fm.
deuteron doublet scattering length. Both the 2N and 3N forces required regularization, which
in this first generation of the chiral forces was realized by simple non-local partial wave independent regulators, applied in momentum space. Unfortunately, the use of such non-local
regularization was the source of finite-cutoff artefacts in the results for higher-energies elastic
nucleon-deuteron scattering [24]. These artefacts appear for all non-locally momentum-space
regularized 2N potentials and are a major obstacle to employing such forces in 3N continuum
calculations.
A new improved generation of 2N chiral potentials prepared up to next-to-next-to-nextto-next-to-leading order (N4LO) [25, 26] employed a local coordinate-space regularization
of the one- and two-pion exchange contributions to the 2N force. The change leads to a
significant reduction of the finite-cutoff artefacts for high energy observables, especially for
the differential cross section. This effect is shown in Fig. 1 and should be compared with
Fig. 12 from Ref. [24]. (Note that further significant reducion of the finite cutoff artefacts,
also for the polarization observables, is achieved in the calculations employing the newest
chiral NN potentials from Ref. [30] described below.) These findings are consistent with the
ones obtained in the two-nucleon sector [25, 26, 30].
The new NN potentials [25, 26] were employed by LENPIC members in few-nucleon and
many nucleon systems [27–29]. Results for several few-nucleon observables obtained with the
NN potentials alone show clear discrepancies between theoretical predictions and experimental data. These discrepancies are much larger than the estimated truncation uncertainty and
agree with the expected magnitude of 3NF contributions. Unfortunately, the implementation
of a consistent regulator in coordinate space proved to be very difficult for the 3N potentials
beyond N2LO, so in Ref. [31] the consistent investigation of nucleon-deuteron scattering as
well as ground and low-lying excited states of nuclei with A ≤ 16 was performed only up to
N2LO. One of the important questions posed in that study was the determination of the lowenergy constants c D and c E , specifying the 3NF at N2LO. On top of the experimental triton
binding energy, which provides a connection between these two parameters, an observable
from nucleon-deuteron scattering is necessary to fix the c D and c E values. The very precise
experimental data for the proton-deuteron differential cross section at the proton laboratory
energy of 70 MeV from Ref. [32] was chosen, taking into account the theoretical uncertainty
from the truncation of the chiral expansion.
Calculations described in Ref. [33] showed additionally that combining N4LO NN potentials with the N2LO 3NF regularized in the same way leads to similar 3NF effects in nucleondeuteron scattering as found with semi-phenomenological nuclear forces. In particular, the
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application of these forces did not explain the low energy A y puzzle [33]. For a detailed comparison of these chiral potential based predictions to data we refer the reader to Ref. [33].
The latest generation of the chiral 2N potentials, introduced in Ref. [30], employs a momentum-space version of the local regulator. These potentials developed up to the so-called
"N4LO+" version are currently the most precise chiral interactions on the market. They reach at
least the same accuracy in reproducing NN scattering data below the pion production threshold
as the phenomenological high-precision potentials but with a significantly smaller number of
adjustable parameters.
In a very recent paper [34] the study of Ref. [31] was updated and nucleon-deuteron scattering observables were analyzed using the newest chiral NN potentials of Ref. [30] in combination with consistently regularized N2LO 3N forces. The former way of estimation of truncation
uncertainties was replaced by a Bayesian approach. The results for elastic nucleon-deuteron
scattering observables confirmed predictions based on the coordinate-space version of the local regulator and agree within errors with experimental data. Additionally they indicated that
a precise description of neutron-deuteron scattering below pion production threshold would
require 3N forces (at least) at the N4LO level, see [35–37] for some work along this line.
In this contribution, in some measure by definition, we restrict ourselves to the nuclear
forces developed within the LENPIC project. But we are of course aware of the important
contributions made by other groups. Here we only mention the Moscow (Idaho)-Salamanca
group [38] results, the nuclear forces constructed by Piarulli et al. [39, 40], by Ekström et
al. [41, 42] and a very recent family of potentials intended for nuclear structure calculations [43]. For a more general discussion of the recent chiral models of the nuclear interactions
we refer the reader to Ref. [34].

4

Electroweak processes

Electroweak processes are also of interest to the LENPIC project. They require single-nucleon
and many-nucleon electromagnetic and axial current operators, which are derived consistently
with the nuclear forces. Although electromagnetic and axial currents have been worked out in
chiral effective field theory completely up through N3LO [44–47] using the method of unitary
transformation and employing dimensional regularization for loop integrals, they are not yet
regularized and thus cannot be used in practical calculations together with the nuclear forces
employing the coordinate- or momentum-space regularization.
That is why we studied various electroweak processes: muon capture on 3 He and 3 H [48,
49], (anti)neutrino scattering off 3 He and 3 H [50, 51] and pion radiative capture in 3 He and
3
H [52] exactly in the same framework as electron scattering on 3 He and 3 H and photodisintegration of 3 He and 3 H [53], using the semi-phenomenological AV18 [2] potential and the
single nucleon current, including additionally in some cases 3NF and 2N current effects. We
not only provided realistic predictions for all the above mentioned reactions but argued that all
these processes should be studied within LENPIC using the consistent nuclear forces and current operators. Some of the calculated observables will be used to fix the low-energy constants
in the chiral electromagnetic and axial currents.
The chiral electroweak current operators are generally not expected to be used to analyze
results of experiments, where electromagnetic and weak probes transfer a lot of energy and
large momenta to a nuclear system. (See, however, recent predictions for elastic electrondeuteron scattering in Ref. [54].) That is why first of all we plan to apply chiral currents to
low-energy photodisintegration processes and muon capture from the lowest atomic orbits,
where the energy and momentum transfers are naturally limited. Calculations based on chiral
forces and currents will be important for the results of electron scattering experiments planned
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Figure 2: The differential cross section d 2 σ/dΩ for the n + d → γ + 3 H reaction at
the neutron laboratory energy En = 9 MeV as a function of the center-of-mass angle
Θγd between the initial deuteron and final photon momenta obtained with the chiral
NN potential [25, 26] and the Siegert theorem [53]. In the left panel various lines
show predictions from Ref. [57] with the fixed cut-off parameter R= 0.9 fm at various
orders of chiral expansions: LO (double-dotted-dashed green), NLO (dashed blue),
N2LO (dotted black), N3LO (solid red) and N4LO (thick dashed black). In the right
panel the lines show N4LO predictions for various cut-off parameter values R: 0.8
fm (dotted green), 0.9 fm (thick dashed black), 1.0 fm (solid black), 1.1 fm (dashed
red) and 1.2 fm (double-dotted-dashed blue). In both cases we added our predictions
based on the AV18 NN potential [2], represented in the two panels by the thick violet
dotted curve. The data are from Ref. [58].
at the MESA accelerator in Mainz, Germany.
Despite the lack of the electroweak currents consistent with the newest chiral nucleonnucleon potentials, electromagnetic processes with real photons were studied in Ref. [55]
using the Siegert theorem. In this way we could include implicitly certain types of manynucleon contributions in the nuclear current operator. The results obtained with the potentials
employing the local coordinate-space regularization turned out to be very promising, revealing
a very weak dependence of predictions on the cutoff parameter and providing a good data
description.
As an example, we show in Fig. 2 our predictions from Ref. [57] for the differential cross
section d 2 σ/dΩ for the n + d → γ + 3 H reaction at the neutron laboratory energy En = 9
MeV. The left panel of Fig. 2 shows a fast convergence of the results with respect to the chiral
order for the fixed regulator value of R= 0.9 fm and the right panel demonstrates a weak
dependence on the regulator value at N4LO. Additionally the N4LO results agree very well
with the predictions based on the AV18 potential and, most importantly, with the data [58].

5

Conclusion

The reader should be aware that in this contribution we restricted ourselves to the the fewnucleon part of the LENPIC project. Equally important are the investigations of many-nucleon
systems performed within LENPIC [28,31,60,61], which put the current models of the nuclear
forces to stringent tests.
All the studies mentioned in this contribution yielded very promising results and demonstrate the high quality of the newest chiral NN potentials [30]. Also the studies including the
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consistently regularized N2LO 3N force are very encouraging [34]. It is, however, very clear
that these efforts should be extended at least to N3LO, which requires inclusion of the consistently regularized 3N force and many-nucleon current contributions [56, 59]. Work along
these lines is in progress by the LENPIC Collaboration.
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Introduction

At high energies one could expect deficiencies in the nonrelativistic Faddeev approach [1,2] in
three-nucleon system. We have been constructing a relativistic framework in the form of relativistic Faddeev equations [3–10] according to the Bakamjian-Thomas theory [11]. Not only
using the realistic nonrelativistic nucleon-nucleon (NN) potentials but using Kharkov relativistic NN potential [12] we obtained the triton wave function by solving the relativistic Faddeev
equation [13–15]. However, in the three-body scattering states, the relativistic effects appear
to be generally small [16,17] and insufficient to significantly improve the data description. For
sensitive observations such as A y puzzles, the relativistic effect has certainly surfaced [18], but
the results obtained were in the direction of deterioration.
As the number of particles handled increases, subtle relativistic effects will be accumulated
and surface, so here we would like to rewrite the Yakubovsky equations [19], which solve the
four-nucleon system exactly, to a relativistic equations as well.
In Section 1 we organize relativistic momenta and its Jacobian. Section 2 deals with rewriting interaction to relativistic potential by Lorentz boost. The boosted potential satisfies the
relativistic Lippmann-Schwinger (LS) equation in Sec 3. Section 4 looks back on how the 3body Faddeev equation was relativistically transformed using the boosted potential. In Section
5, we will remodel the four-body Yakubovsky equation and derive the relativistic Yakubovsky
equation. In section 6, we derive relativistic equations involving 3-body force. A summary is
in section 7.
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2

2-body center of mass system

In 2-body systems, these static mass of the particle are given mi (i = 1, 2). The four dimensional intrinsic momenta pi are
µ

y

pi = (pi ) = (pi0 , ~pi ) = (Ei (pi ), pix , pi , piz ),

(1)

with
Ei (pi ) =

q

m2i + pi2 =

q

m2i + ~pi · ~pi .

(2)

By Lorentz transformation L = (Lµν ) of boosting velocity υ
~ the transformed four-momenta pi
are obtained

pi = L pi = (Ei , ~pi ) = (γ(Ei − ~pi · υ),
~ ~pi + (γ − 1)(~pi · υ̂)υ̂ − γEi υ),
~

(3)

1
γ≡ p
,
1 − υ2

(4)

with

where υ̂ is the unit vector of υ
~ and light velocity is set to 1.
The relativistic total momentum P12 and the relative momentum ~k12 are given [20] as
~12 ),
P12 ≡ p1 + p2 = (E1 + E2 , ~p1 + ~p2 ) = (E12 , P

(5)

~k12 ≡ ε2 ~p1 − ε1 ~p2 ,
ε1 + ε2

(6)

with
1
(Ei + oi ),
2

εi ≡

(7)

and
oi ≡

q

2
m2i + k12
,

(8)

where we need pay attention that these equations from Eq.(6) to Eq. (8) are coupled for k12 .
The momentum ~k12 is regarded an instanteneous momentum of center of mass system.
We start to enter the center of mass system, which the boosting velocity u
~ is now chosen
instead of υ
~
u
~≡

~p1 + ~p2
.
E1 + E2

(9)

We have
L p1 = (o1 , ~k12 )

(10)

L p2 = (o2 , −~k12 ).

(11)

and

Therefore, we solve them to have ~k as
m2 −m2

1
2

E1 − E2 + p

(E1 +E2 )2 −(~p1 +~p2 )2
1
~k12 =
(~p1 − ~p2 ) − (~p1 + ~p2 )
.
p
2
E1 + E2 + (E1 + E2 )2 − (~p1 + ~p2 )2
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We know the following Jacobian J12

J12 ≡

∂ (~p1 , ~p2 )
E1 E2 o1 + o2
.
=
~)
E1 + E2 o1 o2
∂ (~k, P

(13)

If we take the case of equal mass (m1 = m2 ), we have o1 = o2 ,



E1 − E2
~k12 |m =m = 1 (~p1 − ~p2 ) − (~p1 + ~p2 )
p
1
2
2
E1 + E2 + (E1 + E2 )2 − (~p1 + ~p2 )2

(14)

and

J12 |m1 =m2 =

E1 E2
4
.
p
2
E1 + E2 (E1 + E2 ) − (~p1 + ~p2 )2

(15)

Eq. (14) and Eq. (15) are corresponding to Eq.(3.6) and (3.16) of [3], respectively.

3

Boosted potential

Let us consider two equal mass particles (m = m1 = m2 ) which are labeled 1 and
p 2 in the
2-body center of mass system with interaction v12 . We have a invariant mass S12 of the
system as
q
p
2
S12 = 2 m2 + k12
+ v12 ,
(16)
where k12 is the relative momentum between particle 1 and 2.
On the other hand, we leave from the q
2-body c. m. system, the total momentum
boost
~
P12 ≡ ~p1 + ~p2 is nonzero. The invariant mass S12
is given as
Ç

boost
S12

=

q

S12 +

2
P12

r q
2
2
= (2 m2 + k12
+ v12 )2 + P12
.

Now, one introduce so-called boosted potential V12 as
r q
Ç
boost
2
2
V12 (P12 )
≡ s12 − (2 m2 + k12
+ 0)2 + P12
r q
q
2
2
2
2
= (2 m2 + k12
+ v12 )2 + P12
− 4(m2 + k12
) + P12
.

(17)

(18)

After quantumization (k12 → k̂12 , v → v̂ and V → V̂ ) the boosted potential operator V̂12 (P12 )
is still a diagonal operator to the boosting momentum P12 . We have a boosted Schrödinger
equation for the wave function φ12
Ç
q

2
2
2
4(m2 + k̂12
) + P12
+ V̂12 (P12 ) φ12 = M 2 + P12
φ12
(19)
and a un-boosted one,
2

Ç


2
m2 + k̂12
+ v̂12 φ12 = M φ12 ,

where M is a eigen value of mass operator

Æ

Ŝ12 .
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4

Relativistic Faddeev Equations

For the 3-body system, we add to third equal mass particle. There are 3 piarwises (subsystems)
denoted not only as (12) but as (23) and (31). For each piarwise (ij) we can define the boosted
~i j .
potential as Eq. (18) by the boosting momentum P
È Ç
Ç
(21)
Vi j (Pi j )
≡ (2 m2 + ki2j + vi j )2 + Pi2j − 4(m2 + ki2j ) + Pi2j .
~i j = −~pk , which means it is 3-body c. m. system
We choose now the boosting momentum P
(i 6= k 6= j);
~i j = ~pi + ~p j = −~pk ,
P

~p1 + ~p2 + ~p3 = 0.

(22)

p
One may naturally have an idea the following 3-body invariant mass S123 poses a symmetry.
q
q
q
p
S123
= m2 + p12 + m2 + p22 + m2 + p32 + V12 (P12 ) + V23 (P23 ) + V31 (P31 )
q
q
q
= m2 + p12 + m2 + p22 + m2 + p32 + V12 (p3 ) + V23 (p1 ) + V31 (p2 )
r q
q
2
= (2 m2 + k12
+ v12 )2 + p32 + m2 + p32 + V23 (p1 ) + V31 (p2 )
r q
q
2
= (2 m2 + k23
+ v23 )2 + p12 + m2 + p12 + V31 (p2 ) + V12 (p3 )
r q
q
2
= (2 m2 + k31
+ v31 )2 + p22 + m2 + p22 + V12 (p3 ) + V23 (p1 ).
(23)
This symmetry helps us to build the relativistic Faddeev equations. After the quantumization
we write the relativistic Faddeev equation for bound state as
φi j = Ĝ0 t̂ i j (φ jk + φki ),

(24)

where φi j is the Faddeev component for the subsystem (ij)
φi j ≡ Ĝ0 V̂i j Ψ,

(25)

Ψ = φ12 + φ23 + φ31

(26)

with the total wave function Ψ

and Ĝ0 is the three-body Green’s function,
Ĝ0 =

1
M123 −

Ç

4(m2 + k̂i2j ) + p̂k2 +

q

m2 + p̂k2



(27)

and t̂ i j is the t-matrix of subsystem (ij) which is satisfactory with the LS equation;
t̂ i j = V̂i j + V̂i j Ĝ0 t̂ i j ,
(28)
Æ
where M123 is the eigen value of the mass operator Ŝ123 .
In the case of a system with identical particles, the permutation operators built from transpositions Pi j , interchanging particles i and j, are used to express all two-body interaction
V12 + V23 + V31 ≡ (1 + P12 P23 + P13 P23 )V12 = (1 + P )V,

(29)

where we have singled out the (12) pair and denoted V ≡ V12 , t ≡ t 12 and φ12 ≡ φ with
permutation operator P ≡ P12 P23 + P13 P23 . We have a simple presentation of Eq. (24).
φ = Ĝ0 t̂ P φ.
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5

Relativistic Yakubovsky Equations

For the 4-body system, we add to fourth equal mass particle. There are 6 piarwises (subsystems) denoted not only as (12), (23) and (31) but as (14),(24) and (34).
~i j = −~pk − ~pl , which means it is 4-body c. m.
We choose now the boosting momentum P
system (k 6= i, j, l, and l 6= i, j, k);
~i j = ~pi + ~p j = −~pk − ~pl = − P
~kl ,
P

~p1 + ~p2 + ~p3 + ~p4 = 0.

One may naturally have an idea the following 4-body invariant mass
p

S1234

p

(31)

S1234 poses a symmetry.

q
q
q
q
= m2 + p12 + m2 + p22 + m2 + p32 + m2 + p42
+V12 (P34 ) + V23 (P14 ) + V31 (P24 ) + V14 (P23 ) + V24 (P31 ) + V34 (P12 ).

(32)

The most important thing is that during generate the boosting potential Vi j the momentum Pkl
behaves as a parameter. In other word, the boosting potential operator V̂i j is diagonal to the
momentum Pkl .
Using the 3-body relative momentum q~k between the subsystem (ij) and the third particle, and the [2+2] partition relative momentum ~
sl between
the subsystem (ij) and (kl) (see
p
Apppendix A) we rewrite the 4-body invaliant mass S1234
p

S1234 =

s r
q
q
q
2
2 2
=
(2 m2 + k12
) + q32 + m2 + q32 + p42 + m2 + p42
[3+1]

+V12 (q3 ; p4 ) + V23 + V31 + V14 + V24 + V34
s r
q
q
q
2
2
+ v12 )2 + q32 + m2 + q32 + p42 + m2 + p42
(2 m2 + k12
=
+ V23 + V31r
+ V14 + V24 + V34
r q
q
2 2
2 2
= (2 m2 + k12
) + s42 + (2 m2 + k34
) + s42
[2+2]

+V12 (s4 ) + V23 + V31 + V14 + V24 + V34
r q
r q
2
2 2
+ v12 )2 + s42 + (2 m2 + k34
) + s42
= (2 m2 + k12
+ V23 + V31 + V14 + V24 + V34 ,

(33)

where q3 is a relative momentum between subsystem (12) and the third particle, and s4 is a
relative momentum between subsystem (12) and (34). (see Appendix A)
The following equations from (34) to (43) are simply demonstrated as usual nonrelativistic
Yakubovsky form except for the relativistic Green’s function (39) and the boosted potential.
(4)
Similarily (25), Faddeev component φi j is defined with the four-body total wave function
Ψ (4) as

(4)

(4)

φi j ≡ Ĝ0 V̂i j Ψ (4) ,

(34)
(4)

where Ψ (4) is the total wave function which consists of 6 Faddeev components φi j
Ψ (4) =

X

(4)

φi j .

(35)

(i j)

In case of identical particle, using permutation operator P , P34 and P̃ we have Faddeev
equations for the four-body system as
(4)

(4)

φ (4) = φ12 = Ĝ0

t̂ (4) (P − P34 P + P̃ )φ (4) ≡ (1 − P34 )ψ1 + ψ2 ,
003.5
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with

P̃ ≡ P13 P24 ,

(37)
(4)

(4)

where we have again singled out the (12) pair and denoted V ≡ V12 , t (4) ≡ t 12 and φ12 ≡ φ (4) ,
and t̂ (4) also obeys Lippmann-Schwinger equation;
(4)

t̂ (4) = V̂ + V̂ Ĝ0

t̂ (4)

(38)

(4)

and Ĝ0 is the four-body Green’s function,
(4)

Ĝ0 =

1
s r
q

q
q
2
2 2
M1234 −
(2 m2 + k̂12
) + q̂32 + m2 + q̂32 + p̂42 + m2 + p̂42
1
=
r q
r q
.
2
2
2 2
2 2
2
2
M1234 −
(2 m + k̂12 ) + ŝ4 + (2 m + k̂34 ) + ŝ4


(39)

The Yakubovsky components ψ1 and ψ2 already appear in Eq.(36) which are defined as
(4)

t̂ (4) P φ (4) ,

(40)

(4)

t̂ (4) P̃ φ (4) .

(41)

ψ1 ≡ Ĝ0
ψ2 ≡ Ĝ0

We show the relativistic Yakubovsky equations for bound state.
(4)

ψ1 = −Ĝ0
ψ2 =

(4)
Ĝ0

(4)

T̂ P34 ψ1 + Ĝ0

T̂ ψ2 ,

T̃ˆ P̃ (1 − P34 )ψ1 ,

(42)

where T̂ and T̃ˆ are 3-body t-matrix operator and 2+2 partition t-matrix operator, respectively.
(4)

T̂ = t̂ (4) + t̂ (4) P Ĝ0 T̂ ,
(4) ˆ
T̃ˆ = t̂ (4) + t̂ (4) P̃ Ĝ0 T̃.

(43)

The relativistic Yakubovsky equation (42) keeps similar form as nonrelativistic one.

6

Inclusion of 3-body force

Recently [21, 22], we obtained the Faddeev equations and Yakubovsky equations including
3-body force. The 3-body force w123 is naturally decomposed into three parts
(1)

(2)

(3)

(3)

w123 ≡ w123 + w123 + w123 = (1 + P )w123 = (1 + P )w,

(44)

(3)

with w = w123 . Instead of Eq. (25) the Faddeev component is defined including a part of
3-body force
φ = Ĝ0 (V̂ + ŵ)Ψ.

(45)

Including 3-body force the Faddeev equation for bound state is rewritten as
φ = Ĝ0 τ̂φ,
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where τ̂ is defined as
τ̂ ≡ t̂ P + (1 + t̂ Ĝ0 )ŵ(1 + P ).

(47)

Because the 3-body force are given in 3-body center of mass system, we need not boost the
3-body force.
On the other hand, in case of the 4-body system, the 3-body force ŵ123 is required to be
boosted
with the direction of the last momentum ~p4 . The invariant mass of the 4-body system
p
S1234 may be given as
q
q
q
q
p
S1234
= m2 + p12 + m2 + p22 + m2 + p32 + m2 + p42
+V12 + V23 + V31 + V14 + V24 + V34
+W
(p3 )
234 (p1 ) + W341
q(p2 ) + W412q
q123 (p4 ) + Wq
= m2 + p12 + m2 + p22 + m2 + p32 + m2 + p42
+V12 + V23 + V31 + V14 + V24 + V34
(4)
(3)
(2)
(1)
+W123 (p4 ) + W234 (p1 ) + W341 (p2 ) + W412 (p3 )
(2)

(3)

(4)

(1)

(3)

(4)

(1)

(2)

(2)

(3)

(4)

(1)

(4)

(1)

(2)

+W123 (p4 ) + W234 (p1 ) + W341 (p2 ) + W412 (p3 )
+W123 (p4 ) + W234 (p1 ) + W341 (p2 ) + W412 (p3 )
r q
q
q

(3) 2
2
=
4(m2 + k12
) + q32 + m2 + q32 + w123 + p42 + m2 + p42
+V12 + V23 + V31 + V14 + V24 + V34
(1)
(2)
(3)
(4)
+W123 (p4 ) + W234 (p1 ) + W341 (p2 ) + W412 (p3 )
+W123 (p4 ) + W234 (p1 ) + W341 (p2 ) + W412 (p3 )
+ W234 (p1 ) + W341 (p2 ) + W412 (p3 ),
(i)

( j)

(48)

(k)

where Wi jk (pl ), Wi jk (pl ) and Wi jk (pl ) are boosted 3-body forces. (see Appendix B) Similarily,
instead of Eq. (40) the Yakubovsky component is defined including a part of boosted 3-body
(3)
force Ŵ ≡ Ŵ123 ,
(4)

ψ1 ≡ Ĝ0

(4)

(4)

(4)

t̂ (4) P φ (4) + (1 + Ĝ0 t̂ (4) )Ĝ0 Ŵ Ψ (4) ,

ψ2 ≡ Ĝ0 t̂ (4) P̃ φ (4) ,

(49)

where Ψ (4) is the total wave function
Ψ (4) = (1 + P − P34 P + P̃ )(ψ1 − P34 ψ1 + ψ2 ).

(50)

Yakubovsky 4-body equations for bound state are rewritten as
(4)

(4)

ψ1 =

−Ĝ0 T̂ P34 ψ1 + Ĝ0 T̂ ψ2

ψ2 =

+(1 + Ĝ0 T̂ )(1 + Ĝ0
(4)
Ĝ T̃ˆ P̃ (1 − P )ψ ,

(4)

0

(4)

34

(4)

t̂ (4) ) Ĝ0 Ŵ (−P34 P + P̃ )(ψ1 − P34 ψ1 + ψ2 ),
(51)

1

with
(4)

T̂ = τ̂(4) + τ̂(4) Ĝ0 T̂ .

7

(52)

Conclusion

The relativistic Faddeev 3-body equations and the relativistic Yakubovsky 4-body equations are
given in Eq.(30) and Eq.(42), respectively. These equations are not deformed from the original
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ones with the boosted potentials in Eq. (18) and Eq.(33). Inclusion of 3-body force is treated
consistently in Faddeev equations (46) and Yakubovsky ones (51) under Poincaré invariance.
These boosted potentials and the boosted 3-body force are defined by Eqs. (55), (58) and
(59) in Appendices A and B. The quadratic integral equations using the iteration method [7],
in order to obtain these boosted potentials and 3-body force, are demonstrated in Appendix
C.
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A

Appendix A

The relative momentum q~3 between subsystem (12) and the third particle is given as
q~3 ≡

~12
ε12 ~p3 − ε3 P
,
ε12 + ε3

(53)

with
ε12 =

1
E1 + E2 +
2

r q

2 2
(2 m2 + k12
) + q32 .
[3+1]

Using the momentum q~3 we have the boosted potential V12
[3+1]

V12

(q3 ; p4 ) ≡

(54)

(q3 ; p4 ) in Eq. (33).

s r
q
q
2
2
(2 m2 + k12
+ v12 )2 + q32 + m2 + q32 + p42
s r
q
q
2
2 2
−
) + q32 + m2 + q32 + p42 .
(2 m2 + k12

(55)

The [2+2] partition relative momentum ~
s4 between subsystem (12) and (34) is given as
~
s4 ≡

~12
~34 − ε34,12 P
ε12,34 P
ε12,34 + ε34,12

,

(56)

with
r q

1
2 2
ε12,34 =
E1 + E2 + (2 m2 + k12
) + s42 ,
2
r q

1
2 2
ε34,12 =
E3 + E4 + (2 m2 + k34
) + s42 .
2
[2+2]

Using the momentum ~
s4 we have the boosted potential V12
[2+2]
V12 (s4 )

≡

(s4 ) in Eq. (33).

r q
r q
2
2
2 2
2
2
(2 m + k12 + v12 ) + s4 − (2 m2 + k12
) + s42 = V12 (s4 ).

Actually, this is the same definition of V12 in Eq. (18).
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B

Appendix B
(3)

The boosted 3-body force W123 (p4 ) is defined as
(3)
W123 (p4 )

≡

(η)

W123 (p4 ) ≡

s r
q
q

(3) 2
2 2
) + q32 + m2 + q32 + w123 + p42
(2 m2 + k12
s r
q
q
2
2 2
) + q32 + m2 + q32 + p42 ,
−
(2 m2 + k12
s r
q
q
(η) 2
2 2
) + q32 + m2 + q32 + w123 + p42
(2 m2 + k12
s r
q
q
2
2 2
−
) + q32 + m2 + q32 + p42 ,
(2 m2 + k12

(59)

where η can be chosen 1, 2 or 3.

C

Appendix C

The boosted potential V12 (~k, ~k0 ; q) ≡ 〈~k|V̂12 (q)|~k0 〉 of Eq.(18) is a solution of the following
quadratic integral equation [7].
V12 (~k, ~k0 ; q) =

1
p
p
2 + k2 ) + q2 +
4(m
4(m2 + k02 ) + q2

Æ
Æ

4(m2 + k2 ) + 4(m2 + k02 ) v12 (~k, ~k0 )
×

Z


00
00
0
00
00
0
3
00
+
v12 (~k, ~k )v12 (~k , ~k ) − V12 (~k, ~k ; q)V12 (~k , ~k ; q) d k , (60)

with
v12 (~k, ~k0 ) ≡ 〈~k|v̂12 |~k0 〉.

(61)

[3+1]
[3+1]
The boosted potential V12 (~k, ~k0 ; q, r) ≡ 〈~k|V̂12 (q; r)|~k0 〉 of Eq.(55) is a solution of the
following quadratic integral equation.
[3+1]

V12

=r

(~k, ~k0 ; q, r)
1

r
2
p
p
4(m2 + k2 ) + q2 + m2 + q2 + r 2 +
4(m2 + k02 ) + q2 + m2 + q2 + r 2

Æ
Æ
Æ

×
4(m2 + k2 ) + q2 + 4(m2 + k02 ) + q2 + 2 m2 + q2 V12 (~k, ~k0 ; q)
Z



[3+1] ~ ~ 00
[3+1] ~ 00 ~ 0
00
00 ~ 0
3 00
~
~
~
+
V12 (k, k ; q)V12 (k , k ; q) − V
(k, k ; q, r)V
(k , k ; q, r) d k .
(62)
p

p

2

12

12

(3)
(3)
Finally, the boosted 3-body force W123 (~k, q~, ~k0 , q~0 ; r) ≡ 〈~k~
q|Ŵ123 (r)|~k0 q~0 〉 of Eq.(59) is a solution
of the following quadratic integral equation.
(3)
W123 (~k, q~, ~k0 , q~0 ; r)

=r

p

4(m2 + k2 ) + q2 +

p

m2 + q2

2

1
r
2
p
p
+ r2 +
4(m2 + k02 ) + q02 + m2 + q02 + r 2
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×
+

Æ

Z Z

4(m2 + k2 ) + q2 +


Æ

4(m2 + k02 ) + q02 +

Æ

m2 + q2 +

Æ

 (3)
m2 + q02 w123 (~k, q~, ~k0 , q~0 )


(3)
(3)
(3)
(3)
w123 (~k, q~, ~k00 , q~00 )w123 (~k00 , q~00 , ~k0 , q~0 ) − W123 (~k, q~, ~k00 , q~00 ; r)W123 (~k00 , q~00 , ~k0 , q~0 ; r)


×d 3 k00 d 3 q00 ,

(63)

with
(3)

(3)

q|ŵ123 |~k0 q~0 〉.
w123 (~k, q~, ~k0 , q~0 ) ≡ 〈~k~

(64)

These equations from (60) to (63) may be solved by the iteration method [7].
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Abstract
We performed the experiment of p–3 He scattering at 65 MeV by using polarized proton
beams and the newly constructed polarized 3 He target. The proton analyzing power A y ,
the 3 He analyzing power ATy , and the spin correlation coefficient C y y were measured.
In the conference, the experimental data were compared with the rigorous numerical
calculations based on various nuclear potentials. Large discrepancies between the experimental data and the calculations were found in the ATy and the C y y at the backward
angles.
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Introduction

One of the important topics of nuclear physics is to understand the nuclear forces. We especially focus on the three–nuclear force (3N F). 3N Fs appear in systems with more than two
nucleons. Importance of 3N Fs has been indicated in various nuclear phenomena, such as few
nucleon scattering [1], binding energies of nuclei [2] and equation of state of nuclear matter [3]. In order to study the dynamical aspects of 3N Fs, such as momentum, spin and isospin
dependencies, a few nucleon scattering system is one attractive probe.
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For exploring the properties of 3N Fs, we extensively performed the nucleon–deuteron scattering at intermediate enegies (65–300 MeV/nucleon) [4, 5]. Results of comparison between
the experimental data and the rigorous numerical calculations show clear signatures of 3N Fs
in the cross section. However, the total isospin of N –d scattering system is limited to T =
1/2. To investigate the T = 3/2 channel of 3N Fs, we have extended the study to proton–3 He
(p–3 He) elastic scattering at intermediate energies. Here we report the measurement of the
analyzing powers (A y and ATy ) and the spin correlation coefficient C y y in p–3 He scattering at
65 MeV.

2

Experiments

The experiment was performed at the Research Center for Nuclear Physics (RCNP) cyclotron
facility, Osaka University in Japan. Polarized proton beams were provided by a polarized
ion source and they were transported to the experiment hall. Measurement of p–3 He elastic
scattering was conducted at the ENN course. Schematic view of the experimental setup for
p–3 He elastic scattering is shown in Figure 1. Polarized proton beams bombarded the newly

Figure 1: Schematic view of the experimental setup for p–3 He scattering at the ENN
course, RCNP.

constructed polarized 3 He target [6]. Then, the proton beams were refocused onto a CD2
thin-film target in a beam line polarimeter. Subsequently, they were stopped in the Faraday
cup which was installed in the wall of the ENN course. Typical beam intensities were 10 nA.
Elastically scattered protons from the polarized 3 He target were detected by ∆E–E detectors
which consisted of plastic and NaI(Tl) scintillators. The detectors were placed symmetrically
in left and right directions. Measured angles were θ Lab = 35◦ , 70◦ , 115◦ ( θ C.M. = 47◦ , 89◦ ,
133◦ ). During the experiment, the direction of the spin axis for the polarized 3 He target was
flipped and the relative values of the polarization was monitored by the adiabatic fast passageNMR (AFP-NMR) method. The absolute value of the target polarization was calibrated by the
electron paramagnetic resonance (EPR) method [7]. Typical value of the target polarization
was 40 %. The beam polarization was monitored by a beam line polarimeter. The polarimetry
was made by the known analyzing powers in p–d elastic scattering [8]. The CD2 thin-film with
the thickness of 14.8 mg/cm2 was used as a deuterium target. Scattered protons and recoiled
deuterons were detected by plastic scintillators in kinematical coincidence conditions. The
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typical beam polarizations were p↑y ∼ 50% and p↓y ∼ 20%.

3

Results

Figure 2 shows preliminary results of the proton analyzing power A y , the 3 He analyzing power
ATy and the spin correlation coefficient C y y as a function of the scattering angle in the center
of mass system. Open circles show the experimental data. The statistical uncertainties are
shown only. Red squares in the figure are the data taken in the different experiment [9]. The
A y data have a good agreement to those measured in Ref. [9]. In the conference, the obtained
data were compared with the calculations based on various nuclear potentials, namely AV18
[10], INOY [11], SMS51 [12], SMS53 [12], CD Bonn [13] and CD Bonn+∆ [13], [14]. The
calculations are not shown here. The A y data had a moderate agreement to the calculations.
Meanwhile, large discrepancies were found in the ATy data and the C y y data at the backward
two angles.

Figure 2: Results of the proton analyzing power A y , the 3 He analyzing power ATy and
the spin correlation coefficient C y y for p–3 He elastic scattering at 65 MeV.

4

Summary and Outlook

We have measured p–3 He scattering at 65 MeV by using polarized proton beams and the
polarized 3 He target. Measured angles were θ Lab = 35◦ , 70◦ , 115◦ ( θ C.M. = 47◦ , 89◦ , 133◦ ).
By comparing the experimental data with the rigorous numerical calculations based on various
nucleon potentials, clear discrepancies were found at the backward angles in the 3 He analyzing
power ATy and the spin correlation coefficient C y y . The discrepancies between the data and
the rigorous numerical calculations could be accounted for by 3N Fs.
In order to perform quantitative discussions on 3N F effects in p–3 He elastic scattering,
we are planning the measurement of a complete set of spin correlation coefficients in a wide
angular range.
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Abstract
The Space Star Anomaly in proton-deuteron breakup cross-section occurs at energies of
about 10 MeV. Data for higher energies are sparse. Therefore, a systematic scan over star
configurations in the range of intermediate energies between 50 and 100 MeV/nucleon
is carried out on the basis of data collected with the large acceptance BINA detector.
The preliminary cross section results for forward star configurations at 80 MeV/nucleon
slightly surpass the theoretical calculations, but the systematic uncertainties are still
under study. Also, a new variable describing rotation of star configurations is proposed.
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Introduction

Studies of the most basic properties of nuclear interactions require a system simple enough
for the strict calculations to be performed, which at the same time should be complicated
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enough to make some additional dynamics possible. These conditions are fulfilled by fewbody systems. The system of three nucleons (3N) is the simplest non-trivial environment, in
which the nucleon-nucleon (NN) interactions models can be tested. Although NN interactions
are dominant in the few-nucleon interactions, the system composed of at least 3 nucleons can
not be properly described without introducing additional dynamic ingredient – three-nucleon
force (3NF).
State-of-the-art theoretical descriptions of nuclear interactions usually use either of two
theoretical approaches in modelling the dynamics: realistic potentials or Effective Field Theory (EFT), as it is not possible to directly apply QCD in this energy region. Phenomenological
NN potentials are either complemented with additional diagrams treating excitations on an
equal footing with nucleons, as if stable particles were produced (∆-isobar in Coupled Channels approach) or with a phenomenological 3NF model. Another approach is more fundamental and applies the Chiral Perturbation Theory in order to reach an EFT description (Chiral
EFT) [1, 2]. Recent developments of the calculations with realistic potentials involve relativistic effects [3, 4] as well as Coulomb interactions [5].
Even though the development of the theories is well advanced, some experimentally discovered effects are still awaiting their correct theoretical description. The discrepancies between the theory and the experiment were observed both in cross sections and in polarisationdependent observables. The most intriguing inconsistencies are the A y puzzle (for analysing
powers) and the Space Star Anomaly (SSA) observed in the differential cross-section of the
breakup reaction. The latter effect is surprising, as it occurs at relatively low energies. The effect has not been explained theoretically since its discovery in 1989 [6]. The star configurations are defined in the centre of mass system as a final state of the d + p → p + p + n
reaction, where the momenta of the outgoing nucleons form an equilateral triangle. Depending on the angle of inclination with respect to the beam axis (α), one defines the Space Star
(α=90◦ ), Forward Plane Star (with neutron momentum pointing upstream the beam, α=0◦ ),
and Backward Plane Star (with neutron moving in the beam direction, α=180◦ ). The biggest
discrepancies for the Space Star configuration are observed at energies ranging from 7.5 to
13 MeV/nucleon, where the differences reach 15% [7], and the theories overestimate the measurements. The main component of the theoretical cross-sections at such low energies results
from the s-wave channel of the NN interaction, what reduces the range of possible explanations for the effect. Expected 3NF and Coulomb effects are very small and they were applied to theories, without clarifying the observed inconsistency. At so low energy, relativistic
effects are negligible. Up till now, the calculations do not reproduce the cross-sections for
the Space Star Anomaly in reliable way. Interestingly, the discrepancy is twice as much in
neutron-deuteron breakup, where the experimental cross-sections exceed by 30% the theoretical predictions [8, 9]. In other words, the effect switches the sign under isospin change. A set
of very precise cross-section measurements for breakup, in both p + d and n + d collisions in
a wide range of energy is needed to solve this charge-symmetry breaking puzzle.
The set of differential cross-sections for the 1 H(d, pp)n and 2 H(p, pp)n reactions collected
with the large acceptance BINA detector is used for scanning the star configurations over a wide
range of beam energies between 50 and 160 MeV/nucleon. The main aim is to check if the effect is still measurable for energies within this range. The only published data about the Space
Star for this energy range showed lack of the effect for 65 MeV [10], while for the second
highest energy (19 MeV) the effect was small, but still visible [11].
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2

The BINA experimental setup

Currently, the Big Instrument for Nuclear Polarization Analysis (BINA) detector setup is placed
in Cyclotron Centre Bronowice (CCB), PAS Krakow [12]. A liquid hydrogen or deuterium target is placed in the centre of a scattering chamber made of 149 phoswich detectors of triangular
cross-section, called Ball. Ball covers polar angles between 40◦ and 160◦ with angular resolution of about 10◦ . The second part of the detector is called Wall. It consists of Multi-Wire
Proportional Chamber (MWPC), thin rectangular scintillators for energy loss measurement
(∆E) and a calorimeter made of thick scintillator blocks (E). Combination of signals from E
and ∆E is used for particle identification. Track reconstruction for forward angles is based
upon the MWPC employing 3 detection layers. The Wall covers polar angles θ ∈ (10◦ , 35◦ )
and its angular resolution is of about 0.5◦ . Such a combination of detectors covers a solid
angle of almost 4π, what makes the system well suited to the measurements of variety of star
geometries.
The experiments performed with BINA at KVI, Groningen, and the ongoing measurements
at CCB, Krakow, make possible to extend the experimental data on the Space Star cross section
at 50, 80, 108 and 160 MeV/nucleon. New measurements (proton beam at 108, 135 and
160 MeV) were performed in August/October 2019 and will be analysed soon.

3

Results

The preliminary results (Fig. 1) at 3 different inclination angles α are obtained with the data
taken at KVI Groningen in 2011 for d+p→p+p+n reaction at 80 MeV/nucleon. The angle
α=20◦ corresponds to polar angles (in laboratory system) of registered protons
θ1 =θ2 =24.2◦ ±1◦ and relative azimuthal angle φ12 =157.7◦ ±5◦ ; α=40◦ corresponds to
θ1 =θ2 =26.3◦ ±1◦ and φ12 =139.3◦ ±5◦ ; α=60◦ corresponds to θ1 =θ2 =29.2◦ ±1◦ and
φ12 =126.9◦ ±5◦ . The analysis [13,14] relies on reconstruction of proton energies, polar angles
and a relative azimuthal angle of the proton pair. It includes correction for detector efficiency,
cross-over regions, as well as normalisation to the luminosity. For the star configurations,
the correction for loss of coincidences due to double-hits in the same elements has not been
implemented yet. The missing efficiency factor depends on angular configuration only, thus, it
is energy independent. Preliminary estimations provide the correction factor of about 5%, so
the presented cross-section distributions should be increased by roughly 0-10%. Simulations
of the losses due to double-hits in all the detector elements and analysis of the systematic
uncertainties are under way. 3NF effects are small and Coulomb effects are negligible (see
Fig. 1). Relativistic effects should be included, as they account for measurable effect even at
65 MeV [10].
The symmetry axis in Fig. 1, corresponds to star configurations. The other points are
measured for the same angular configuration of protons, but with asymmetric momentum distribution between them. All the presented data show coincidences of two particles registered
in the Wall. This makes possible to check the feasibility of providing new good-quality results
on star configurations. The cross-section for the star configurations in deuteron on proton
breakup increases with α, until it reaches the value corresponding to α=180◦ , which is about
3 times higher than for α=20◦ , what makes possible to reduce statistical uncertainties. On
the other hand, α >140◦ correspond to Ball-Ball coincidences, which due to worse angular
resolution are subject to higher systematic error.
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Figure 1: Deuteron breakup cross-section (d(160 MeV)+p→p+p+n) for 3 different values of α. Cross-section distributions are plotted against the value of the arc
length along the kinematics (S) with the starting point (S = 0) chosen arbitrarily
at the point where E2 reaches minimum (see Fig. 2). The central value corresponds
to the star configuration (arrow). The theoretical predictions are plotted as lines
(red solid: CD-Bonn+∆+Coulomb, green chain: CD-Bonn+∆, blue dashed: CDBonn+Coulomb) [5, 15]. The normalisation of the experimental data is not finalised
and does not contain e.g. effects due to double-hits.

4

New variable – rotation in the plane

Standard analysis of star configurations with respect to α, in case of proton beam and the BINA
detector leads to the following picture (Fig. 3, region near β=0◦ ):
• quite few star configurations are covered by Wall-Wall coincidences (the highest angular
resolution),
• Ball-Wall coincidences (intermediate angular resolution) have no contributions,
• the angles between α=50◦ up to α=180◦ can be registered as Ball-Ball coincidences
(the lowest angular resolution).
The way for improvement is paved by an application of another variable (Fig. 3). In addition to α one can define β angle, which is the measure of rotation about the axis perpendicular
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Figure 2: An example of kinematics for (d(160 MeV)+p→p+p+n) reaction at α=20◦ .
Selection of polar and azimuthal angles implies strict kinematic relation between
kinetic energies of emitted protons.
to the plane spanned by the momenta of the reaction products. The axis of the rotation originates at the reaction vertex. The rotation through β=120◦ results in a configuration, where
neutron and proton are exchanged – e.g. in the case of Forward Plane Star (α=0◦ ) neutron
will be registered at the same angle, as one of the protons, whereas the second proton will
move in the direction against the beam in the centre of mass system.
Applying rotation through β angle one can measure Ball-Wall coincidences in the region
not accessible to the standard approach. Although it is still not possible to improve resolution
for detecting the Space Star configuration (α=90◦ ), the regions between α=0◦ and α=60◦ , as
well as between α=130◦ and α=180◦ are within the acceptance of the Ball-Wall coincidences.

5

Conclusion

Although the BINA energy scan is very promising, the current state of analysis does not allow
to draw a clear conclusion about the Space Star Anomaly, as the configuration at α=90◦ has
not been analysed yet. In order to reach the expected number of configurations altogether with
the Space Star one has to develop analysis for Ball-Ball coincidences. The analysis of Wall-Wall
coincidences is about to be finalised. Preliminary data show required statistical accuracy and
their shape is correctly reproduced by state-of-the-art calculations. The normalisation is to be
corrected for loss of data due to double-hits and the systematic effects have to be studied in
detail. Scope of the studies can be extended by applying a newly proposed variable, β, which
enables to analyse numerous configurations at the same α angle simultaneously. In addition
to that, new measurements of the breakup reaction with 108 and 160 MeV proton beam will
be conducted in the near future.
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Figure 3: Simulated acceptance of the BINA detector for p(160 MeV)+d→p+p+n. 3
different kinds of coincidence: Wall-Wall (top), Ball-Wall (middle), Ball-Ball (bottom).
The axes are scaled in degrees.
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Abstract
Deuteron breakup reactions are basic laboratories for testing nuclear force models. Recent improvements in the data analysis allow for direct identification of neutrons in the
BINA detection setup. This opens up the opportunity to study new aspects of few-nucleon
system dynamics like charge dependence of nuclear force or Coulomb interaction. In this
paper we determine regions along the kinematical curves where differential cross section of deuteron-proton breakup reactions can be measured by the proton-neutron and
proton-proton coincidences simultaneously. This is particularly useful for validation of
the neutron detection technique.
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Introduction

Investigations of few-nucleon systems gives suitable testing ground for modern nuclear interaction models. The simplest system, in which different theoretical models can be tested, are
those composed of three nucleons (3N). The differential cross sections of the deuteron breakup
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Figure 1: Left panel: A side view of the BINA experimental setup. Right panel:
A schematic view of the breakup reaction with indicated polar (θ p ), azimuthal (φ p )
and the relative azimuthal (∆φ pp ) angles of the two detected particles in the laboratory reference frame. Figures adapted from [15].

reaction are very sensitive to various aspects of the system dynamics, not only to the effects of
the three nucleon force (3NF), but also to the long-range Coulomb interaction and to its interplay with strong forces. Exact solutions of the Faddeev equations with any modern nuclear
potentials like the CD Bonn [1], Argonne V18 [2] or Nijmegen I and II [3] combined with models of 3NF like the Tucson-Melbourne [4] or the Urbana IX [5] are available. There are also
alternative methods of construction of the potentials like the coupled channel approach [6]
and, most importantly, the ones based on Chiral Effective Field Theory [7].
A new generation experiments devoted to studies of few-nucleon systems were carried out
at KVI in Groningen (the Netherlands) with the use of the BINA detector and with the deuteron
beam provided by the AGOR cyclotron [8]. A large set of high precision data of 2 H(d, d p)n [9]
and 1 H(d, pp)n [10] deuteron breakup reaction were obtained at a beam energy of 160 MeV.
The experiment was a continuation of previous very successful studies [11,12]. In this analysis
we are focused on two kinds of the deuteron-proton breakup reactions, one with the detection
of two protons and the other with proton and neutron detected in the BINA.

2

Experimental Setup

The BINA detection system is characterized by a large angular acceptance. It has been specially
designed for investigations of few-nucleon systems in the intermediate energy range. It is
composed of two main parts, the Forward Wall covering polar angles from 16◦ to 40◦ and the
Backward Ball covering range from 40◦ to 165◦ . The Backward Ball consists of 149 triangular
phoswich detectors arranged in a fullerene-like shape. It also plays the role of a vacuumtight scattering chamber with a liquid deuterium or hydrogen target inside. The Forward Wall
is composed of a multi-wire proportional chamber (MWPC), 12 vertical strips made of 2 mm
thin plastic scintillator stripes (∆E) and 10 long and 12 cm thick horizontally arranged, plastic
scintillator slabs forming a stopping detector (E). The vertical and the horizontal scintillators
form an array of virtual ∆E-E telescopes used for particle identification. Detailed information
about the detector can be found e.g.in [13, 14].
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Figure 2: Check of momentum reconstruction methods on the basis of registered
protons: Left panel: Histogram of the differences between the x-coordinate reconstructed from combined TDC and ADC method and the x-coordinate obtained from
MWPC. Right panel: Energy reconstructed from the deposited energy in the E detector versus energy obtained from the time of flight method E T [19].

3

Neutron detection

For the neutron detection we use the Forward Wall. Among all the elements of the BINA
setup, the thick E scintillators have the highest efficiency for neutron detection, estimated at
around 10% [16, 17] which is consistent with the other experiments with a similar detection
geometry and scintillating material [18]. In our detection technique, the ∆E detector and
MWPC work as an active veto, rejecting possible events with charged particles except one
proton necessary to identify the reaction. Signals in each thick E bar were read out from both
ends by photomultipliers, allowing to obtain the information on the position.
The position of the detected neutron along the horizontal ("x") axis can be determined
with two different methods. A TDC method is based on the time asymmetry between left and
right photomultipliers while an ADC method uses the difference in the pulse height. Both
methods provide independent information on the particle position and combined together
result in position reconstruction with resolution of σ x =11.6 mm (see Fig. 2). Unfortunately,
these methods cannot be used for a position reconstruction along the vertical axis. Instead, we
use the granularity of the E detector. The geometrical center of the scintillator gives a rough
position in the y-axis with a maximal error of about 40 mm.
Taking the sum of the left and the right TDC signals removes the dependence on the hit
position and allows to calculate time of flight (TOF) for a given particle. Using this information,
the energy of the particle can be directly calculated. Fig. 2 illustrates the resolution of the
energy reconstruction for protons with the use of TOF. To find TOF of a neutron, at least one
accompanying charged particle must be registered in the Wall detector in order to calculate
the time T0 of the reaction. Having the neutron position and energy reconstructed, one can
calculate its momentum.

4

Proton-neutron cross-check regions

A commonly used representation of experimental data in three-body breakup reaction is a 5fold differential cross section. The definition of angles is shown in Fig. 1. The three particles
in the final state can be described with 9 variables. The energy and momentum conservation
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laws and the axial symmetry of the reaction reduces this number to 5 variables, e.g., E p1 , E p2 ,
θ p1 , θ p2 , ∆φ = φ p1 − φ p2 . The E p1 and E p2 are related by the formula:
E p1 + E p2 −

Æ

2E beam E p1 cos θ p1 −

Æ

2E beam E p2 cos θ p2 +

Æ

E p1 E p2 cos θ p1p2 =

Q − E beam
, (1)
2

where: cos θ p1p2 = cos θ p1 cos θ p2 +sin θ p1 sin θ p2 cos(φ p1 −φ p2 ), E beam is the beam (deuteron)
energy, E p1 , θ p1 are the energy and polar angle of the first proton, E p2 , θ p2 are the energy and
polar angle of the second proton and Q is the binding energy of the deuteron.
For a chosen angular configuration (θ p1 , θ p2 , ∆φ) the relation between energy of the two
particles defines a so-called "kinematical curve" or kinematics. Examples of kinematics associated with different angular selections are presented in Fig. 3. In order to present the cross
section distributions and to avoid the confusion about which particle is the "first" and which
is the "second" one, one defines the S-variable, an arc-length along the kinematics. It is clear
that complete breakup kinematics can be reconstructed based on the knowledge of three momentum components of one particle and emission angles of the second particle.
To determine the regions of interest where both kinematics of 1 H(d, pp)n and 1 H(d, pn)p
overlap, the following procedure has been developed based on theoretical cross sections. A set
of theoretical cross sections based on the CDBonn potential [20] for both mentioned reactions
has been calculated. The energy thresholds for a detection of protons (20 MeV) and neutrons
(5 MeV) in the BINA setup have been introduced. For each analyzed proton-proton angular
configuration, the energy and emission angles of the corresponding neutron were calculated
for every point (E p1 , E p2 ) on the proton-proton kinematics. If the calculated neutron angles are
within the acceptance of the detector (Wall) and its energy exceeds the detection threshold,
then such a point is considered as valid for the cross-check analysis. For each such point,
(En , E p ), the position on the proton-neutron kinematics was determined. Having these regions
identified, one can calculate the corresponding values of the cross sections for 1 H(d, pp)n and
1
H(d, pn)p reactions, respectively. Examples of the obtained distributions are shown in Fig.
4. This procedure allows for direct cross-check the analysis based on the proton-proton and
proton-neutron coincidences.

5

Conclusion

The newly developed neutron detection method is very promising. In order to check our detection method, a simple analysis of kinematic relationship of deuteron-proton breakup reaction
has been performed. The phase-space regions characterized by the possibility to extract the
cross section independently from neutron-proton and proton-proton coincidences has been
found. The analysis allowed to select 178 experimental points that can be used for a crosscheck within the acceptance of our detection setup. In the next step, this procedure will be
applied to the data. By comparing the final cross section calculated from neutron-proton and
corresponding proton-proton coincidences one will be able to study systematic uncertainties of
the most important quantities used for analysis involving neutrons (detection efficiency, configurational efficiency, energy reconstruction etc.). The results will be used in further studies
of the deuteron breakup reaction.
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lines represent the regions, where the corresponding neutron can be detected in the
BINA setup together with the proton-proton coincidences. Blue dashed lines refer to
applied detection thresholds. Right panel: The same regions as in the left panel but
for the neutron-proton kinematics.
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Abstract
Recently, the energy spectrum of 10 Li was measured upto 4.6 MeV, via one-neutron transfer reaction d(9 Li, p)10 Li. Considering the ambiguities on the 10 Li continuum spectrum
with reference to new data, we report the configuration mixing in the ground state of the
two-neutron halo nucleus 11 Li for two different choices of the 9 Li + n potential. For the
present study, we employ a three-body (core + n + n) structure model developed for describing the two-neutron halo system by explicit coupling of unbound continuum states
of the subsystem (core + n), and discuss the two-neutron correlations in the ground state
of 11 Li.
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Introduction

The light dripline nuclei lying away from the strip of stability, have gained prodigious attention
of the nuclear physics community over the past few decades and a significant progress has been
made both on experimental and theoretical sides to understand their exotic nature [1]. The
one of the eye-catching phenomenon in some light dripline nuclei is the formation of halo,
which is linked to the small binding energy of one or two valence nucleons [2, 3]. Particularly
two-neutron (2n) halo systems, consisting of a core and two weakly bound valence neutrons,
demand a three-body description with proper treatment of continuum. The stability of such
three-body (core+n+n) system is linked to the continuum spectrum of the two-body (core+n)
subsystem. In this context, to explore the sensitivity of choice of a core+n potential with the
configuration mixing in the ground state of three-body systems (core + n + n), we will discuss
the results of the 2n-halo 11 Li.
Although 11 Li is the first observed two-neutron halo four decades ago [3]. Since then a lot
of experimental and theoretical studies have been reported on structure of the 11 Li. In order to
understand the 11 Li structure, the information over low-lying spectrum of 10 Li is needed as a
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fundamental ingredient of three-body calculations. However, the 10 Li structure was studied by
various techniques such as fragmentation [4], 11 Li(p, d)10 Li transfer reaction at TRIUMF [5],
multi-neutron transfer [6] and pion absorption reactions [7]. Maximum of these studies report
the low-lying p1/2 neutron resonance with peak lying in the range of 500-700 keV. Also few
of these studies reported the presence of s-wave virtual state close to the threshold with a
scattering length in the range from −20 to −30 fm [4] and not much information is available
on neutron d-wave.
Recently, the 10 Li structure was investigated via d(9 Li, p)10 Li, one-neutron transfer reaction. This study reported 10 Li energy spectrum up to 4.6 MeV, with the existence of p1/2 resonance at 0.45 ± 0.03 MeV along with other two high lying structures at 1.5 and 2.9 MeV [8].
Also the role of 10 Li resonances is investigated in the halo structure of 11 Li via 11 Li(p, d)10 Li
transfer reaction at TRIUMF [5] and at the same facility the first conclusive evidence of a dipole
resonance in 11 Li having an isoscalar character has been reported [9,10]. In view of these new
measurements and ambiguities over the experimental data, we aim to explore the sensitivity of
the 9 Li + n potential with the configuration mixing in the ground state of of three-body system
(9 Li + n + n).
For this study, we use a three-body (core+n+n) structure model, developed for studying the
weakly-bound ground and low-lying continuum states of Borromean systems sitting at the edge
of neutron dripline [11]. In our approach, we start from the solution of the unbound subsystem
(core+n) and the two-particle basis is constructed by explicit coupling of the two single-particle
continuum wave functions. Initially, it was tested for the lightest 2n-halo 6 He [12,13], heaviest
known 2n-halo 22 C [14] and 2n-unbound 26 O [15] and has been successful in explaining the
ground-state properties and the electric-dipole and quadrupole responses.
In this contribution, Sec. 2 briefly describes the formulation of our three-body structure
model. In Sec. 3 we analyze the subsystem 10 Li and fix the two different sets for 9 Li + n
potential, consistent with available experimental information. Section 4 presents our results
for the three-body system, 9 Li + n + n. Summary is made in Sec. 5.

2

Model Formulation

The three-body wave function for the 9 Li + n + n system is specified by the Hamiltonian
H =−

2
2
ħ
h2 X 2 X
∇i +
Vcore+n (~ri ) + V12 (~r1 , ~r2 ),
2µ i=1
i=1

(1)

where µ = Ac mN /(Ac + 1) is the reduced mass, and mN and Ac = 9 are the nucleon mass and
mass number of the core nucleus, respectively. Vcore+n is the core-neutron potential and V12 is
n-n potential. The neutron single-particle unbound s-, p-, and d-wave continuum states of the
subsystem (10 Li) are calculated in a simple shell model picture for different continuum energy
EC by using the Dirac-delta normalization and are checked with a more refined phase-shift
analysis. Each single-particle continuum wave function of 10 Li is given by
φ` jm (~r , EC ) = R` j (r, EC )[Y` (Ω) × χ1/2 ](mj) .

(2)

We use the mid-point method to discretize the continuum. The convergence of the results will
be checked with the continuum energy cut E cut and ∆E. These core + n continuum wave functions are used to construct the two-particle 11 Li states by proper angular momentum couplings
and taking contribution from different configurations. The combined tensor product of these
two continuum states is given by
(J)

ψJ M (~r1 , ~r2 ) = [φ`1 j1 (~r1 , EC 1 ) × φ`2 j2 (~r2 , EC 2 )] M .
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We use a density-dependent (DD) contact-delta pairing interaction [16], given by


vρ
V12 = δ(~r1 − ~r2 ) v0 +
.
1 + exp[(r1 − Rρ )/aρ ]

(4)

The first term in Eq. (4) with v0 simulates the free n-n interaction, which is characterized by its
strength and the second term in Eq. (4) represents density-dependent part of the interaction.
The strengths v0 and vρ are scaled with the ∆E by following relation from Ref. [14]. The
vρ is the parameter which will be fixed to reproduce the ground-state energy. For a detailed
formulation and calculation procedure one can refer to Refs. [11–13, 17].

3

Two-body unbound subsystem (core + n)

The investigation of the two-body (core + n) subsystem is crucial in understanding the threebody system (core + n + n). The interaction of the core with the valence neutron (n) plays a
fundamental role in the binding mechanism of the three-body system. The elementary concern
over the choice of a core+ n potential is the ambiguities in the experimental information about
the core + n system. We employ the following core + n potential with standard choice of spinorbit interaction,


1 d
1
`
~
,

Vcore+n = −V0 + V`s ` · ~
s
(5)
r d r 1 + exp r−R c
a
1

where R c = r0 Ac3 with r0 and a are the radius and diffuseness parameter of the Woods-Saxon
potential. The values of r0 = 1.27 fm and a = 0.67 fm are adopted from Refs. [16, 18].
Table 1: Parameter sets of the core-n potential for ` = 0, 1, 2 states of a 9 Li+n system.
The possible resonances with resonance energy ER and decay width Γ in MeV are also
tabulated.

Set

`j

V0` (MeV)

V`s (MeV)

ER (MeV)

Γ (MeV)

A

s1/2
p1/2
d5/2

50.50
40.00
47.50

–
21.02
21.02

–
0.46
2.98

–
0.36
1.39

B

s1/2
p1/2
d5/2

47.50
40.00
47.50

–
21.02
21.02

–
0.46
2.98

–
0.36
1.39

For the present calculations we ignore the spin of the core 9 Li. The neutron number 6 is
assumed for the neutron core configuration given by (0s1/2 )2 (0p3/2 )4 . The four valence neutron continuum orbits, i.e., p1/2 , d5/2 , s1/2 and d3/2 are considered in the present calculations
for 10 Li. 10 Li is interesting in the sense that it shows inversion of s1/2 and p1/2 levels.
The scattering length of the virtual s-state, position and width of low-lying p-resonance
along with higher lying ` = 2 resonance vary from experiment to experiment. In the view of
the new experimental measurements [5, 8], we use two different potential sets for core + n
potential, which are tabulated in Table 1. The only difference between our two sets A and B
is we use different s-wave depth (V00 ), leading to different scattering length of the s1/2 virtual
state, which further effect the s-wave component in ground state of 11 Li. In our set A the swave potential is deep enough to increase the s-component dominance in the ground state of
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Figure 1: 9 Li+n phase shifts for 1/2− and 5/2+ states corresponding to core+n potential tabulated in Table. 1
11

Li in comparison to set B. Our both sets reproduces the observed p1/2 resonance at 0.45 MeV
consistent with Ref. [8] and the d5/2 resonance, that lies at higher energy around 2.98 MeV,
this position is consistent with the high-lying structure of 10 Li reported in Ref. [8]. The phaseshifts corresponding to these resonances are shown in Fig. 1. Similar potentials are used also
in Refs. [16, 18].

4

Results and Discussions

The three-body model with two non-interacting particles in the above single-particle levels
of 10 Li, produces different parity states, when two neutrons are placed in different unbound
orbits mentioned in Sec. 3 (for details see Table. 2). The corresponding oscillatory singleparticle continuum wave functions for s1/2 , p1/2 , d5/2 , and d3/2 states are plotted in Fig. 2.
The four configurations (s1/2 )2 , (p1/2 )2 ,(d5/2 )2 , (d3/2 )2 couple to J π = 0+ for 11 Li.
Table 2: Possible configurations of
orbitals.

s1/2
p1/2
d3/2
d5/2

11

Li arising from two neutrons in s-, p- and d-

s1/2

p1/2

d3/2

d5/2

0+

0− , 1 −
0+

1+ , 2 +
1− , 2 −
0+ , 2 +

2+ , 3 +
2− , 3 −
1+ , 2+ , 3+ , 4+
0+ , 2+ , 4+

The continuum single-particle wavefunctions are calculated with energies from 0.0 to 5.0
MeV and normalized to a delta for the spd-states of 10 Li on a radial grid which varies from
0.1 to 100.0 fm with the 9 Li+n potential discussed in Sec. 3. In the three-body calculations,
along with the core + n potential the other important ingredient is the n-n interaction. We use
the DD contact-delta pairing interaction, with the only adjustable parameter being vρ . The
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Figure 2: 9 Li+n continuum waves as a function of radial variable for continuum
energies 1, 2.5 and 5 MeV, respectively.
two particle states are formed using mid-point method with an energy spacing of 2.0, 0.5, 0.25
and 0.1 MeV corresponding to block basis dimensions of N = 5, 10, 20 and 50, respectively,
and the matrix elements of the pairing interaction are calculated. In Fig. 3, the eigenspectrum
for J = 0+ case is presented and from figure it is clear that with increase in basis dimensions
the superflous bound states moves into the continuum. The biggest adopted basis size gives a
fairly dense continuum in the region of interest.
20

2.0

0.5

0.25

0.1

5

10

20

50

∆E

EnergyContinuum (MeV)

15

10

5

0
N

Figure 3: Eigenspectrum of the interacting two-particle case for J = 0+ for increasing
basis dimensions, N . The parameter of pairing interaction vρ , has been adjusted each
time to reproduce the two-neutron separation energy (S2n ).
In the DD contact-delta pairing interaction (defined by Eq. (4)), the strength of the DI part
2
2a
is given as v0 = 2π2 mħh N π−2knna , where ann is the scattering length for the free neutron-neutron
c nn
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Ç

scattering and kc is related to the cutoff energy, ec , as kc =

mN ec
.
ħ
h2

We use ann = −15 fm and

ec = 30 MeV [16], which leads to v0 = 857.2 MeV fm . For the parameters of the DD part, we
determine them so as to reproduce the two-neutron separation energy of 11 Li, S2n = −0.369
3

1

MeV [19]. The values of the parameters that we employ are Rρ = 1.25 × Ac3 (Ac = 9) and
vρ = 862.5 and 861.75 MeV fm3 for set A and B, respectively.
We report the percentage configuration mixing in the ground state of 11 Li in Table 3. We
found that for Set A for which V00 is deeper shows dominance of (s1/2 )2 configuration in the
ground state leading to formation of s-neutron halo. Whereas for Set B for which V00 is shallower shows dominance of (p1/2 )2 configuration in the ground state leading to formation of
p-neutron halo. The preliminary numbers for calculated matter radii with these potential sets
are 3.53 and 3.24 fm for Set A and B, respectively. These results of configuration mixing and
matter radii are consistent with the results of Refs. [16,20] for 11 Li. The detailed investigation
of the configuration mixing with inclusion of core spin is in progress.
Table 3: Components of the ground state of 11 Li in %, with the model parameters
energy cut, Ecut = 5 MeV and bin size, ∆E = 0.1 MeV. The core+n potential used are
tabulated in Table 1.
Set

lj

Present work

Reference [20]

A

(s1/2 )2
(p1/2 )2
(d5/2 )2

55.5
33.1
7.1

64.0
30.0
3.0

B

(s1/2 )2
(p1/2 )2
(d5/2 )2

24.5
59.6
9.1

27.0
67.0
3.0

The two particle density of 11 Li as a function of two radial coordinates, r1 and r2 , for
valence neutrons, and the angle between them, θ12 in the LS-coupling scheme is given by
ρ(r1 , r2 , θ12 ) = ρ S=0 (r1 , r2 , θ12 ) + ρ S=1 (r1 , r2 , θ12 ).

(6)

The explicit expression for S = 0 component is given by [16, 21]
ρ

S=0


1 X X X ˆ``ˆ0 L̂ ` `0
(r1 , r2 , θ12 ) =
p
8π L `, j `0 , j 0 4π 0 0

L
0

2

`+`0

(−1)

× ψ` j (r1 , r2 )ψ`0 j 0 (r1 , r2 )YL0 (θ12 ),

v
v
t 2 j + 1 t 2 j0 + 1
2` + 1

2`0 + 1
(7)

p
where ˆ` = 2` + 1 and ψ` j (r1 , r2 ) is the radial part of the two-particle wave function which
is determined from Eq. (3) by making use of Eqs. (5) and (6) of [13].
Figure 4 shows the two-particle density plotted as a function of the radius r1 = r2 = r
and their opening angle θ12 , with a weight factor of 4πr 2 · 2πr 2 sinθ12 for both Sets A (upper
panel) and B (lower panel). The distribution at smaller and larger θ12 are referred to as “dineutron”and “cigar-like”configurations, respectively. One can see in Fig. 4 that the two-particle
density is well concentrated around θ12 ≤ 90◦ for both Sets A (upper panel) and B (lower
panel), which is the clear indication of the di-neutron correlation. The di-neutron component
has a relatively higher density in comparison to the small cigar-like component for both sets
in the ground state of 11 Li. The two peak structure in the two-particle density is attributed to
the mixing of the s- and p-wave components (` ≤ 1) in the ground state of 11 Li.
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Figure 4: Two-particle density for the ground state of 11 Li for Set A (upper-panel)
and Set B (lower-panel) as a function r1 = r2 = r and the opening angle between
the valence neutrons θ12 for settings mentioned in caption of Table 3 .

5

Summary

In the present study we report the emergence of bound 2n-halo ground state of 11 Li from the
coupling of four unbound spd-waves in the continuum of 10 Li due to the presence of pairing
interaction. The configuration mixing in the ground state of 11 Li has been reported for the two
particular choices of core+n potential, fixed in the view of the available recent experimental
data. Also, the 2n-neutron correlation for this system showing prominence of the di-neutron
component is discussed. However our results shows different configuration mixing for two
different choices of core+n potential. In order to conclude which configuration is likely in
the ground state of 11 Li, we need further investigations of the reaction observables that are
sensitive to partial wave content of the ground state. Investigations with different choices of
pairing interactions and inclusion of spin of core (9 Li) are in progress and will be reported
elsewhere.
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Abstract
We consider the evolution of the neutron-nucleus scattering length for the lightest nuclei. We show that, when increasing the number of neutrons in the target nucleus, the
strong Pauli repulsion is weakened and the balance with the attractive nucleon-nucleon
interaction results into a resonant virtual state in 18 B. We describe 19 B in terms of a
17
B-n-n three-body system where the two-body subsystems 17 B-n and n-n are unbound
(virtual) states close to the unitary limit. The energy of 19 B ground state is well reproduced and two low-lying resonances are predicted. Their eventual link with the Efimov
physics is discussed. This model can be extended to describe the recently discovered
resonant states in 20,21 B.
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1

Introduction

One of the most interesting things one can study in experimental and theoretical nuclear
physics is the very low energy (S-wave) scattering of neutrons (n) on a nuclear target (A).
Free from the Coulomb repulsion, centrifugal barrier, spin-orbit and tensor (diagonal part)
terms as well as from the spurious kinetic energy, this process is very sensitive to the effects of
the strong interaction in its simplest expression. When a low energy n hits on a heavy nucleus,
it gives rise to fantastic forest of resonances, as the one illustrated in left panel of Figure 1 and
taken from [1, 2], obtained in a n-241 Am scattering experiment performed at n−TOF CERN
facility [3–6]. A series of S- P- and D- waves resonances at the energy scale of eV, i.e. million
times smaller than the typical nuclear energies, are nowadays well identified and some of them
with the assigned J π quantum numbers (see [7] for a recent review). This very low energy
n collisions can be quite catastrophic as well, since a few meV neutron is enough to broke an
Uranius nucleus into pieces with the the well known enriching or devasting consequences..
With the light nuclei the situation is less dramatic but it has its own interest. We displayed
in the right panel of Figure 1 the first resonance in nuclear physics, n-3 H P-wave at Ecm ≈ 3
MeV, which made the delicious of theorists since it was shown to be very challenging for the
nuclear interactions (see e.g. Refs. [8, 9]). Inspite of being less spectacular than for heavy
nuclei, we will see in what follows that the systematic study of nA scattering by increasing
complexity give rise to interesting phenomena allowing a very simple description of nuclear
dynamics.
2 .5
I-N
I-N
I-N
IN

3 L O
3 L O + 3 B F ( Λ= 5 0 0 M e V )
3 L O + 3 B F ( Λ= 4 5 0 , 4 0 0 , 3 5 0 M e V )
O Y 0 4

σ(b )

2 .0

1 .5

0 .1

1

E c m

(M e V )

Figure 1: Left panel: low energy cross section of n on 241 Am displaying a dense
ensemble of S-waves resonances at the eV energy range (from [1, 2]). Right panel:
n-3 H low energy cross section displaying a resonant behaviour at Ecm ≈ 3 MeV

2

n-A scattering length

The S-wave neutron-Nucleon interaction (nN) is globally attractive in all the spin and isospin
channels. In the np case, the triplet state (3 S1 ) is sensibly more attractive than the singlet one
(1 S0 ) and – together with the tensor coupling – is able to generate the fist nuclear structure:
the deuteron bound state. In the singlet one the np system remains a virtual state although
very close to threshold. In the nn case, the 1 S0 potential is very close to the np one and has
also a nearthreshold virtual state. These potentials are shown in figure 2 (left panel) in a
simple interaction model, together with the poles of the corresponding scattering amplitudes
in the complex momentum plane (right panel). The spin-dependence of VnN manifests in a
008.2
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Figure 2: S-wave VnN in the different spin an isospin channels (left) and singularities
of the corresponding scattering amplitude in the complex momentum plane (right).

20% variation in the attractive strength of the 3 S1 versus 1 S0 potentials.
Despite all VnN are attractive, a low energy n scattering on a nucleus (A) feels the other n in
the target and will soon behave – in fact starting by deuteron – as if the nA potential VnA were
repulsive. The Pauli principle – imposing an antisymmetric wave function – acts as if there was
a repulsive interaction among n’s. This has dramatic consequences in the 3n and 4n systems:
the 3n Hamiltonian, has a ground state bound by ≈ 1 MeV but this state is symmetric in
particle exchange and not realised in Nature. Thinking in terms of Harmonic Oscillator discret
basis on each Jacobi coordinates [10], the first antisymmetric (A) solution is several tens of
MeV above the symmetric (S) one (see Figure 3) with several mixed-symmetry (MS) states in
between. This is why the 3n system is not only unbound but it requires an unphysically large
enhancement of the interaction to be observed as a resonance [11–13]. The same happens
with the 4n hamiltonian [12–14] with a symmetric ground state bound by ≈ 5 MeV. As we
will see in what follows, Pauli principle plays also a relevant role in understanding the main
features of the low energy scattering of n’s on light nuclei.

E
(MeV)
A
A
MS
S
MS

MS
MS

MS

0
nnn

S

−5

nnnn

S

Figure 3: Schematic low level ordering of 3n and 4n in OH basis displaying the first
symmetric (S) antisymmetric (A) and mixed-symmetry (MS) excitations.
A pertinent observable quantity to measure the repulsive or attractive character of an in008.3
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teraction is the scattering length, which can be defined as the nA scattering amplitude at zero
energy as = − f nA(E = 0). For a purely repulsive potential this quantity is always positive. For a
purely attractive one, its sign depends on the strength of the potential: it starts being negative
for a weak potential but changes its sign after the first bound state appears. This behaviour
is generically illustrated in figure 4 in the case of a square well potential. In a more realistic
interaction – mixing repulsive core with attractive long range part – the sign results from a
balance among both tendencies.

3

Square well (V0,R)
2

2

k0 =IV0I

1

a/R

0

-1

Attractive V0<0
Repulsive V0>0

-2

-3

0

1

2

3

4

5

x0=k0R

Figure 4: Scattering length in a square well
p potential with parameters (V0 , R) as a
function of its strength parameter x 0 = V0 R. Solid red curve correspond to the
repulsive case and solid black one to the attractive case. The later displays a pole
singularity at the strength values x 0 where a new bound states appears in the system,
e.g. x 0 ≈ 1.58 and x 0 ≈ 4.72 respectively.
We have displayed in Table 1 the evolution of the nA scattering length anA when increasing
the number of neutrons (N) in the nucleus target. We used the notation a± to denote the total
spin S=JA ± 1/2, coupling the n and the target on JA spins, keeping the value a− for the case
J=0. Most of the experimental values in Table 1 are taken from the compilations [15, 16].
In some cases, where incompatible results are assigned to the same reaction, like for instance
for the n-3 H, we have chosen the "Recommended value" or our personal conclusion guided
by some theoretical input (see [8, 17, 18] for a discussion). In other cases, the quoted value
results from a theoretical analysis of experimental data [21, 22].
With N=0 (A=p) the two np scattering lengths are attractive, as expected from figure 2.
The positive value of a+ in the np S=1 channel (denoted with an asterisk +5.42*) is due to
the existence of the 2 H bound state (deuteron) and so to an attractive channel despite its sign,
as illustrated in figure 4.
Apart from the Pauli forbidden nn 3 S1 state, the first repulsive channel appears already
with N=1, in the S=3/2 n-2 H and in the S=1 n-3 He maximal spin states (corresponding to
a+ ). In the (schematic) shell model representation of the compound system, the two neutron
spins are aligned and occupy s-wave orbitals, what is forbidden by Pauli principle. In nature,
this schematic representation manifest as a repulsive state. Notice that the a− values of these
systems, corresponding to antilaligned neutron spins (that is the S=1/2 n+2 H state and the
S=0 n+3 He one), are not affected by Pauli and are naturally attractive in both cases despite its
positive value corresponding to triton 3 H (a− =0.65* fm) and 4 He (a− =6.6*-3.7i) bound state.
In the later case, there is a negative imaginary part due to its coupling to the p-3 H channel.
With N=2 (n-3 H and n-4 He) all the scattering lengths are repulsive. The same happens for
008.4
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Table 1: In the left panel the spin-dependent experimental nA scattering length (fm)
for light nuclei: we denote by a± the S=JA±1/2 total spin state, keeping a− for the
JA=0 case or unassigned values of S (like 9 Li). Right panel represents the filled shell
model neutron orbitals in 7 Li.
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a+

Ref.

01
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1
2
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2
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62
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p
n
2
H
3
He
3
H
4
He
6
Li
7
Li
8
He
9
Li

1/2+
1/2+
1−
1/2+
1/2+
0+
1+
3/2−
0+
3/2−

-23.71
-18.59
+0.65*
+6.6* -3.7i
+3.9
+2.61
+4.0
+0.87
-3.17
≈-14

+5.42*

[15, 16]
[15, 16]
[15, 16]
[15, 16]
[18]
[15, 16]
[15, 16]
[15, 16]
[19, 20]
[20]

1
1
2
3
3
4
6
7
8
9

+6.35
+3.5
+3.6
+0.57
-3.63

ff
vv

1p1/2
1p3/2

vv

1s1/2

the unique N=3 state: n6 Li. It si worth noticing that this strong repulsion – manifested from
2
H to 6 Li – manifest only in S-wave. Most of these systems have attractive nA P-waves, which
in some case like in n-3 H displayed in Figure 1 (see [23]) and 4 He [24–26] are even resonant.
For N=4, the n-7 Li scattering length becomes again attractive. Two of the four n’s in the
target fill P-wave orbital, as illustrated in the right panel of Table 1. As a consequence the
effects due to antisymmetrization with the S-wave incoming n is weakened and the balance
between the attractive nN interaction and the Pauli repulsion results in favour of an attractive
S-wave state. This attraction persists in 12 Be [21] and 15 B [22].
When arriving at the 17 B, a particle stable nuclei with ground state Jπ =3/2− , the balance
between the attraction and repulsion is so fine-tuned that the scattering length become huge,
indicating the presence of 17 B virtual state extremely close to the n-17 B threshold. This was first
found in the MSU experiment [27], where the best fit to the data provided an n-17 B scattering
length of aS = −100 fm, which constitutes the absolute record of the whole nuclear chart [16].
However a χ 2 analysis of their results allow them to fix only an upper limit aS < −50 fm.
Since the ground state of 17 B is a Jπ =3/2− state the total S of the n-17 B state can be S=1− or
S=2− and some shell model calculation let them conclude that the measured scattering length
corresponded to S=2− . The MSU results have been recently confirmed at RIKEN [28].
This remarkable experimental finding of an extremely resonant n-17 B system, and the fact
that an ab initio calculation for A=18 was beyond our scope, motivated us to model the S-wave
n-17 B interaction and attempt to describe 19 B – also experimentally known – in terms of a 3body double resonant 17 B-n-n cluster. The main results, published in [29], are summarized in
the following section.

3

Modeling the n-17 B interaction

We have modelled the resonant S-wave n-17 B interaction by a sum of an attractive term to
account for all the VnNi attraction and a repulsive one to account for the Pauli repulsion among
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the incoming and target n’s. We have assumed the following form:
Vn17 B (r) = Vr e−µr − e−µR

 e−µr
,
r

(1)

where R is a hard-core radius, fixing the penetration of the incoming neutron in the target nucleus, and µ is a range parameter for the folded n-17 B potential. We fixed R = 3 fm, which corresponds to the r.m.s. matter radius of 17 B [30], and we have taken µ = 0.7 fm−1 corresponding
to the pion mass. At this level we work under the hypothesis of spin-independent n-17 B interaction, in particular the (unlikely) fact that both scattering length are equal a1− = a2− ≡ aS . In
this case, the only remaining free parameter is the strength Vr which is adjusted to reproduce
aS and so the virtual state. Since the precise value of aS is not known we have considered a
wide range of variation. The dependence of aS on Vr , together with the corresponding potential for aS = −50, −100, −150 fm, are displayed in figure 5.
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Figure 5: Dependence of the n-17 B scattering length aS on Vr for R = 3 fm (left
panel). Dashed lines correspond to some selected values of aS =-50,-100,-150 fm
and corresponding strength values Vr (in MeV) for which Vn17 B have been drawn
(right panel) .
The 18 B virtual sate is one of the most fascinating systems in Nuclear Physics. We have
represented in left panel of Figure 6 (black color) the n-17 B S-wave cross section σ0 as a function of the center of mass energy E below 100 keV obtained by the above described model by
assuming the value of aS =-50 fm. Even in this very conservative case, a low energy n scattering on 17 B will feel a ”monster” of geometrical size D ∼ 400 fm (notice that σ(E = 0) = 4πas2 )
although in a very limited energy range below few tens of MeV. The n-17 B cross section is compared to the np one in the triplet (S=1) state (red color) which appears at this energy scale
totally flat. Its resonant character is however clearly manifested in the right panel when it is
compared to the normal values of the nA (total) cross sections with neighbouring nuclei.
The possibility of similar strongly resonant structures, but bound instead of virtual, in the
neutron rich nuclei can not be excluded. This will manifest as nA states with huge and positive
scattering length and so corresponding to extremely large (A+1) bound nuclei, . Such a subtle
nuclear structures – only accessible via scattering experiments – could offer the possibility to
"visualize" a nucleus using microscopic techniques as it is currently done with atoms.

4

Describing 19 B as a 17 B-n-n three-body cluster

In order to describe 19 B as a 17 B-n-n cluster, potential (1) has been supplemented with a realistic n-n interaction. The three body problem was then solved using both Faddeev equations
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Figure 6: The low energy n-17 B cross section as a function of the energy for a fixed
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in configuration space [11] and Gaussian Expansion method [31] to inquire for the energy of
the 19 B ground state provided by this three-body model.
The results are given in figure 7 (solid blue curve) as a function of the scattering length
aS . 19 B appears to be bound in all the range of the experimentally allowed as values, starting
from as ≈ -30 fm. The binding energy increases with | as | and saturates at Eu = −0.081 MeV
in the limit aS → −∞ which is the unitary limit in the n-17 B channel (blue dotted points).
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Figure 7: 19 B ground-state energy with respect to the first particle threshold as a
function of aS , for R = 3 fm

These results were obtained with an S-wave n-n interaction adjusted to reproduce the
experimental ann =-18.59 fm (see [29] for details). In order to study the full unitary limit of
the model we have also set ann → −∞, by slightly modifying the attractive part of Vnn The
results of this limit correspond to the blue dashed horizontal line Euu = −0.160 MeV.
We have considered an alternative version of the three-body model by letting the n-17 B
and the n-n potentials to act in all partial waves. In this case we used the CI Bonn A model for
the n-n potential with ann = −23.75 fm. The results are indicated by black curves on figure 7,
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Figure 8: Ground-state probability amplitude |Ψ(r, R)|2 as a function of the Jacobi
coordinates: left panel 19 B for aS = −100 fm in model version (ii) and right panel
for the similar structure 6 He [32, 33].

including the unitary limit in the given by Eu = −0.18 MeV. The differences come essentially
from the differences in ann . P-wave contributions are small: for aS =-150 fm they are ≈6 keV.
We would like to emphasize that due to our ignorance of the aS value we cannot predict a precise value for E(19 B), but it is worth noticing that in all the domain of aS that we
have considered, including the full unitary limit, the results provided by this simple model are
compatible with the experimental value E=-0.14 ± 0.39 MeV.
We have represented in left panel of Figure 8 the modulus squared of the 19 B ground state
wave function as a function of the Jacobi coordinate | ψ(r, R) |2 corresponding to aS =-100 fm
and E = −0.130 MeV. As a consequence of its weak binding energy, 19 B is quite an extended
dissymmetric object elongated in the 17 B-(nn) direction, as it corresponds to a two-neutron
halo. Disregarding the intrinsic size of the 17 B core, the calculated rms n-core distance is R n−17 B
=12 fm. It is interesting to compare this result with the similar system 6 He, considered as a
4
He-n-n 3-body cluster (right panel of Figure 8). The corresponding value was computed in
Table IV from Ref. [32, 33] and is R n−6 H e =4.6 fm.
Apart from providing a good description of the 19 B ground state, the model accommodates
two broad 3-body resonances with total orbital angular momentum L=1 and L=2 respectively.
Their parameters depend from aS and the model version. By fixing aS =-150 fm, taking the
interaction (1) in all partial waves and keeping S-wave interaction in n-n, their values are
respectively E L=1 =+0.24(2)-0.31(4)i and E L=2 =+1.02(5)-1.22(6)i. Notice that the total angular momentum and parity J π of these resonant states results from the coupling between
π
the quoted L and J17
= 3/2− , which are degenerated in our calculations. Several resonances
B
in the continuum of 19 B have been observed recently, although the determination of their
energies and quantum number is still in progress [28]
As mentioned at the begining of this section, the results presented above neglect any spinspin dependence in Vn17 B . In particular they assume the equality of the n-17 B scattering length
in the S=1− and S=2− channels: a1− = a2− ≡ aS . In our previous work [29] we have introduced a spin-dependent interaction and find the robustness of the 17 B-n-n model in what
concerns the predictions of the 19 B bound state: the 17 B-n-n ground state remains bound unless we introduce a spin-spin dependence at the level of Vn17 B one order of magnitude greater
than the one displayed in figure 2.
The large values of the n-17 B and n-n scattering length, and the proximity of the 19 B ground
state to the unitary limit suggests that 19 B could be a genuine nuclear candidate to exhibit
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Efimov physics [34], that is the appearance of an infinite family of bound states with consecutive energies scaled by a universal factor f 2 . This is indeed what would happen by setting
a1 = a2 = ann = −∞ as in the blue dashed line of Figure 7. However the 17 B-n-n system,
representing a light-light-heavy structure, turns out to be quite an unfavorable case to exhibit
the sequence of excited Efimov states due to the requirement of a very large factor f . In the
real world, as well as in our model, 19 B has only one bound state and it is governed by three
different scattering lengths, from which only the n-n scattering length is relatively well known
and still far from ann = −∞. In the case when one spin-independent n-17 B interaction is
tuned, the universal factor turns out to be f ≈ 2000 [34, 35]. It follows that the appearance
of the first L = 0+ excited state of Efimov nature in 19 B would manifest only when the n-17 B
scattering length reaches several thousands of fm. We conclude that, independently of the
particular value of aS , it is highly unlikely to observe any Efimov excited state in 19 B. Inspite
of that, it is however clear that the universal features related to Efimov physics [36] are genuinely preserved in this system. The possibility to consider the 19 B ground state as being the
first one of an, nonexistent, series of states can always be considered, as it was done e.g. for
the triton case [34, 35]. However this is not the purpose of this work.
Finally, it is worth noticing that other attempts were made to describe the same system, like
e.g. in Ref. [37], although the purely attractive (non local) n-17 B interaction that was chosen,
overbound the 19 B ground state and predicted several bound excited states. Models inspired
in halo EFT [38–40] have been also used in the past to describe similar systems [41, 42].
They are based on zero-range two-body force supplemented with a three-body force required
to stabilize the three-body system fixed. We have preferred to use here a more conventional
approach.

5

Conclusion

We consider the evolution of the neutron-nucleus scattering length for the lightest nuclei. We
showed that, when increasing the number of neutron in the target nucleus, the strong repulsion
observed in the low energy (S-wave) neutron-nucleus interaction for light nuclei A=2-6 starts
becoming attractive in 7 Li. When filling the P- and higher angular momentum neutron orbitals
in the target, the Pauli repulsion among the incoming and the target neutrons weakens and
the resulting balance with the attractive nN interaction becomes globally attractive again.
In the case of 17 B, this balance results into an extremely shallow virtual state which manifests by a huge scattering length aS <-50 fm, presumably in the total spin S=2− channel [27],
experimentally observed but not yet precisely determined.
The possibility of similar strongly resonant structures in the nuclear chart, but being bound
instead of virtual, can not be excluded. This will manifest as nA states with huge and positive
and scattering length and so corresponding to extremely large (A+1) bound nuclei. Such an
extremely fragile nuclear structure involving sizes still smaller but close to atomic sizes – and
only accessible via scattering experiments – could offer a unique possibility to "visualize" a
nucleus using microscopic techniques as it is currently done with atoms.
We have constructed a simple S-wave n-17 B interaction model and applied it to the description of the 19 B isotope as a three-body 19 B-n-n cluster state. This model describes well
the energy of the 19 B ground state, in agreement with the measured binding energy, and accommodates two resonant states with total orbital angular momentum L=1 and L=2, also in
agreement with experimental findings [28].
The success of this simple model is to be found on the double resonant character of the
interaction both in the n-17 B and the n-n channels which makes the 19 B nucleus a nice illustration of a system described by the unitary limit of its interactions. Despite the large values
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of the scattering length in each channel, the system is still far to accommodate the first Efimov
excited state, due to the existence of three different scattering lengths with only one being
resonant and to the asymmetry among the constituent masses would require and aS value of
few thousands fm.
The proposed model can be straightforwardly extended to the description of recently observed resonant states in 20 B and 21 B [43] using the methods for solving the A=4 and A=5
developed in [44].
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Abstract
The determination of absolute branching ratios for high-energy states in light nuclei is
an important and useful tool for probing the underlying nuclear structure of individual resonances: for example, in establishing the tendency of an excited state towards
α-cluster structure. Difficulty arises in measuring these branching ratios due to similarities in available decay channels, such as (18 O,n) and (18 O,2n), as well as differences
in geometric efficiencies due to population of bound excited levels in daughter nuclei.
Methods are presented using Monte Carlo techniques to overcome these issues.
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Introduction

The arrangement of nucleons in the nuclear system, especially in cases when these arrangements present physics outside of the largely successful nuclear shell model, is of great interest
and importance in the elucidation of the nuclear force. Nuclear clustering, particularly αclustering, also provides a useful tool in the testing of ab-initio models, enabling many-nucleon
systems to be modelled due to a reduction in required processing power. In recent years, there
has been increased interest due to the potential existence of nuclear molecules outside of the
N = Z nuclei where α-clustering has been well established [1]. Nuclear molecules are cluster
structures in which increased stability is achieved between two clusters due to binding provided by valence nucleons, typically neutrons due to the lack of Coulomb repulsion. The 18 O
nucleus presents as a strongly viable candidate for α-cluster structure, with many theoretical
009.1
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and experimental suggestions of potential cluster states [2–8]. The likelihood of clustering
in 18 O is in part due to both the properties of the 12 C and 14 C nuclei: as 12 C presents with a
doubly-closed p3/2 sub-shell, it has an increased stability accentuated by the energy of its first
excited state, 4.4 MeV, which indicates the potential of 12 C as a good cluster; the 14 C nucleus
is similar in this regard, with complete neutron and partial proton p-shell closure, and has a
first excited state at above 6 MeV.
Experimental work performed by von Oerzten et al. [2] found 30 new resonances in 18 O
through use of the 12 C(7 Li,p)18 O∗ reaction, measuring the energy of the recoil proton with
the Q3D magnetic spectrograph at the Maier-Leibnitz Laboratory in Munich. From these and
previously measured states, rotational fitting was performed from which several rotational
bands were tentatively assigned. Of proposed these rotational bands, two have proposed cluster structure, each presenting as a parity doublet due to broken intrinsic reflection symmetry:
N
N
+/−
+/−
α (core + α) structure [5, 6] and the K = 04 with a 12 C
2n
the K = 02 with a 14 C
N
α (nuclear molecule) structure [7, 8].
In order to determine the validity of these rotational bands, the tendency towards αclustering must be established by comparison of the reduced partial α-width, γ2α , to the Wigner
limit. This limit is a theoretical reduced partial α-width representing a case in which, for a
particular excited state of a nucleus, an α-particle is permanently preformed inside of the
nucleus [9]. The Wigner limit, γ2W , is defined by
γ2W =

3ħ
h2
,
2µα2

(1)

where µ is the reduced mass of the two-body α-decay exit channel and α is the channel radius.
In order to determine γ2α for excited states in 18 O, the absolute branching ratios for these
high-energy states had to be measured. The absolute branching ratio could then be used to
determine the partial α-width, from which γ2α could be calculated by removing penetrability
contributions, Pl , via the relationship
γ2α =

Γα
.
2Pl

(2)

By taking the ratio γ2α /γ2W , the tendency towards preformation of an α-particle and hence
towards α-clustering can be established. For states in a cluster band, a ratio of larger than 0.1
would typically be expected, as well as a consistent value of this ratio across the composite
states.

2

Experimental method

In order to measure the branching ratios of high-energy states in 18 O, an experiment was performed at the Maier-Leibnitz Laboratory, again utilising the 12 C(7 Li,p)18 O∗ reaction in order to
populate the relevant states. A 44 MeV 7 Li provided by the Van de Graaff tandem accelerator at
MLL was incident on a 110 µg/cm2 natural carbon target, placed in the experimental chamber
under vacuum. The Q3D magnetic spectrograph was set at an angle of −39◦ in-plane and 0◦
out-of-plane, with angular acceptances of ±3.0◦ and ±2.0◦ respectively, and a focal plane detector positioned after the quadrupole and dipole magnets. The focal plane detector consisted
of two cathode foils, one segmented into 255 strips in order to give a position measurement
for incident particles, as well as two anode wires and a scintillator detector. The anode wires
in conjunction with the cathode foil were able to measure energy loss of a charged particle,
while the scintillator measured the total deposited energy [10]. This allowed for particle identification of incident protons, confirming that the correct reaction channel was observed. The
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position of the incident protons measured on the segmented cathode foil was proportional to
its energy as it entered the Q3D spectrograph, and from this value the excitation functions of
18
O were produced.

Figure 1: A diagram depicting the experimental set-up used in the chamber, showing
the positions of the Q3D magnetic spectrograph and DSSD array (left). The arrangement of the constituent DSSDs in the Birmingham DSSD array, as well as the total
angular coverage, is also shown (right) [11, 12].
Once the correct reaction had been selected, the products from the decay of the 18 O were
detected through use of the Birmingham double-sided silicon strip (DSSD) array. This array
consists of four 500 µm thick W1 Micron Semiconductor Ltd DSSDs [13], with 16 horizontal
and 16 vertical strips spanning a total active area of 50 mm x 50 mm, able to give both energy
and position information on detected charged particles to enable high-resolution reconstruction of decay products. Two of the detectors were placed at an in-plane centre angle of 28.9◦
(≈67.0 mm away from the target), while the other two were placed at a centre angle of 72.0◦
(≈83.0 mm away from the target). The total angular coverage of the array was 12◦ → 93◦
in-plane and −36◦ → 40◦ out-of-plane, allowing for the detection of particles over a large solid
angle and the detection of recoil 18 O from the γ-decay of bound states.

3

Reconstruction of decay products

The excited states in 18 O investigated lay between 7 MeV and 16 MeV, and as such there were
several decay channels that had to be considered in the case of the higher-lying excitations.
The α-decay channel becomes available at an excitation energy of 6.228 MeV, so that γ2α of
all states that were investigated was able to be determined. Comparatively, the other decay
channels occur at the following excitation energies: n-decay at 8.045 MeV, 2n-decay at 12.19
MeV and p-decay at 15.94 MeV. In order to determine the species of particle detected by the
DSSD array, a kinematic method was employed [14]. By using the measured energy and
position of a particle, conservation of both energy and momentum could be employed in order
to determine its species through use of a Catania plot. For the scenario in which the product
18
O nucleus decays into particles A∗ and B, the Q-value expression for the total reaction can
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be rearranged to give
E beam − EA − E p = EB + E x − Q,

(3)

where E x is the excitation energy of particle A∗ , E p , EA and EB are the kinetic energies of
the proton incident on the Q3D, A∗ and B respectively. If A∗ is detected in the DSSD array,
its momentum can be determined through the detection position and the measured kinetic
energy, as long as the correct mass mA is assumed. Then, via conservation of momentum, the
total momentum of B, pB , can be determined and related to EB through EB =
3 can then be adapted to give the following expression:
E beam − EA − E p =

pB2
2mB .

Equation

2
1 pB
− Q3,
mB 2

(4)

Q 3 being the effective Q-value given by Q − E x . By plotting the known quantity E beam − EA − E p
p2

against the calculated quantity 2B , a locus demonstrating a linear relationship is obtained with
gradient m1B and y-intercept −Q 3 if the assumption made about the mass, mA, is correct. If this
assumption is not correct, this locus will not lie on the appropriate line, but can be identified
through comparison with Monte Carlo data. An example of this is shown later in Figure 4, in
which it is assumed the 18 O has decayed into 14 C (detected) and an α-particle.

3.1

Kinematic cones

As the initial reaction involves a two-body exit channel, the proton and the excited 18 O nucleus, for a particular populated resonance the available energy is shared by the two final
state particles in the same way every time. Events of interest, in which a charged particle is
measured at the DSSD array in time coincidence with a proton measured at the focal plane
detector, are hence constrained by the path of the proton into the angular acceptance of the
Q3D.

Figure 2: A diagram depicting the total reaction 12 C(7 Li,p)17 O+n, showing the area
in which the 17 O is constrained (a cross-sectional slice of the kinematic cone) due to
detection of the proton within the angular acceptance of the Q3D (left). Also shown
are Monte Carlo data, generated for three different 18 O excitation energies, showing
the increase in the radius of these kinematic cones for an increase in excitation energy
(right).
Figure 2 shows a depiction of an event, with the beam direction along the z-axis and
target position at the origin, in which the product 18 O∗ nucleus emits a neutron to form 17 O
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in the ground state and the proton ejectile enters in the centre of the angular acceptance of
the Q3D (−39.0◦ in-plane and 0◦ out-of-plane). As a result, the 18 O∗ is constrained to the
x-z plane to conserve momentum out-of-plane, and travels at an angle β in-plane depending
on the amount of kinetic energy available: for a larger excitation energy in 18 O∗ , a smaller
β would be observed. In the next step, the two-body decay is constrained to another twodimensional plane, not necessarily the same as the x-z plane. The blue circle in Figure 2 shows
the kinematically allowed region in which the 17 O could be detected in a plane perpendicular
to the path of the 18 O∗ . In fact, the path of the 17 O is thus constrained within the volume
of a cone which has a radius dependent on the excitation energy of the 18 O; the most likely
position is however on the surface area of the cone due to kinematic focusing effects.
Also in Figure 2 is an example of a Monte Carlo simulation, produced using the in-house
nuclear reaction kinematics code RESOLUTION8.1 (see references [12] [15] [16] for more detail), of the described interaction for different excitation energies. This Monte Carlo code
simulates nuclear reactions as a series of sequential two-body decays, allowing for a variety of
real world smearing effects to also be simulated in order to best reproduce experimental data.
The kinematic focusing effects, as well as the increase in the radius of the kinematic cones and
the decrease in angle β for greater excitation energies, can be clearly seen. The difference
in the radii of these cones gives the ability for distinction between same-particle decay paths
through different states from the hit pattern on the detector arrays.

3.2

Excited levels in daughter nuclei

More complicated decay paths than the one depicted in Figure 2 are also possible: for example,
decays of 18 O that populate excited levels in the daughter nuclei. If the daughter nucleus is
excited, the available kinetic energy for the two decay fragments is correspondingly decreased
and thus a kinematic cone with a smaller radius is observed. Due to the importance of accurately determining the expected geometric efficiency of the DSSD array for the detection of
decay products, it is thus paramount to determine whether or not these levels are populated.

3.2.1

Determination through hit position on detectors

It is possible, through the use of position sensitive charged-particle detectors such as the DSSD
array, to distinguish between cases of different excitation energy in the daughter nucleus by
looking at the hit positions of any charged decay fragments. An example of this is shown in
Figure 3, for the case of decay of an 18 O nucleus with an excitation energy of 11.855 MeV which
then subsequently n-decays into 17 O. Monte Carlo data are presented for both the population
of the ground state and for the 2nd excited state at 3.055 MeV and compared with the hit
positions for real data. The latter were gated on both the 11.855 MeV state as measured by
the focal plane detector and on n-decay events as determined via a Catania plot. It is clear that
the majority of decays for this case populate the ground state of 17 O. The ability to distinguish
between the different excitation energies relies mostly the solid angle subtended by pixels,
as for very small differences in excitation energy one would rely on the circumference of the
kinematic cone to move across a pixel boundary. With a high level of statistics, it becomes
easier to determine percentages for the population of these individual daughter states.
This method is sensitive to the excitation energy in 18 O, as the radius of the kinematic cones
change as the available kinetic energy for final state particles change. As such, it is important
to look as these states individually if possible – in the current work, this is achieved by choosing
gates on the excitation function, produced by the recoil proton measured at the focal plane
detector, of 18 O that ideally include only events within 2σ of the centroid measured for the
relevant excited level. In rare cases where this cannot be achieved, two nearby states can be
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Figure 3: A comparison of Monte Carlo data for the n-decay of the 11.855 MeV state
in 18 O, both to the ground state (top left) and the 3.055 MeV state (top right) of 17 O,
to real data (bottom). A much better agreement to the ground state Monte Carlo
data can be observed. The centres of the individual pseudo-pixels are also indicated
by the grid of dots.
investigated together due to the small change in excitation energy resulting in a small change
in kinematic distributions (and thus geometric efficiency) for each decay channel.
3.2.2

Determination through Catania plots

It is also possible to determine the population of excited levels in daughter nuclei via Catania
plots, as the y-intercept for loci associated with a particular decay channel depends on the
excitation energy, as shown in Equation 4. An example of this is shown in Figure 4, in which
both α-decays to the ground state and 1st excited state of 14 C are presented alongside the other
available decay channels, n-decay and 2n-decay. The Catania plots in Figure 4 are generated
assuming a detected 14 C, and the different loci are labelled. Despite the locus formed from
events that populate the 1st excited state lying across other loci, there are regions in which
there is no contamination from other decay channels, enabling the determination of these
branching ratios: by using Monte Carlo to establish the fraction of these events present in
a uncontaminated region, the total number can be determined in the real data and hence
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appropriately subtracted from the other loci, giving more accurate values of the branching
ratios for all channels.

Figure 4: A comparison of the Catania plots generated for 18 O excited to 14.443
MeV, assuming an α-decay and detected 14 C, for Monte Carlo data (left) and real
data (right). The individual decay channels are labelled in order to see the overlap
of the loci.
This method, in conjunction with the method detailed in Section 3.2.1, can be used to
reduce the uncertainty on the values for the individual branching ratios obtained. As the
Catania plot can have regions in which there is no overlap between different loci, percentage
population of different daughter levels can be obtained also.

3.3

2n-decay

For states in 18 O above 12.19 MeV, the 2n-decay channel becomes energetically possible. This
decay channel is harder to distinguish from others due to having two final state neutrons that
are unable to be measured in the DSSD array. Events were simulated through Monte Carlo as
sequential decay events passing through excited states above the n-decay threshold in 17 O.
In order to separate 2n-decay events from n-decay events, important again due to differing
geometric efficiencies, use of both Catania plots and the hit positions of particles on the DSSD
array can be used. However, due to the similarity of the two decay modes, their respective
features have large overlaps. Using Monte Carlo to establish the fraction of n-decay events
that lie within the regions defined by 2n-events, f n , the total number of events from the ndecay channel, Nn , can be determined in the real data by measuring the number of n-decay
events outside of these gates, Nout , and using the relationship
Nn =

Nout
.
1 − fn

(5)

Then, the actual number of events from the 2n-decay channel, N2n can be calculated by taking
the total number of events inside of the gates, Nin , and subtracting the number of appropriate
number of n-decay events through the expression
N2n = Nin − Nn × f n .

(6)

An example of using a Catania plot and hit positions on the DSSD array for this scenario is
shown in Figure 5, where the gates for 2n events have been shown overlain on a mixture of
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Figure 5: A view of the hit positions of charged particles on the DSSD array (left)
and a Catania plot generated assuming measured products arise from a n-decay of
18 ∗
O (right), both generated using Monte Carlo data for (18 O∗ ,n) and (18 O∗ ,2n). The
regions highlighted in red represent areas within which >99.5% of (18 O∗ ,2n) events
are located.
single and double n-decay events. Using both in conjunction reduces the number of n-decay
events that lie within the 2n-decay gate, reducing the uncertainty on the measured value Nout
- in the case of the 14.443 MeV state, f n is 39.0%.
Distinguishing between population of states that can n-decay in 17 O is a more difficult
task, as the resolution of the reconstruction of the final state particles decreases, due to a lack
of detected particles in the intermediate 17 O∗ +n stage. It is hence experimentally difficult to
distinguish between levels populated above the n-threshold in 17 O, especially with the statistics
available in the current work. One possible method for distinguishing between these states
that can be employed with higher statistics is presented in Figure 6, in which the energy of
the measured 16 O varies between different excitation energies in 17 O∗ . Information on J π of
the parent state can also hint at the likelihood of populating various states above the n-decay
threshold in 17 O, as it is preferential for the n to carry low units of angular momentum due to
the decreased centrifugal barrier.

Figure 6: A comparison of the distribution of energy deposited in the DSSD array by
a product 16 O through the n-decay of 17 O∗ from the 4.553 MeV state (left) and the
6.356 MeV state (right).
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4

Conclusion

A method for measuring high-energy branching ratios for states in 18 O has been discussed,
using the Q3D magnetic spectrograph in conjunction with the Birmingham DSSD array to
allow high-resolution reconstruction of decay products, along with how these can be used to
determine the tendency of states to α-cluster.
Also discussed was the importance of establishing whether various excited states in daughter nuclei are populated, due to a large change in geometric efficiency from the narrowed
kinematic cone for the two-body decay products. Methods, both using hit positions arising as
a direct result of these kinematic cones as well as Catania plots, a kinematic method for determining masses of detected particles without traditional particle identification from a DSSD
telescope array, were presented for establishing the tendency towards population of these
states.
Measuring sequential neutron decays with charged particle detectors and separating these
events from other loci, again necessary due to the differing geometric efficiency of the two
channels, has been discussed. Finally, a potential method for determining which states above
the n-threshold are populated in a high statistics experiment was described.
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1

Introduction

In a 1993 review [1] of quasi-elastic (e,e0 p) experiments carried out over the preceding few
years, on a range of nuclear targets from 7 Li to 208 Pb, Lapikás noted a large systematic reduction in the spectroscopic strength of valence orbitals, compared to nuclear mean-field models.
This reduction was in the range 30% - 40%, varying slightly between different nuclei. In contrast, the measured occupancies of states just above the Fermi surface in the same nuclei were
observed to be greater than zero, with values between 5% and 13%. These observations were
consistent with a shifting of strength from valence to higher-energy orbitals, due to short-range
and tensor correlations, not included in the mean-field nuclear models.
Prior to this, in the mid-1980s, the Glasgow nuclear physics research group had started a
systematic programme of photon- and electron-induced two-nucleon emission experiments at
the Mainz electron microtron facility MAMI, to investigate the nature of possible correlations
between pairs of nucleons. Most of this work used the tagged photon technique, exploiting
bespoke tagged photon spectrometers designed and constructed by the Glasgow group [2, 3].
This work studied the (γ,pn), (γ,pp) and (e,e0 pn) reactions in a range of light nuclei: 3 He [4,5],
4
He [6], 6 Li [7], 12 C [8–18] and 16 O [19–21]. The most extensive investigations were carried
out on 12 C, but the results on other light nuclei provided a similar and consistent interpretation.
The real photon measurements studied several different aspects of two-nucleon emission
reactions including their photon energy dependence, missing energy dependence, recoil momentum dependence and angular dependence, as well as their isospin dependence and their
dependence on photon polarisation. Collaborations were formed with theoretical groups working in Valencia, Pavia and Gent in order to provide a detailed interpretation of the data obtained. This work is summarised in Sec.2.
More recent work at the Jefferson Lab 6.0 GeV electron accelerator has focussed on SRC
at higher energies, in a range of nuclei up to 208 Pb. This work used both inclusive (e,e0 ) [22]
and exclusive (e,e0 pn) [23] experiments at high xB and high Q2 to study nucleon correlations
at high relative nucleon momenta. This work obtained the probabilities of virtual photons
interacting with correlated nucleon pairs, or correlated triples, as xB is increased.
Semi-inclusive (e,e0 p) and (e,e0 n) reactions [24, 25] have shown that the strong isospin
dependence of two-nucleon correlations, noted in the earlier Mainz work, namely the strong
suppression of interactions with proton-proton pairs, extends to high energies, even though
the detailed mechanisms are different. Moreover this semi-inclusive electron scattering work
has identified a strong isospin dependence in the fraction of nucleons carrying high momentum
which can be understood as a direct consequence of the isospin dependence of SRC.
Very recent work [26] has suggested a connection between SRC and the EMC effect, in
which the structure function F2 (xB ,Q2 ) observed in Deep Inelastic Scattering (DIS) on nucleons
bound in heavy nuclei is suppressed, compared to the same reaction on nucleons in light nuclei.
The results of these studies are discussed in Sec.3.
The contribution of three-body interactions to two- and three-nucleon emission reactions
was also investigated with real photons at Mainz. This work included studies of the 12 C(γ,ppn),
12
C(γ,pnn) and 12 C(γ,pd) reactions [27–30]. See Sec.4.

2

(γ,pN) Measurements at Mainz

Starting in the mid-1980s, the Glasgow nuclear physics research group carried out a series
of (γ,pN) experiments at the Mainz electron microtron MAMI. The earliest experiments were
performed at the 180 MeV accelerator (MAMI-A). Higher energies became available in 1990
when the Mainz accelerator was upgraded to 840 MeV (MAMI-B). Fig. 1 shows a typical
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Figure 1: Experimental detector layout for (γ,pN) experiments carried out at the
Mainz 840 MeV electron microtron MAMI-B. Tagged photons are produced in a
Bremsstrahlung Radiator, placed in the electron beam before the Glasgow tagged
photon spectrometer (Tagger) [3]. For linearly polarised photons an aligned diamond radiator is used [32]. The scattered bremsstrahlung electron energies Ee0 are
measured in the Tagger. Knowing the electron beam energy Ee , the energy of each
photon can then be deduced: Eγ = Ee − Ee0 . Protons ejected from the Target are detected in the Pion and Proton charged particle hodoscope PiP [33], which acts as a
trigger detector. Correlated neutrons and protons are detected using a series of TOF
time-of-flight scintillator detector arrays [34], set at a range of polar angles I, II and
III covering diffferent kinematic settings.
experimental detector layout from one of the experiments carried out at MAMI-B.
Fig. 2 shows missing energy (Em ) spectra for 12 C(γ,pn) and (γ,pp) reactions, measured by
Lamparter et al. [12], for Eγ between 114 and 600 MeV. The (γ,pn) data show a sharp peak
at low missing energies (Em ), followed by a broader distribution at higher values of Em . The
peak is most prominent at low Eγ , but remains discernible at higher Eγ values. Comparisons
are made with predictions from the Valencia Model (VM) [31], averaged over the detector
acceptances.
This model uses a simple Fermi gas approach with a local density approximation. It calculates all of the the expected contributing mechanisms and treats FSI of the emitted particles
semi-classically. However, as it does not contain any detailed nuclear structure information, it
is only able to reproduce the general features of the reaction process.
The VM reproduces both the strength and shape of the (γ,pn) Em spectra reasonably well.
The good quality of the comparison indicates that direct absorption on proton-neutron pairs
occurs at low Em , with final state interactions (FSI) extending strength to higher values of Em .
Photon absorption on three-nucleon clusers (with FSI) and quasifree pion emission, with pion
scattering or reabsorption, all produce strength at higher Em .
The (γ,pp) strength at low Em is a factor of ∼40 weaker than the (γ,pn) channel at the
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Figure 2: 12 C(γ,pn) and (γ,pp) Em spectra [12], for three photon energy ranges up
to 600 MeV, compared to predictions from the VM [31]. Dark blue indicates photon
absorption on two nucleons; light blue is photon absorption on two nucleons with
FSI; red indicates photon absorption on three nucleons, with or without FSI; orange
represents quasi-free pion production where the pion is subsequently reabsorbed and
yellow corresponds to quasi-free pion production where the pion rescatters. The
(γ,pp) calculations have been reduced in magnitude by a factor of 3.5.

Figure 3: 12 C(γ,pn) and (γ,pp) differential cross sections as a function of Em [16],
for Eγ = 300 − 400 MeV. Region I covers quasi-deuteron kinematics (back-to-back
nucleon emission in the CM frame of the photon and a stationary nucleon pair);
Region II corresponds to non-quasideuteron kinematics, with wider particle opening
angles; Region III is extreme kinematics in which both emitted nucleons are on the
same side of the photon beam. The experimental spectra are compared to predictions
of the VM. The colours have the same interpretation as in 2.
lowest Eγ , although this factor reduces rapidly as Eγ increases. It has no discernible peak at
low Em , but rather has a broader distribution. The VM calculations do not correctly predict the
(γ,pp) strength and have been reduced by a factor of 3.5. They do, however, give a reasonable
account of the shape of the Em spectra. It is clear that direct 2N absorption plays a smaller
role in the (γ,pp) channel, compared to the other contributing mechanisms. The relative
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contribution of 3N+FSI processes is similar in both channels.
To investigate how the reaction cross section, and its contributing mechanisms, varied
with the opening angle between the proton detected in PiP and the second nucleon, Watts et
al. [16] studied three different kinematic settings. Direct absorption on two-nucleon pairs was
only appreciable in Region I (quasi-deuteron kinematics), see Fig. 3. The non-quasideuteron
and extreme settings (Regions II and III) emphasised processes involing FSI, 3N-absorption or
quasi-free pion production. As a method of selecting 3N processes, these kinematics enhanced
the 3N contribution, but not sufficiently for it to be considered a dominant process.

Figure 4: 12 C(γ,pn) and 12 C(γ,pp) Em spectra [9], for Eγ = 145 − 157 MeV. The data
are compared to spectral shapes obtained by folding together two (e,e0 p) spectra,
with the 7 MeV experimental energy resolution. The strength of emission from (1p)2 ,
(1p1s) and (1s)2 orbitals is detemined by the number of available nucleon pairs.
McGeorge et al. [9] compared the shape of the Em spectra for 12 C(γ,pn) and 12 C(γ,pn) with
two (e,e0 p) one nucleon emission spectral shapes, folded together with the known experimental resolution (see Fig. 4). The strength of emission from different orbitals was detemined by
the number of available nucleon pairs. This worked well for low Em for both reaction channels,
giving a further indication that cuts on Em < 40 MeV could be used to select direct absorption
on nucleons in (1p)2 orbitals and a cut from 40−70 MeV predominantly selected absorption
on (1p1s) pairs. Other mechanisms are needed to explain the observed strength at higher Em .

Figure 5: 12 C(γ,pn) and 12 C(γ,pp) recoil momentum spectra [9], for Eγ = 145 − 157
MeV and Em < 40 MeV. The data are compared to Monte Carlo calculations of twonucleon photon absorption (dark blue) and Phase Space (light blue). See text for
details.
Recoil momentum spectra provide a good test as to whether any residual FSI affect the selected events. Fig. 5 shows the recoil distributions for 12 C(γ,pn) and (γ,pp) events for Em <40
MeV. The data are compared with two Monte Carlo models. The 2N absorption model folds
010.5

SciPost Phys. Proc. 3, 010 (2020)

together two Harmonic Ooscillator momentum wavefunctions, filtered by the detector acceptance. Also shown is a phase space distribution. Neither reaction agrees with the phase space
distribution, indicating the two emitted nucleons are strongly correlated. The (γ,pn) data fits
the 2N absorption model extremely well, while the fit to the (γ,pp) channel is reasonable.

Figure 6: 12 C(γ,pn) photon asymmetry Σ data [15], for Em <40 MeV. The photon
asymmetry is defined by Σ = (σk −σ⊥ )/(σk +σ⊥ ) where σk (σ⊥ ) is the cross section
parallel (perpendicular) to the plane of polarisation of the incident photon. The data
are compared to an average asymmetry from previous d(γ,pn) measurements [35,36]
(green line) and to calculations made using the Gent Model (orange line), described
in the text.
The photon asymmetry Σ is an observable sensitive to transverse components of the electromagnetic interaction, including spin variables and interference between contributing terms in
the nuclear current. It is instructive to use Σ to test some of the dynamical aspects of quasideuteron photon absorption. Fig. 6 shows Σ for the 12 C(γ,pn) reaction for Eγ between 150
and 350 MeV, measured by Franczuk et al. [15]. The data show a moderate negative asymmetry with a slight hint of structure in the ∆-resonance region. The data are compared to an
average of previous d(γ,pn) data [35, 36], shown in green. The measured Σ-values are consistently smaller in magnitude than the corresponding deuterium values. This indicates that
proton-neutron pair emission from light nuclei is a more complex process than a simple scaling
of deuterium photodisintegration. The data are also compared with a microscopic distorted
wave model developed by the Gent theory group, shown in orange. This model includes the
π-seagull, π-in-flight and ∆-excitation mechanisms, as well as SRC. Although including all of
the expected ingredients, this model does not agree with the data, predicting a significantly
larger asymmetry magnitude.
Measurements in the (γ,pp) channel by Powrie et al. [17] show a very interesting feature:
namely a strong negative peak at low Em . This is shown in Fig. 7 for Eγ = 160 − 220 MeV.
The magnitude of this peak is stronger than the measured asymmetry magnitude for 12 C(γ,pn).
The shape and magnitude of the asymmetry indicates a distinct two-nucleon absorption mechanism for the (γ,pp) channel at low Em .
The fact that the (γ,pp) asymmetry has a larger magnitude than (γ,pn) rules out (γ,pp)
being strongly fed by charge-exchange FSI from the stronger (γ,pn) channel. It is also expected
that any FSI will tend to dilute the photon asymmetry of the initial process. This is seen at
higher Em in Fig. 7, where FSI effects are thought to dominate the (γ,pp) channel, and the
magnitude of Σ is considerably lower.
Asymmetry measurements at photon energies up to 350 MeV (not shown here), and in
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Figure 7: 12 C(γ,pp) photon asymmetry Σ measurments [17] as a function of missing
energy, for Eγ =160−220 MeV.
O [17], show that this strong negative structure at low missing energies persists at higher
values of Eγ and does not depend on the particular target nucleus being studied.
MacGregor et al. [13] carried out further studies to investigate the Eγ dependence of
the 12 C(γ,pn) and 12 C(γ,pp) reaction cross sections and their angular dependence. In these
measurements both the PiP and ToF detectors were rotated round the target position, while
maintaining the "back-to-back" quasi-deuteron kinematics.
16

Figure 8: Eγ dependence of 12 C(γ,pp) and 12 C(γ,pn) double differential cross sections, and their ratio, for Eγ =100−400 MeV and Em < 40 MeV [13], compared to
calculations using the Gent Model (see text).
Fig. 8 shows the energy dependence of the 12 C(γ,pp) and 12 C(γ,pn) double differential
cross sections, and their ratio, for Eγ =100−400 MeV and Em < 40 MeV in quasi-deuteron
kinematics [13]. Both reactions show a peak in the ∆-resonance region, indicating that ∆currents make a strong contribution at these energies. The (γ,pp) reaction is much weaker
than the (γ,pn) reaction. However, the (γ,pn)/ (γ,pp) ratio increases steadily with Eγ .
The data are compared to one-pion-exchange calculations made using the Gent Model [37].
These theoretical calculations use an unfactorised approach including a dynamic treatment
of the ∆ propagator. The Gent Model is able to reproduce the general features of energy
dependence of the double differential cross sections. It also provides a reasonable account of
both the strength and the shape of both reaction channels.
Fig. 9 shows the angular distribution of both reactions, measured for Em < 40 MeV and
Eγ = 200 − 300 MeV in quasi-deuteron kinematics. The data are again compared with predictions of the Gent Model [37]. The cross section is plotted as a function of the polar angle
of the proton detected in PiP. The angular distributions of both channels are seen to be very
different. The (γ,pn) reaction peaks at central proton angles, whereas the (γ,pp) channel has
a clear dip at central laboratory angles. Strong differences between the angular distributions
of both channels are also observed at lower and higher photon energies, not shown here [13].
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Figure 9: Angular distributions of 12 C(γ,pp) and 12 C(γ,pn) double differential cross
sections, for Eγ =200−300 MeV and Em < 40 MeV in quasi-deuteron kinematics [13],
compared to calculations using the Gent Model [37] (see text).
These differences are a clear indication of distinct reaction mechanisms in the two channels. In particular, the measured data discount the possibility that the weaker (γ,pp) is simply
fed by FSI from the stronger (γ,pn) channel.
The Gent Model is able to reproduce the general strengths and some of the angular features
of both angular distributions, but does not provide close agreement with the distributions in
either channel. Further improvements in the theoretical treatments, including the inclusion
of heavier mesons and improved treatments of SRC, are required before we can obtain a full
understanding of the contributing reaction mechanisms, even where a clean sample of twonucleon knockout events, free of FSI, have been separated out.

3

(e,e0 ) Measurements at Jefferson Lab

A more direct approach to study SRC is to use inclusive (e,e0 ) electron scattering at high values of Q2 (4-momentum transfer) and the Bjorken scaling variable xB = Q2 /2M ν, where ν is
the energy transfer from the electron to the target nucleon and M is the nucleon mass. SRC
between pairs of nucleons are characterised by both interacting nucleons having large (and
opposite) momentum values. These high momentum components of the nucleon wavefunction can be probed by virtual photons with large values of both Q2 and ν. Generally when
a virtual photon inteacts with a SRC pair, knocking out one nucleon, the other nucleon will
also be knocked out. This happens irrespective of whether or not the ejected nucleons are
subsequently detected.
Egiyan et al. [22] looked for signatures of SRC in a range of nuclei (4 He, 12 C and 56 Fe) using
exclusive (e,e0 ) reactions at Q2 > 1.4 (GeV/c)2 and 1.0<xB <3.0 at the CLAS facility at Jefferson
Lab. As exclusive electron scattering cross sections drop rapidly with xB , the approach taken
was to plot the ratio of scaled exclusive cross sections in each nucleus to that in 3 He, which
contains just three nucleons. The results are shown below in Fig. 10.
In general, cross sections at xB >1 require the involvement of more than one nucleon, and
for xB >2 more than two nucleons are required. The results show a clear scaling of the cross
section ratios in the regions, 1.6< xB <2.0 and 2.3<xB <2.7. This is taken as a clear indication
of direct interaction with two-nucleon SRC pairs and three-nucleon SRC triples. Moreover the
observation of similar scaling in different light, medium and heavy nuclei, strongly suggest
that SRC are a feature of nucleon-nucleon interactions in all nuclei. The behaviour in the
regions 1.0< xB <1.6 and 2.0< xB <2.3, where there is not a strict scaling, is likely to be due
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Figure 10: Ratios of exclusive (e,e0 ) cross sections for 4 He, 12 C and 56 Fe to 3 He, as a
function of xB for Q2 >1.4 (GeV/c)2 [22]. It is expected that interactions with SRC
two-nucleon pairs will occur for 1< xB <2 and with three-nucleon triples for 2< xB <3
(see text). The blue and red lines show plateaux observed in the regions expected
for two-nucleon and three-nucleon correlations, respectively.
to FSI effects.
Inclusive (e,e0 pp) and (e,e0 pn) measurements on 12 C were carried out by Subedi et al.
[23] using the Hall A set up at Jefferson Lab. The experiments used two high resolution
spectrometers to measure the scattered electron and a high-energy emitted proton. The second
correlated proton, or neutron, was detected in the large acceptance "Big Bite" spectrometer,
or in a neutron detector array placed directly behind "Big Bite". These measurements were
made at Q2 =2.0 (GeV/c)2 and xB =1.2. From the ratios of the measured cross sections it was
deduced that 90% of correlated pairs in 12 C were proton-neutron pairs, 5% were proton-proton
pairs and 5% were neutron-neutron pairs.
Further inclusive (e,e0 pp) and semi-inclusive (e,e0 p) measurements in 12 C, 27 Al, 56 Fe and
208
Pb at Q2 >1.5 (GeV/c)2 and xB > 1.2 by Hen et al. [24] were made with the Jefferson Lab
CLAS detector. These measurements were anlaysed to extract the ratio of neutron-proton SRC
pairs to proton-proton SRC pairs. It was found for all nuclei, irrespective of their neutronproton ratio, that proton-neutron pairs dominate by a factor of ∼20. The dominance of protonneutron SRC has been attributed to tensor terms in the nucleon-nucleon interaction which
favour a spin 1, isospin 0 interaction.
Hen et al. noted that this has an interesting consequence for the high momentum fraction of
protons and neutrons in heavy nuclei. Due to the substantial neutron excess in heavy nuclei,
on average each proton will experience more SRCs than each neutron. This results in the
protons having a larger high momentum fraction on average than neutrons.
Recent work by Duer et al. [25] has directly measured (e,e0 pn) and (e,e0 pp) reactions on
the same nuclei as the previous study by Hen et al. [24], confirming the previous results and
tying down the ratio of proton-proton SRC to neutron-proton SRC more precisely to ∼3%.
It has long been known that the nuclear environment has an influence on the internal
quark-gluon structure of nucleons [38]. Deep Inelastic Scattering (DIS) of leptons at high
momentum transfer probes the internal quark structure of nucleons. The ratio of DIS cross
sections in light, medium and heavy nuclei, compared to deuterium, is observed to decrease

010.9

SciPost Phys. Proc. 3, 010 (2020)

with increasing xB over the range from 0.25< xB <0.75. This phenomenon, known as the
EMC effect, has been confirmed in both electron and muon scattering experiments. Recent
measurements by Smookler et al. [26] have shown that the slope of the reduction in the DIS
cross section ratio with xB varies by a factor of two from −0.28 in 12 C to −0.54 in 208 Pb [26].
This is interpreted as evidence that the external nuclear environment affects the momentum
distribution of quarks inside individual nucleons.
Smookler et al. carried out this work in order to investigate whether there could be a
connection between SRC and the EMC effect; i.e. could SRC affect the internal structure
of nucleons in a way that explains the EMC effect. In this study DIS and quasi-elastic cross
sections were measured simultaneously at the CLAS facility at Jefferson Lab for 27 Al and 208 Pb
and the data were analysed over a range of xB for Q2 > 1.5 (GeV/c)2 and W>1.8 GeV/c2 .
Equating the DIS cross section to the structure function F2 (x B , Q2 ), Smookler et al. split
A
F2 into terms corresponding to scattering off uncorrelated protons, uncorrelated neutrons and
correlated SRC pairs [26]:
p∗

p

F2A = (Z − nASRC )F2 + (N − nASRC )F2n + nASRC (F2 + F2n∗ ),

(1)

where Z is the atomic number of the target, N is the number of target neutrons and nASRC
is the number of corrlated proton-neutron pairs measured in the target nucleus at the same
p
values of Q2 and xB . F2 is the structure function for free protons, F2n is the structure function
p∗(n∗)

for free neutrons and F2
is an average modified structure function for protons (neutrons)
in SRC pairs. Further, denoting the differences between the SRC-modified and free structure
p
p∗
p
functions for the proton and neutron as ∆F2 = F2 − F2 and ∆F2n = F2n∗ − F2n , Eq. 1 becomes:
p

p

F2A = Z F2 + N F2n + nASRC (∆F2 + ∆F2n ).

(2)

Using measured DIS cross sections from deuterium and from heavier nuclei, together with
the ratio of the SRC probabilities in the target nucleus compared to deuterium (deduced from
p
d
simultaneously measured quasi-elastic cross section data), the quantity nSRC
(∆F2 + ∆F2n )/F2d
can be extracted for each nucleus. This observable is shown in Fig. 11 as a function of xB for
a range of heavy nuclei, including the measured 27 Al and 208 Pb targets.

p

d
Figure 11: The modified ratio nSRC
(∆F2 + ∆F2n )/F2d (discussed in the text), plotted
as a function of xB for a range of light, medium and heavy nuclei, including 27 Al and
208
Pb targets [26].
p

d
It is seen that the modified ratio nSRC
(∆F2 +∆F2n )/F2d has a uniform magnitude and slope,
independent of the host nucleus, over the range 0.25< xB <0.75. The universality of this
scaling suggests a strong connection between SRC and the EMC effect in nuclei, independent
of the nucleus under study.
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4

Photon-Induced 3-Nucleon Knockout Experiments

In order to look at the role of photon absorption on three-nucleon clusters in more detail
studies of three-nucleon knockout reactions were carried out.

Figure 12: Missing Energy spectrum for the 12 C(γ,ppn) reaction for Eγ = 300 − 400
MeV [27], compared to calculations using the Valencia Model [31]. Light blue is
photon absorption on two nucleons, with FSI; red indicates photon absorption on
three nucleons, pink is photon absorption on three nucleons with FSI; orange represents quasi-free pion production where the pion is subsequently reabsorbed (as the
VM is known to overestimate the strength of this process the orange region has been
rescaled by a factor of 0.3). The yellow corresponds to quasi-free pion production
where the pion rescatters.
Watts et al. [27] used the PiP/TOF experimental facility at Mainz to study the 12 C(γ,ppn)
reaction, with one proton detected in the PiP trigger detector and two other nucleons detected
in separate TOF detectors. Fig. 12 shows the 3-nucleon missing energy E3m spectrum obtained,
compared with predictions of the VM. The VM does a good job of reproducing the strength
and shape of the E3m spectrum, after a correction has been applied to the strength of the
pion production and reabsorption process. It is observed that while photon absorption on
three nucleons is strongest at values of E3m < 100 MeV, and FSI extend the three-nucleon
absorption strength to higher values, together these two processes still constitute a small part
of the overall cross section.
Watts et al. showed that further cuts on the invariant mass of two of the emitted nucleons could be used to suppress reactions involving pion production and reabsorption. These
cuts were able to enhance the relative contribution from photon absorption on three-nucleon
triples. However, these cuts drastically reduced the statistical accuracy of the remaining data
sample and the three-nucleon contribution was less than half, even under the most favourable
conditions.
Similarly Harty et al. studied the 12 C(γ,ppp) reaction [28] at photon energies up to 600
MeV. While a three-nucleon absoption process could also be identified in this reaction, its
contribution remained small compared to pion production plus FSI processes.
McAllister et al. [29], and Watts et al. [30], studied the 12 C(γ,pd) reaction with unpolarised
and polarised photons, respectively, and compared their measurements to the 3 He(γ,pd) twobody breakup reaction. Above Eγ =300 MeV, both reactions have a similar cross section dependnece on photon energy, with no indication of any influence from the ∆ resonance. There are
further similarities between the two reacions in that the photon asymmetry Σ is positive and
of similar values for photon energies between 200 and 260 MeV, although Σ for the 12 C(γ,pd)
reaction diverges and becomes negative at higher photon energies. The recoil momentum distributions from the 12 C(γ,pd) reaction were compared with a simple model obtained by folding
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together 3 Elton-Swift wavefunctions in a relative S-state. These gave a good agreement with
the experimental data, consistent with photon absorption on three nucleons.

5

Summary and Conclusions

The work reviewed in this paper has demonstrated that electromagnetically induced 2- and
3-nucleon knockout reactions from nuclei have contributions from several distinct processes.
These include direct absorption on pairs of nucleons, absorption on nucleon pairs followed
by final state interactions, direct absorption on 3-nucleon triples and absorption on 3-nucleon
triples with final state interactions. Final state interactions can occur either with another
nucleon in the pair or triple, or with other nucleons in the target nucleus. Pion production
processes on a nucleon can also contribute to 2-nucleon and 3-nucleon emission. In this case
the initial pion scatters, or is reabsorbed on a pair of nucleons, causing two or more nucleons
to be emitted from the nucleus.
Exclusive 2-nucleon emission reactions may be selected by cuts on low missing energies
Em . Taking into account typical reaction separation energies and experimental resolution, a
cut of Em <40 MeV is able to select direct absorption on a pair of nucleons in valence orbitals
in 1p-shell nuclei, with the rest of the nucleus acting purely as a spectator. This is true for both
(γ,pn) and (γ,pp) reactions. In the former case, the direct and exclusive 2-nucleon absorption
process is indicated by a sharp peak in the missing energy spectrum. In the latter case, a strong
signal is observed at low missing energies in the photon asymmetry spectrum.
Emission of one or more nucleons from more tightly bound 1s-shell orbitals, interactions
involving more than two nucleons, final state interactions of the struck nucleons with other
nucleons in the nucleus, pion emission mechanisms with rescattering or reabsorption, all shift
strength to higher missing energies.
Strong differences are observed in the shape and the strength of the missing energy spectra, photon energy dependence, angular distributions and photon asymmetry measurements
between (γ,pn) and (γ,pp) reactions. The largest difference is in the strength of the reaction
where the (γ,pp) reaction is around a factor of 30 weaker than the (γ,pn) reaction. This is
thought to be due to the suppression of neutral pion exchange currents in the (γ,pp) reaction
at low photon energies and the absence of tensor interactions, due to isospin symmetries, at
higher energies.
Missing momentum spectra are found to be described well by a simple folding together of
two single nucleon momentum spectra.
The direct processes, observed at low missing energies, include meson exchange currents
and ∆-currents as well as short range nucelon-nucleon correlations and final state interactions between the two participating nucleons. Experimentally it is not possible to separate out
these distinct contributions. Rather, kinematic selections can be made which suppress certain
of these mechanisms, providing a data sample which emphasises one, or other, mechanism.
The strength of each component can only be deduced by comparison with theoretical models,
which include all of the contributing processes.
As the contributing mechanisms are all strongly dependent on kinematic variables, the
theoretical predictions have to be filtered through the experimental acceptances before a valid
comparison with the measured data can be made. The theoretical predictions available are
able to reproduce some of the energy, angular and isospin dependences seen in the data, but
are not sufficiently good enough to allow the detailed properties of SRC to be extracted.
A fresh approach to the study of SRC was made by inclusive (e,e0 ) experiments at high Q2
and high xB . Under these conditions large amounts of energy and momentum are transferred
to the target nucleus. The large quantities of energy transfer ensure that long-range processes
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such as ∆-currents are suppressed, while large values of xB ensure that the virtual photon
is absorbed on particles with high momenta. As xB is increased it is expected that virtual
photons will be absorbed on single nucleons, then correlated 2N pairs and finally 3N triples at
the highest values. As the electron scattering cross sections decrease rapidly with increasing
xB , the experimental data are presented as ratios of cross sections in heavy nuclei to cross
sections in light nuclei. The data display similar behaviour in nuclei over a wide mass range.
The plateaux observed in the ratios for 1<xB < 2 and 2<xB < 3 provide strong evidence of
both 2N SRC and 3N SRC. Probabilities of interactions with 2N pairs and 3N triples have been
extracted from the data.
Confirmation of virtual photon interactions with 2N SRC pairs was obtained in exclusive
(e,e0 pn) and (e,e0 pp) experiments in which the observation of one high momentum nucleon
was observed to be correlated with a second high momentum nucleon emitted in the opposite
center-of-mass direction.
Further studies of the isospin dependence of (e,e0 pN) reactions showed that the neutron
excess in heavy nuclei, coupled with dominance of interactions with proton-neutron pairs,
compared to interactions with pairs of like nucleons, results in the protons having a larger
high-momentum fraction than the neutrons.
More recent work has also suggested a connection between SRC and the EMC effect, in
which the reduction in the DIS cross section, compared to deuterium, at large xB , is observed
to be stronger in more massive nuclei. Separating out the DIS interaction with correlated
nucleon pairs, reveals a universal dependence on xB , independent of the mass of the target
nucleus.
3N interactions tend to occur at somewhat shorter ranges than 2N interactions due to the
involvement of a third nucleon. Both 3N and 3N+FSI interactions contribute to (γ,pn) and
(γ,pp) reactions at high Em . Comparisons of experimental missing energy spectra with the
Valencia Model showed that variation of reaction kinematics could be used to enhance the 3N
contribution, but the 3N contribution remained spread out over a range of missing energies
and it also remained a relatively small fraction of the reaction cross section.
Photo-emission (γ,ppn) and (γ,ppp) reactions in which three nucleons were ejected from
12
C were also studied. The 3N contribution to these reactions was found to occur at low E3m
missing energies. It was shown that kinematic selections could be used to enhance the relative
3N contribution in each reaction. However, 3N and 3N+FSI processes generally remained a
small part of the cross section. As in the case of 2N-emission reactions, estimating the strength
of the 3N contribution would require detailed comparison with theoretical models, filtered by
the detector acceptance. Such comparisons have not so far been made.
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Abstract
Deuteron spin structure program is aimed on extraction of two and three nucleon forces
information, including their spin dependent parts, from dp elastic and dp breakup processes investigated at intermediate energies. The dp elastic data were obtained at Internal Target Station of Nuclotron (JINR) in the energy range 400-1800 MeV using polarized deuteron beam. Strong sensitivity to the short range spin structure of the isoscalar
nucleon-nucleon correlations is observed in deuteron analyzing powers. Preliminary results of the the cross section for the dp breakup reaction have been obtained at 400 MeV
of deuteron energy.
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Introduction

There are many evidences that realistic nucleon-nucleon (NN) potentials such as CD-Bonn [1],
AV18 [2] and Nijm I, II and 93 [3] does not describe the NN data above ∼ 350 MeV. Binding
energies of three [4] and four nucleon systems can not be described using only NN potentials,
however theoretical models in which three nucleon forces (3NFs) are included as two pion
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exchange, e.g. Urbana IX [5] and Tucson-Melbourne [6] give us reasonable agreement. The
cross section of reactions with few nucleons involving is in general better described in unpolarized case than in the polarized one. In the vicinity of the Sagara discrepancy the currently
known 3NFs contribute by up to 30% to the d p elastic scattering cross section at intermediate
energies [7].
The d p breakup reaction at deuteron energy of 270 MeV was investigated at RIKEN [8] and
IUCF [9]. It was found that vector analyzing power A y can be described using NN forces only,
but other polarization observables need 3NFs to describe the data. Inclusion of 3NFs improve
the description of a part of the data but breaks other. Relativistic effects for the nd elastic
scattering cross section at 70 MeV and 250 MeV were investigated in [24]. It was found that
relativistic effects contribution is located mainly at backward angles, but their contribution is
not large enough to fill discrepancy between experimental data and theory, even in the case
when standard three nucleon forces are used.
The main goal of Deuteron Spin Structure program (DSS) is to obtain information about
two and three nucleon forces, including their spin dependent parts. For this purpose, d p elastic
scattering and d p breakup reaction are investigated in the energy ranges from 300 MeV - 2000
MeV and 300 MeV - 500 MeV of deuteron energy.

2

Dp elastic scattering at 400 MeV - 2000 MeV

Polarimetry at Internal Target Station (ITS) [11] is using d p elastic scattering at large scattering angles (θcm ≥ 60◦ ) at 270MeV [12], where precise data on analyzing powers [13] exist.
Method gives us determination of deuteron polarization better than 2%. Polarimeter consists
of a spherical hull in which up to six targets can be placed. There are 39 scintillation counters
placed at the top, bottom, left and right with respect to the deuteron beam, downstream to
the ITS of Nuclotron. Scattered deuterons and recoil protons are detected in the coincidence
in angular range from 65◦ − 135◦ .Developed multichannel high voltage system power supply system can supply power to 70 Hamamatsu photomultipliers. Polarization measurements
were performed with new control and data acquisition system [14]. Developed new polarized ion source (SPI) [15] provided polarization of deuteron beam whose ideal values are:
PZ , PZ Z = (0, 0), (−1/3, −1) and (−1/3, +1). The measured values of beam polarization were
from ∼ 65% to ∼ 75% of ideal values. Observed beam polarizations were reasonably stable
and demonstrate good reproducibility after interruptions. The selection of d p elastic events
are based on correlations of energy losses in scintillators for the proton and deuteron and by
difference in theirs time of flight information. Additionally, in order to suppress background
cut on interaction point between beam and target was applied, also.
The angular dependence of the cross section at deuteron energy of 1400 MeV is shown
in Figure. 1. Curves are predictions based on relativistic-multiple scattering model, e.g. [16]
when one nucleon exchange and single scattering term (dashed curve), additional double
scattering term (dotted curve) and ∆ isobar (solid curve) are included. Nuclotron data are
represented by closed symbols, world data at slightly different energies are shown by open
symbols. One can see large contribution which comes from double scattering term. It describes
the data up to 70◦ . ∆ isobar contribution comes at larger angles above 80◦ and rises with angle.
However the data are described in this angular range only qualitatively.
The angular dependence of the vector A y , tensor A y y and A x x at deuteron energy of 400
MeV is shown in Figure.2. Curves are predictions based on relativistic-multiple scattering
model when one nucleon exchange and single scattering term (dashed curve) and additional
double scattering term (solid curve) are taken into account. Nuclotron data are represented by
closed symbols, open ones are world data [17], [18] and [19]. The contribution which comes
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Figure 1: Angular dependence of the cross section at deuteron energy of 1400 MeV.
Curves are predictions based on relativistic-multiple scattering model when one nucleon exchange and single scattering term (dashed curve), additional double scattering term (dotted curve) and ∆ isobar (solid curve) are included. Nuclotron data are
represented by closed symbols, world data at slightly different energies are shown
by open symbols.
from double scattering term is rather small at this energy and generally does not improve the
description of the data. Vector A y and tensor A y y analyzing powers are described up to the
70◦ . Tensor A x x analyzing powers is not described by the model. The reason of the deviation
can be neglecting of three nucleon short range correlations.
Angular dependence of the vector A y , tensor A y y and A x x at deuteron energy of 700 MeV is
shown in Figure.3. Curves are predictions based on relativistic-multiple scattering model when
one nucleon exchange and single scattering term (dashed curve), additional double scattering
term (dotted curve) and ∆ isobar (solid curve) are taken into account. One can see large
contribution which comes from double scattering term and small contribution from ∆ isobar
located in very backward angles. Very good description is obtained in case of tensor analyzing
power A y y .
The Angular dependence of the vector A y , tensor A y y and A x x at deuteron energy of 1000
MeV is shown in Figure.4. Curves are the same as for the case of 700 MeV. One can see large
contribution which comes from double scattering term and moderate to large contribution
which comes from ∆ isobar, specially at angles larger than 140◦ . Only part of the A y data up
to 70◦ is described. Possible reason is that spin structure of the NN interactions and deuteron
is missing in relativistic multiple scattering model [16].

3

Dp breakup process at 300 MeV - 500 MeV

Dp breakup data have been accumulated using polarized and unpolarized deuteron beam at
300 MeV, 400 MeV and 500 MeV. Analyzing powers i T11 and T20 are investigated at deuteron
energy of 400 MeV. There are two important settings in which unpolarized data are collected.
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Figure 2: Angular dependence of the vector A y , tensor A y y and A x x at deuteron
energy of 400 MeV. Curves are predictions based on relativistic-multiple scattering
model when one nucleon exchange and single scattering term (dashed curve) and
additional double scattering term (solid curve) are taken into account. Nuclotron
data are represented by closed symbols, open symbols represent world data.
First settings could give us possibility to investigate two and three nucleon forces, second
one could be suitable in searching for relativistic effects. In the first setting, the detectors
are placed in configurations in which momentum vectors of outgoing particles have equal
momenta in the center of mass system and are separated by 120◦ . Detectors were placed in
various configurations in so called intermediate star. In the second setting, one arm is fixed
and second scans angular range.
Analyzing powers i T11 and T20 were obtained at deuteron energy of 400 MeV at ITS of
Nuclotron. Values of polarization of deuteron beam were obtained using polarimetry method
described in section 2. Polyethylene and Carbon targets are enclosed in a spherical hull of ITS.
Up to six various targets can be placed inside of ITS. Details of the ∆E −E detector construction
can be found in [20]. i T11 analyzing power at 72.3◦ and 76.5◦ in centre of mass system was
measured under pp quasielastic conditions. Obtained values at 72.3◦ and 76.5◦ are 0.10±0.02
and 0.11 ± 0.06, respectively. Results are in good agreement with the world pp- quasielastic
scattering data within obtained experimental errors. Values of the vector i T11 and tensor T20
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Figure 3: Angular dependence of the vector A y , tensor A y y and A x x at deuteron
energy of 700 MeV. Curves are predictions based on relativistic-multiple scattering
model when one nucleon exchange and single scattering term (dashed curve), additional double scattering term (dotted curve) and ∆ isobar (solid curve) are taken
into account.
analyzing powers at polar angles of 34.8◦ and 36.8◦ and difference between azimuthal angles
of 135◦ are 0.47 ± 0.10 and 0.02 ± 0.20 [21]. Beam luminosity needs to be increase at least
of one order in order to substantially decrease errors of analyzing powers.
Dp breakup reaction using unpolarized deuteron beam has been investigated at 300 MeV,
400 MeV and 500 MeV of deuteron energy. ∆E-E correlation of energy losses of charged particles and prediction which comes from GEANT4 simulation is shown in Figure.5. One can see
good agreement between reconstructed data and simulation. Reconstructed energy spectra
obtained on Polyethylene and Carbon in case of deuteron energy of 400 MeV are shown at
the bottom of Figure.5, where left and right panels are related to left and right arms of detector, open and closed histograms represent data obtained on Polyethylene and Carbon targets.
Reasonable agreement between experiment and GEANT4 simulation was obtained [22]. One
can see clear peak at the value of 100 MeV in both arms which comes from pp- quasielastic
events. The pp- quasielastic reaction at 90◦ in centre of mass and at the three energies of 300
MeV, 400 MeV and 500 MeV was used to obtain calibration constants. The stability of ampli011.5
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Figure 4: Angular dependence of the vector A y , tensor A y y and A x x at deuteron
energy of 1000 MeV. Curves are predictions based on relativistic-multiple scattering
model when one nucleon exchange and single scattering term (dashed curve), additional double scattering term (dotted curve) and ∆ isobar (solid curve) are taken
into account.
tude of all photomultiplier tubes (PMTs) were monitored during all data acquisition. Detailed
description of LED system of PMTs can be found in [20]. Calibration procedure is described
in [23].
Relativistic effects have been found to be important in nd breakup reaction at 200 MeV in
special kinematics in which one arm is fixed and second scans angular interval [24]. It was
found specific pattern in differential cross section as a function of scattering angle. Relativistic
contribution varies from no contribution to very large one. We performed the measurement of
d p breakup reaction in inverse kinematics at deuteron energy of 400 MeV. First arm is fixed at
angle of 43◦ and second one scans the angular range. Second arm takes the following angular
values: 27◦ , 31◦ , 35◦ and 39◦ .
Preliminary results of the five fold differential cross section of d p breakup reaction investigated at 400 MeV for the case of detector arms placed at the angles of 31◦ and 43◦ , 35◦ and
43◦ , 39◦ and 43◦ are shown in Figure.6. Only statistical errors are shown. S− variable repre-
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Figure 5: Top: ∆E-E correlation of energy losses of charged particles (mainly protons) and prediction which comes from GEANT4 simulation (dashed line). Bottom:
Energy spectra obtained on Polyethylene and Carbon in case of deuteron energy of
400 MeV. Left and right panels are related to left and right arms of detector. Open
and closed histograms represent data obtained on Polyethylene and Carbon targets.
sents arc-length of kinematic curve in the plot of two registered protons. S− variable interval
is cut due to detector acceptance. Preliminary data show some structures at the vicinity of
≈ 100 MeV and ≈ 260 MeV.

4

Conclusion

Cross section of d p elastic scattering and predictions of relativistic-multiple scattering model
at 1400 MeV is presented. Good agreement is observed up to 70◦ . Angular dependence of
the vector A y , tensor A y y and A x x at deuteron energy of 400, 700 and 1000 MeV is presented
along with the predictions based on relativistic multiple scattering model. Large contribution
which comes from double scattering term is observed, but it does not improve the description
of analyzing powers in all cases, rather at small angles. Moderate contribution which comes
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Figure 6: Preliminary results of the five fold differential cross section of d p breakup
reaction investigated at 400 MeV for the case of detector arms placed at the angles of
31◦ and 43◦ (red symbols), 35◦ and 43◦ (green symbols), 39◦ and 43◦ (blue symbols),
respectively. Only statistical errors are shown.
from ∆ isobar is found at higher energies. ∆ isobar contribution improves the qualitative
description of the cross section at 1400 MeV.
Preliminary results of the five fold differential cross section of d p breakup reaction investigated at 400 MeV for the case of detector arms placed at the angles of 31◦ and 43◦ , 35◦ and
43◦ , 39◦ and 43◦ are presented. One can see some structures in kinematic S− curve at the
vicinity of ≈ 100 MeV and ≈ 260 MeV. The next step is to obtain results at other angles to
investigate observed structure in recent data.
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Abstract
An interesting breakthrough in understanding the elusive inner content of nuclear systems in terms of partonic degrees of freedom is represented by deeply virtual Compton
scattering processes. In such a way, tomographic view of nuclei and bound nucleons in
coordinate space could be achieved for the first time. Moreover, nowadays experimental results for such a process considering 4 He targets recently released at Jefferson Lab
are available. In this talk, the recent results of our rigorous Impulse Approximation for
DVCS off 4 He, in terms of state-of-the-art models of the nuclear spectral function and of
the parton structure of the bound proton, able to explain present data, has been shown.
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Introduction

Recently it has become clear that inclusive Deep Inelastic Scattering measurements do not
allow to fully understand the elusive parton structure of nuclei and nucleons. As a matter
of fact, the quantitative understanding of the origin of the EMC effect [1], i.e. the nuclear
medium modification to the parton structure of the bound nucleon still represents a fascinating
puzzle to solve. Promising insights in this respect are offered by a new generation of semiinclusive and exclusive experiments, performed in particular at Jefferson Lab (JLab). This
kind of measurements could be able to give new hints into the problem as shown in Ref. [2,3].
Among exclusive processes, a powerful tool is Deeply Virtual Compton Scattering (DVCS). In
DVCS, the QCD content of the target is described through non-perturbative functions, the socalled generalized parton distributions (GPDs), which provide a wealth of novel information
(for an exhaustive report, see, e.g., Refs. [4], [5]). In particular, GPDs allow to achieve a
3-dimensional view of the inner parton content in the coordinate space. In this talk, we will
show the possibility to obtain a parton tomography of the target [6], either nucleus or nucleon.
In fact, in a nucleus, such a DVCS process can happen through two different channels: the
012.1
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coherent one, where the nucleus remains intact and the tomography of the whole nucleus can
be done, and the incoherent one, where the nucleus breaks up, one proton is detected and
its structure can be accessed. A golden target for this kind of studies is represented by the
4
He nucleus. In fact, being the lightest system showing the dynamical features of a typical
atomic nucleus, it is a paradigmatic system to keep under scrutiny. Moreover, it is scalar and
isoscalar and its description in terms of GPDs is easy. This feature makes the 4 He nucleus a
golden target also from the experimental point of view. In fact, recently, DVCS data for this
target have become available at Jefferson Laboratory (JLab) where the two DVCS channels
have been separated, for the first time [7, 8]. These data and the accuracy of the forth-coming
ones require rigorous and up-to-date models to be proper interpreted. Previous calculations for
4
He have been performed long time ago [9–12], in some cases in kinematical regions different
from those probed at JLab. We propose a workable approach where conventional nuclear
physics effects, described in terms of realistic wave functions, could be properly evaluated and
not mistaken for exotic ones. Such a kind of realistic calculations, although very challenging,
are possible for a few-body system (e.g. see Ref. [13] for 2 H and Ref. [14–16] for 3 He) as the
target under scrutiny. In this talk, a review of our main results obtained from the study of the
handbag contribution to both DVCS channels, in Impulse Approximation (IA), is presented.

2

General DVCS formalism

In this section, the general formalism for both DVCS channels, whose handbag approximation
will be studied in IA, is presented. In this scenario, we assume that the interaction of the
virtual photon occurs with one quark in one nucleon in 4 He. Then, the quark is reabsorbed by
the target itself with a transfer of momentum and a real photon is emitted and detected. In
IA, only nucleonic degrees of freedom are considered and any further possible interactions of
the struck proton with the remnant system is neglected. In other words, possible effects due
to final state interaction (FSI) are disregarded. As a reference frame, we choose that where
the target is at rest and φ is the angle between the leptonic and the hadronic planes. In this
frame, the angle φ corresponds to the azimuth of the outgoing proton. Defining p(p0 ) as the
initial (final) momenta of the nuclear (in the coherent channel)/nucleonic (in the incoherent
channel) system and analogously q1 (q2 ) for the photons, the experimental variables describing
the process are the Bjorken variable x B , Q2 = −q12 = −(k−k0 )2 , ∆2 = (p0 − p)2 = (q1 −q2 )2 and
φ. For this kind of process, if the initial photon virtuality Q2 is much larger than the momentum
transferred to the hadronic system, the factorization property allows to distinguish the hard
vertex, fully known in a perturbative way, from the soft part, where our ignorance about the
inner content of the target is encoded. This part is parametrized in terms of GPDs. These
∆+
1
objects, besides Q2 and ∆2 , depend also on the so-called skewness ξ = − (p+p
i.e., the
0 )+
difference in plus momentum fraction between the initial and the final states, and on x, the
average plus momentum fraction of the struck parton with respect to the total momentum.
Since x is not experimentally accessible, GPDs cannot be directly measured. For this reason, it
is useful introducing the so called Compton Form Factors (CFFs) related to GPDs (Hq ) in the
following way (eq is the quark electric charge, i.e q = u, d, s):
X 

Im{H}(ξ, ∆2 ) =
eq2 Hq (ξ, ξ, ∆2 ) − Hq (−ξ, ξ, ∆2 ) ,
(1)
q

2

Re{H}(ξ, ∆ ) = Pr

X
q

1

We adopt the notation a± =

eq2

Z 1
0



1
1
−
Hq (x, ξ, t) − Hq (−x, ξ, t) .
ξ− x ξ+ x

a0 ±a3
p
.
2
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e (k)

e’ (k’)
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γ (q )
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x−ξ

Factorization

GPDs (x,ξ,t)
A

A (p)

A (p’)
∆ = p’ −p

Figure 1: Handbag approximation to the coherent DVCS off a nuclear target.
In this way, CFFs are observable and the experimental way to access these quantities is measuring the beam spin asymmetry (BSA), that for the target under scrutiny, unpolarized (U) by
definition, is given by
dσ+ − dσ−
,
(3)
dσ+ + dσ−
where, thanks to the different beam spin polarization of the electron beam (L), the differential
cross sections for L = ± appear. Since A LU is the observable recently tested at JLab (see
Refs. [7, 8]) a realistic calculation of conventional nuclear effects corresponding to a plane
wave impulse approximation analysis has been developed and presented in the following.
A LU =

3

Coherent DVCS off 4 He

The most general coherent DVCS process A(e, e0 γ)A shown in Fig.1 allows to study the partonic
structure of the recoiling whole nucleus A through the formalism of GPDs. In the IA scenario
4
presented above, a workable expression for Hq He (x, ξ, ∆2 ), the GPD of the quark of flavor q
in the 4 He nucleus, is obtained as a convolution between the GPDs HqN of the quark of flavor
q in the bound nucleon N and the off-diagonal light-cone momentum distribution of N in 4 He
and reads
4

He

2

Hq (x, ξ, ∆ ) =

XZ
N

1

|x|



dz 4 He
2
N x ξ
2
h (z, ξ, ∆ )Hq
, ,∆ .
z N
z z

The light cone momentum distribution appearing in the previous equation is defined as
Z
Z


4
4
p̄+
He
2
He
~
hN (z, ∆ , ξ) = d E
d ~p PN (~p, ~p + ∆, E)δ z −
,
P̄ +

(4)

(5)

~ E) is the off diagonal spectral function. In general, the spectral function
where PNHe (~p, ~p + ∆,
is a very complicated object; here, it has the additional feature of being non diagonal. In
4
fact, the diagonal spectral function PNHe (~p, E) represents the probability amplitude to have
a nucleon leaving the nucleus with momentum ~p and leaving the recoiling system with an
excitation energy E ∗ = E − |EA| + |EA−1 |, with |EA| and |EA−1 | the nuclear binding energies.
4
~ E) accounts for the re-absorption
Additionally, the off diagonal spectral function PNHe (~p, ~p + ∆,
4
~ A complete evaluation of P He
of the nucleon by the nucleus with a momentum transfer ∆.
N
should account for all the possible intermediate states of one nucleon and the A − 1 body
spectator system that can be both a bound (i.e. E ∗ = 0) or a continuum state (i.e. E ∗ 6= 0).
4
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Figure 2: Immaginary part of CFFs given by Eq. (1) obtained from our model of
4
Hq He . Our results (red stars) compared with data (black squares) [7]. From left to
right, the quantity is shown in the experimental Q2 , x B and t = ∆2 bins, respectively.
Analogous results for the real part of CFFs given by Eq. (2) are presented in [24].
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Thus, a full realistic evaluation of such an object requires an exact description of the complete
4
He spectrum; for this reason, it represents a challenging few body problem, for which only
early attempts exist [17, 18]. So, while the complete evaluation of this object has just begun,
as an intermediate step in the present calculation a model of the nuclear non-diagonal spectral
function based on the diagonal one proposed in Ref. [19], based on the momentum distribution
corresponding to the Av18 NN interaction Ref. [20] and including 3-body forces [21], has been
used. Our model used in the present approach can be sketched as follows:
~ E) = n0 (~p, ~p + ∆)δ(E)
~
~ E)
PNHe (~p, ~p + ∆,
+ P1 (~p, ~p + ∆,
q
~
~
' a0 (|~p|)a0 (|~p + ∆|)δ(E)
+ n1 (|~p|)n1 (|~p + ∆|)δ(E
− Ē),
4

(6)

where we made use of the momentum distribution n(|~p|) = n0 (|~p|) + n1 (|~p|). In particular,
when the recoiling system is in its ground state, the momentum distribution n0 (|~p|) is realistically evaluated along the scheme of Ref. [22] in terms of exact wave functions of 3- and
4-body systems, i. e.
n0 (|~p|) =


Φ3 (1, 2, 3)χ4 η4 j0 |~p|R123,4 Φ4 (1, 2, 3, 4)

2

.

(7)

As far the excited part n1 (|~p|) concerns, it has been obtained starting from the total momentum
distribution calculated in terms of the non diagonal density matrix obtained, again, from the
realistic wave function of the 4 He nucleus. In our model, both the angular and the energy
dependence are modelled. In particular, in the excited sector, the energy is fixed to an average
value for the recoiling system chosen so that the non diagonal spectral function reduces to the
diagonal one (see Ref. [19]).
Concerning the nucleonic GPD appearing in Eq.(4), the well known model presented in
Ref. [23] has been used. We remind that, in principle, this model is valid for Q2 ≥ 4 GeV2 .
With these ingredients at hand, as an encouraging check, typical results are found, in
the proper limits, for the nuclear charge form factor and for nuclear parton distributions. A
4
complete explanation and relevant plots can be found in Ref. [24]. With our model for Hq He ,
a numerical comparison with the Eqs. (1) and (2), experimentally accessed at JLab has been
done. Finally, a comparison with BSA of the coherent DVCS channel containing the previous
quantities and reading
A LU (φ) =

α0 (φ) Im(HA)

,
2
2
α1 (φ) + α2 (φ) Re(HA) + α3 (φ) Re(HA) + Im(HA)

(8)

has been achieved. Here above, αi (φ) are kinematical coefficients defined in Ref. [25]. The
comparison between our results and the experimental data shown in Fig. 3 are satisfactory
[24]. One can conclude that a careful analysis of the reaction mechanism in terms of basic
conventional ingredients is successful and that the present experimental accuracy does not
require the use of exotic arguments, such as dynamical off-shellness.

4

Incoherent DVCS off 4 He

In the process A(e, e0 γp)X depicted in Fig. 4, fascinating insights about the parton structure of
the bound proton can be accessed. This new information, compared with those known for the
free nucleon, are able to provide a pictorial view of the realization of the EMC effect [1]. In
order to have a complete evaluation of Eq. (3), the explicit expression for the cross-section for
a DVCS process occurring off a bound moving proton embedded in 4 He is required. Working
012.5
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Figure 4: Incoherent DVCS off 4 He in IA. To the left, pure DVCS contribution; to the
right the two Bethe Heitler terms.
within an IA approach, we account for the pure kinematical off-shellness of the initial bound
proton obtaining a convolution formula for the cross sections that reads
Z
p · k 4 He
±
dσ I nc =
d E d ~p
P (~p, E) dσ±b (~p, E, K) .
(9)
~
p0 |k|
ex p
If one differentiates the previous expression with respect to the experimental variables,
the cross sections for different beam polarization, explicitly appearing in the expression of
BSA (3), read
Z
dσ±
4
I nc
±
dσ ≡
=
d E d ~p P He (~p, E)|A± (~p, E, K)|2 g(~p, E, K) ,
2
2
d x B dQ d∆ dφ
ex p
where K is the set of kinematical variables {x B , Q2 , t, φ}. The range of these variables probed
4
in the experiment selects only the relevant part of the diagonal spectral function PNHe (~p, E),
which has, therefore, to be integrated only in the range labelled e x p. The quantity g(~p, E, K) is
a complicated function arising from the integration over the phase space and including also the
flux factor p · k/(p0 |~k|). In the above equation, the squared amplitude includes three different
2
2
terms, i.e A2 = TDV
C S + TBH + I DV C S−BH as shown in Fig. 4 and each contribution has to
be evaluated for an initially moving proton. In this way, our amplitudes generalize the ones
obtained for a proton at rest in Ref. [26] and the main assumptions done are summarized in
Ref. [27]. Since in the kinematical region of interest at JLab the Bethe Heitler (BH) part is
dominating, the key partonic insights are completely hidden in the numerator of the BSA that
selects only the interference DVCS-BH term. In this way, the asymmetry reads
R
4
d E d ~p P He (~p, E) g(~p, E, K) I DV C S−BH (~p, E, K)
e
x
p
ncoh
R
AILU
(K) =
.
(10)
2
d E d ~p P 4 He (~p, E) g(~p, E, K) TBH
(~p, E, K)
ex p
Since our ultimate goal is to have a comparison with the experimental BSA, that actually
is a function of the angle φ of the outgoing proton, we exploit the azimuthal dependence
of Eq.(10) decomposing in φ harmonics the interference and the Bethe Heitler parts. All the
information about the parton content of the bound proton is encapsulated in the imaginary part
of CFF containing the GPDs. In our model, the modification to the inner content of the bound
proton is accounted by rescaling the skewness ξ0 , that depends explicitly on the 4-momentum
components of the initial proton. In the present calculation we considered only the dominating
contribution given by the Hq (x, ξ0 , t) GPD, for which use of the GK model has been made [23].
Concerning the diagonal spectral function, we made use of the model presented in Ref. [19].
The ground contribution is evaluated considering the realistic momentum distribution given by
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Figure 5: Azimuthal beam-spin asymmetry for the proton in 4 He, AILU
, Eq.(10),
o
for φ = 90 : results of this approach [27](red dots) compared with data (black
squares) [8].

Eq. (7) while the excited part is an update of the model presented in Ref. [28] which considers
2N correlations. The results are depicted in Fig. 5 (see details and analogous plots presented
in Ref. [27]). As expected, the agreement with experimental data is good except the region of
lowest Q2 , corresponding to the first x B bin. In this region, in fact, the impulse approximation
is not supposed to work well, since final state interaction effects, otherwise neglected in IA,
could be sizable. This fact requires a careful evaluation of the interplay between ∆2 and Q2 as
already notices in Ref. [27]. An interesting quantity to study in order to appreciate the nuclear
effects foreseen by our model is the ratio between the asymmetry for an off-shell bound proton
and the corresponding quantity for the free proton. In this way, it would be possible to study
whether the difference observed in Ref. [8] is linked to a modification of the inner structure of
the proton related to the EMC effect or to another nuclear effect. This ratio and its meaning
is deeply discussed in Ref. [27].

5

Conclusions

We can conclude that for both DVCS channels, considering the present experimental accuracy,
the description of the data does not need the use of exotic arguments, such as dynamical off
shellness.
An improved treatment of both the nucleonic and the nuclear parts of the evaluation is
needed for a serious benchmark calculation in the kinematics of the next generation of precise
measurements at high luminosity [29]. The latter task includes the computation of realistic
computation of a one-body non diagonal (for the coherent channel) and diagonal (for the incoherent channel) 4 He spectral function. Work is in progress towards this challenging purpose.
In the meantime, the straightforward approach summarized in this talk represents a workable
framework for the planning of the next measurements.
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Abstract
The nature of the recently discovered Zc and Z b structures is intriguing. Their charge
forces its minimal quark content to be QQ̄qq̄ (where Q = {c, b} and q = {u, d}). In this
work we perform a molecular coupled-channels calculation of the I G (J P C ) = 1+ (1+− )
charm and bottom sectors in the framework of a constituent quark model which satisfactorily describes a wide range of properties of (non-)conventional hadrons containing
heavy quarks. All the relevant channels are included for each sector, i.e.: The D(∗) D̄∗ +h.c.,
πJ/ψ and ρηc channels for the Zc and B (∗) B ∗ and Υ (nS)π (n = 1, 2, 3) channels for the
Z b analysis. Possible structures of these resonances will be discussed.
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Introduction

The search of exotic structures in the heavy meson spectra, beyond the simplest qq̄ structure,
is relatively recent. In 2003, the first and most iconic resonance, the so-called X (3872), was
spotted by Belle [1] and promptly confirmed by other B-factories and accelerator facilities
such as BaBar, CDF and D0 Collaborations. At the same time, BaBar and CLEO Collabora∗
tions reported the discovery of the Ds0
(2317) and Ds1 (2460) [2, 3], two puzzling structures
in the heavy-light mesons spectrum. Even though the properties of such resonances where
compatible with a qq̄ quark content, they were difficult to accommodate in the naive quark
model due to their unexpected masses and decay properties, which pointed to a non-negligible
contribution of higher Fock-state components.
The clearest evidence of exotic structures appeared in 2011, when the Belle Collaboration [4, 5] announced the observation of two meson-like structures in the bottom sector
013.1
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with forbidden quantum numbers for a b b̄ pair. The so-called Z b (10610) and Z b (10650)
where charged structures close to the B B̄ ∗ and B ∗ B̄ ∗ thresholds, respectively, spotted in the
Υ (5S) → π+ π− Υ (nS) reaction. Few years later, their charmonium partners arrived. The
BESIII and Belle Collaborations discovered the Zc (3900) [6, 7], close to the D D̄∗ threshold,
p
in the π+ π− J/ψ invariant mass spectrum of the e+ e− → π+ π− J/ψ process at s = 4.26
GeV. The spin and parity of the charged Zc (3900) was set to J P = 1+ [8], with a mass
M = (3881.2±4.2±52.7) and width Γ = (51.8±4.6±36.0) MeV. Additionally, the Zc (4020) resonance, close to the D∗ D̄∗ threshold, was discovered soon after at BESIII in the e+ e− → π+ π− hc
channel with a mass of M = (4022.9 ± 0.8 ± 2.7) MeV/c 2 and a width of Γ = (7.9 ± 2.7 ± 2.6)
MeV [9].
All the previous Z b and Zc states are charged, so they cannot be described as pure qq̄
states. Their closeness to B (∗) B̄ ∗ and D(∗) D̄∗ thresholds indicate a dominant meson-meson
component in their wave functions. These features have been widely explored in different
theoretical scenarios, such as hadron molecules [10–13], tetraquark structures [14–17] or
simple kinematic effects linked to the opening of meson-meson thresholds [18, 19].
In this work we explore the I G (J P C ) = 1+ (1+− ) charm and bottom sector in a coupledchannels scheme, including the closest meson-meson thresholds. The meson-meson interaction is described in the framework of a constituent quark model 1 successfully employed to
explain the meson and baryon phenomenology from the light to the heavy quark sector (see
for example Ref. [20, 22–24]. Moreover, the D(∗) D̄∗ residual interaction deduced from the
model has been satisfactorily used to describe meson-meson [25–27] molecular states.

2

Theoretical Formalism

Invariance under chiral rotations is a symmetry of the Quantum Chromodynamics (QCD) Lagrangian with massless light quarks. However, this symmetry is not satisfied in nature, pointing
to a spontaneous breaking within QCD. This effect has several interesting consequences, one
of those being the emergence of a momentum-dependent constituent quark mass, M = M (q2 )
and M (q2 → 0) = mq , with mq the current quark mass, and the appearance of Goldstone
bosons which mediate the interaction among light quarks.
The latter phenomenology can be synthesized in a constituent quark model (CQM), which
is described by the following low-energy Lagrangian [28]

L = ψ̄(i ∂/ − M (q2 )U γ5 ) ψ ,
where U γ5 = e iλa φ

a

γ5 / fπ

(1)

is the Goldstone-boson field matrix. This matrix can be expanded as
U γ5 = 1 +

i 5 a a
1 a a
γ λ π −
π π + ... ,
fπ
2 fπ2

(2)

so the first term can be identified as the constituent quark mass, the second one describes
the pseudoscalar meson exchange interaction among quarks and the third term, whose main
contribution is the two-pion exchange, can be coded by means of a scalar-meson exchange
potential.
The model is completed with QCD non-perturbative effects such as the confinement interaction, implemented phenomenologically so colored hadrons are prohibited. Within our
CQM, the confinement is modelled with a linear-rising potential, due to multi-gluon exchanges
among quarks, which is screened at large inter-quark distances due to sea quarks [29]:

 c c
~ ·λ
~ ).
VCON (~r ) = −ac (1 − e−µc r ) + ∆ (λ
(3)
q
q̄
The interested reader is referred to Refs. [20, 21] for detailed reviews about the quark model in which this
work is based.
1
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Here, ac and µc are model parameters. From the latter equation it is easy to see that
the potential is linear at short inter-quark distances with an effective confinement strength
~c · λ
~ c ), becoming constant at large distances.
σ = −ac µc (λ
i
j
Beyond the non-perturbative energy scale, the dynamics of the quarkonium is expected
to be dominated by QCD perturbative effects. That is taken into account by means of the
one-gluon exchange potential, derived from the following Lagrangian
p
Lqq g = i 4παs ψ̄γµ Gaµ λa ψ.
(4)
µ

Here, αs is the strong coupling constant, λa are the SU(3) colour matrices and Ga is the gluon
field. To consistently treat the light- and heavy-quark sectors we employ a gluon coupling
constant that scales with the reduced mass of the interacting quarks.
Explicit expressions, model parameters and a detailed physical background of the constituent quark model used in this work can be found in, e.g., Refs. [20, 23]
These CQM describes the interaction among constituent quarks. When dealing with meson
(hadron) degrees of freedom, the Resonating Group Method [30] can be employed to obtain
the interaction at meson level from the microscopic interaction at quark level. In RGM, mesons
are considered as quark-antiquark clusters and an effective cluster-cluster interaction emerges
from the underlying qq̄ dynamics.
The meson eigenstates φC (~pC ) of a general meson C, with ~pC the relative momentum
between the quark and antiquark of the meson C, are calculated by means of the two-body
Schrödinger equation using the Gaussian Expansion Method [31]. We use Gaussian trial functions with ranges given by a geometrical progression [31], which optimizes the method and
reduces the number of free parameters. This choice produces a dense distribution at short
distances, enabling a better description of the dynamics mediated by short range potentials.
The orbital wave function of a system composed of two mesons A and B with distinguishable quarks can be, then, written as2
~P
~c.m. |ψ〉 = φA(~pA)φB (~pB )χα ( P
~) ,
〈~pA ~pB P

(5)

~ ) is the relative wave function between the two clusters, and α labels the set of
where χα ( P
quantum numbers needed to uniquely define a certain partial wave.
Such relative wave function can be obtained as the solution of the projected Schrödinger
equation:




XZ 
~ 02
P
RGM αα0 ~ 0 ~
RGM αα0 ~ 0 ~
0
~) d P
~ = 0,
~
VD ( P , P ) +
VR ( P , P ) χα0 ( P
− E χα ( P ) +
2µ
0
α

(6)

where E is the energy of the system. As we can see, two types of diagrams appear: one which
does not consider quark exchanges between clusters, called direct potential; and one involving
quark exchanges, dubbed rearrangement potential.
0
~ 0, P
~ ) of a reaction AB → C D can be written as
The direct potential RGM VDαα ( P
RGM

0
~ 0, P
~)
VDαα ( P

=

XZ

0

~0 ~
d ~pA d ~pB d ~pC d ~p D φC∗ (~pC )φ D∗ (~p D )Viαα
pA)φB (~pB ) ,
j ( P , P )φA(~

(7)

i, j

where {i, j} runs over the constituents of the involved mesons. The quark rearrangement
0
~ 0, P
~ ) represents a natural way to connect meson-meson channels with difpotential RGM VRαα ( P
2

For simplicity, we have dropped off the spin-isospin wave function, the product of the two color singlets and
the wave function that describes the center-of-mass motion.

013.3

SciPost Phys. Proc. 3, 013 (2020)

ferent quark content, such as πJ/ψ and D D̄∗ . It can be calculated with
XZ
RGM αα0 ~ 0 ~
V (P , P ) =
d ~pA d ~pB d ~pC d ~p D d P~00 φ ∗ (~pC )×
R

A

i, j



0
~−P
~ 00 ) ,
~ 0 ~ 00
pA)φB (~pB )δ(3) ( P
× φ D∗ (~p D )Viαα
j ( P , P )Pmn φA(~

(8)

where Pmn is the operator that exchanges quarks between clusters.
The solution of the RGM coupled-channels equation is performed deriving from Eq. (6) a
set of coupled Lippmann-Schwinger equations of the form
XZ
0
1
0
α0 0
α0
α00
00
d p00 p002 Vαα00 (p0 , p00 )
Tα (E; p , p) = Vα (p , p) +
(9)
00 Tα (E; p , p) .
E
−
E
(p
)
00
α
α00
0

Here, Vαα (p0 , p) is the projected potential that contains the direct and rearrangement potentials, and Eα00 (p00 ) is the energy corresponding to a momentum p00 , written in the nonrelativistic case as:
p2
Eα (p) =
+ ∆Mα ,
(10)
2µα
where µα is the AB-system reduced mass corresponding to the channel α, and ∆Mα is the
difference between the threshold of the AB system and the reference one.
The coupled-channels Lippmann-Schwinger equation is solved via the matrix-inversion
method proposed in Ref. [32], generalized in order to include channels with different thresholds. From the full T -matrix, it is direct to extract the on-shell part, directly related to the
scattering matrix as
Æ
0
0
(11)
Sαα = 1 − 2πi µα µα0 kα kα0 Tαα (E + i0+ ; kα0 , kα ) ,
in non-relativistic kinematics, with kα the on-shell momentum for channel α.
The final goal of the study is the analysis of the existence of states above and below thresholds within the same formalism. For that purpose, all the potentials and kernels are analytically
continued for complex momenta so the poles of the T -matrix in any possible Riemann sheet
can be detected.

3

Results

3.1

Zc (3900) and Zc (4020) structures

The aim of the present study is to use the constituent quark model of Ref. [20] as a basis to
perform a coupled-channels calculation of the I G (J P C ) = 1+ (1+− ) sector with hidden charm
and bottom. For the charmonium sector, we include the closest thresholds to the Zc (3900)
and Zc (4020) experimental masses: πJ/ψ (3234.19 MeV/c 2 ), ρηc (3755.79 MeV/c 2 ), D D̄∗
(3875.85 MeV/c 2 ), D∗ D̄∗ (4017.24 MeV/c 2 ), where the threshold masses are shown in parenthesis. The hc π channel is not considered as it couples weakly to the D(∗) D̄∗ channels. In fact,
the only contribution of this channel would come from the 3 D1 component of the internal wave
function of the D∗ meson, which in our model is ∼ 0.03% and it is neglected in the present
calculation. For the 3 S1 component of the D∗ , the coupling to hc π is exactly zero. Similarly,
we do not include other nearby channels such as the χcJ ρ ones, whose couplings are found to
be almost three orders of magnitude smaller than those of the J/ψπ and ηc ρ channels.
The invariant mass distribution of the D D̄∗ , πJ/ψ and D∗ D̄∗ channels in the reaction
+ −
e e → π± (AB)∓ 3 predicted by our model are shown in Figs. 1 and 2, following the procedure
3

Where AB is the final channel under consideration.
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Figure 1: Line shapes for D D̄∗ (left panel) and πJ/ψ (right panel) invariant
p
mass spectrum at s = 4.26 GeV for the reactions e+ e− → π± (D D̄∗ )∓ and
e+ e− → π+ π− J/ψ, respectively. Experimental data are from Ref. [8,34], respectively.
The theoretical line shapes have been convoluted with the experimental resolution.
The line-shape’s 68% uncertainty is shown as a shadowed area.
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Figure 2: Line shape for D∗ D̄∗ at s = 4.26 GeV. Experimental data are from
Refs. [35]. The theoretical line shapes have been convoluted with the experimental resolution. The line-shape’s 68%-uncertainty is shown as a shadowed area.
of Ref. [33]. Normalization factors NAB and production amplitudes AAB , that appear in the line
shapes, are obtained from a fit performed with the experimental results of Refs. [6,8,34], that
is, experimental data for D D̄∗ and πJ/ψ channels. The amplitudes AAB obtained from such fit
are, then, employed for the D∗ D̄∗ channel in order to obtain the global normalization N D∗ D̄∗
from experimental data of Ref [35]. In order to describe the experimental measurement, the
theoretical line shapes have been convoluted with the detector resolution.
In order to optimize the fit, only D D̄∗ experimental data up to 3.92 GeV was considered.
For larger energies the background is expected to dominate [36]. The πJ/ψ data of Ref. [8]
was fitted from 3.85 GeV on. In the theoretical line shape of the D D̄∗ channel one can clearly
see two enhancements related with the opening of the D D̄∗ and D∗ D̄∗ thresholds, which can
be associated with the Zc (3900) and the Zc (4020). In the πJ/ψ case, only one enhancement
appears around 3.87 GeV while the opening of the D∗ D̄∗ channel appears in our theoretical
line shape as a slight step down in the number of events.
Apart from the unknown π + A + B vertex details, encoded in the fitted normalization and
amplitude factors, our CQM is able to reproduce the experimental data with no fine-tuning
of the parameters. Attending to the nature of the Zc (3900) and the Zc (4020) states, we have
examined the pole structure of the S-matrix for different coupled-channels calculations. Our
results are shown in Table 1. For the Zc (3900), even for a one-channel D D̄∗ calculation, the
013.5

SciPost Phys. Proc. 3, 013 (2020)

Table 1: The S-matrix pole positions, in MeV/c2 , for different coupled-channels
calculations. The included channels for each case are shown in the first column.
Poles are given in the second and fourth columns by the value of the complex energy
in a specific Riemann sheet (RS). The RS columns indicate whether the pole has been
found in the first (F) or second (S) Riemann sheet of a given channel. Each channel in
the coupled-channels calculation is represented as an array’s element, ordered with
increasing energy.

Calculation
D D̄∗
∗
D D̄ + D∗ D̄∗
ρηc + D D̄∗
ρηc + D D̄∗ + D∗ D̄∗
πJ/ψ + ρηc + D D̄∗ + D∗ D̄∗

Zc (3900) pole
3871.37 − 2.17 i
3872.27 − 1.85 i
3871.32 − 0.00 i
3872.07 − 0.00 i
3871.74 − 0.00 i

RS
(S)
(S,F)
(S,S)
(S,S,F)
(S,S,S,F)

Zc (4020) pole
4014.16 − 0.10 i
4013.10 − 0.00 i
4013.21 − 0.00 i

RS
(S,S)
(S,S,S)
(S,S,S,S)

Table 2: The Z b states parameters from the S-matrix pole positions.

Mass
Width
Pmax
ΓBB∗
ΓΥ (1S)π
ΓΥ (2S)π
ΓΥ (3S)π

Z b (10610)±
10600.45
2.80
95.76% (BB ∗ )
−
0.94
0.65
1.21

Z b (10650)±
10644.74
8.88
64.85% (B ∗ B ∗ )
8.68
0.08
0.002
0.12

S-matrix shows a virtual pole below threshold, which is maintained when further channels
are added. In the complete calculation, the Zc (3900) is associated with a pole located in the
imaginary axis of the second Riemann sheet below the D D̄∗ threshold and, thus, it is a virtual
state. The situation is similar in the case of the Zc (4020), which is interpreted as a virtual state
located below the D∗ D̄∗ threshold. Further details of the calculation can be found in Ref. [33].

3.2

Z b (10610) and Z b (10650) structures

For the bottomonium sector we follow the same approach as above, i.e., we perform a coupledchannels calculation of the I G (J P C = 1+ (1+− ) sector including the following channels: B B̄ ∗
(10604.1 MeV/c 2 ), B ∗ B̄ ∗ (10649.3 MeV/c 2 ), Υ (1S)π (9597.6 MeV/c 2 ), Υ (2S)π (10160.5
MeV/c 2 ) and Υ (3S)π (10492.5 MeV/c 2 ). Contrary to the Zc case, the B (∗) B̄ ∗ interaction is
strong enough to produce a real bound state below the B B̄ ∗ threshold and a resonance close
to the B ∗ B̄ ∗ threshold, as can be seen in Table 2. Due to Heavy Flavour Symmetry, the B (∗) B̄ ∗
and D(∗) D̄∗ interactions are practically identical. However, the kinetic energy of the involved
channels is reduced in the bottom sector due to the larger mass of the b-quark mass, favouring
the creation of bound states.
In order to see if such predicted poles describe the experimental situation, analogously as
for the Zc ’s states, we calculated the predicted line shapes in each channel between 10.55 and
10.75 GeV. We consider they are coming from a π + A + B vertex with a center of mass energy
p
of s = 10.865 GeV, according to Refs. [4, 5, 37]. The procedure to obtain the line shapes is
the same as for the Zc ’s (see Ref. [33]). The results can be seen in Figs. 3 for the B B̄ ∗ , B ∗ B̄ ∗ ,
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Figure 3: Line shapes for different channels. Experimental data from Refs. [4,5,37].
Υ (1S)π and Υ (2S)π. The description of the Z b (10610) peak is in nice agreement with the
experimental data for the B B̄ ∗ and Υ (1S)π channels. The Z b (10650) peak is also properly
described for the B ∗ B̄ ∗ channel, but somehow it is missing in the B B̄ ∗ and Υ (1S)π line shapes.
Such discrepancy could be caused by the simple ansatz considered for the π + A + B vertex
or perhaps it points to a small non-diagonal coupling of the B ∗ B̄ ∗ channel with the rest of the
thresholds within our model which should be improved. Both peaks emerge in the Υ (2S)π line
shape, but their strength is not high enough to describe the experimental situation. Further
research is ongoing in order to clarify the inner structure of the Z b (10610) and Z b (10650).

4

Conclusion

The Z b ’s and Zc ’s are very peculiar structures, different from other molecular states of the
bottomonium and charmonium spectrum. In order to clarify their inner structure, we have
performed, within the framework of a constituent quark model, a coupled-channels calculation
of the I G (J P C ) = 1+ (1+− ) sector around the energies of the Zc (3900) and Zc (4020), for the
charmonium sector, and the Z b (10610) and Z b (10650), for the bottomonium case, including
the most relevant thresholds.
The line shapes of the D(∗) D̄∗ , πJ/ψ, B (∗) B̄ ∗ invariant mass distributions are well reproduced without any fine-tuning of the model parameters. Some channels such as the Υ (nS)π
are not well understood yet and will require further investigation. The analysis of the S-matrix
poles allows us to conclude the following. For the Zc ’s, the structure of the line shapes is due
to the presence of two virtual states that can be seen as D(∗) D̄∗ threshold bumps, and have
an overall good agreement with the location of the Zc (3900) and Zc (4020) signals. These
results confirm the conclusion of the lattice QCD calculation of Ref. [38]. For the Z b ’s, a real
bound state, below the B B̄ ∗ threshold, and a resonance, below the B ∗ B̄ ∗ threshold, emerge
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from the coupled-channels interactions, matching almost all the properties of the Z b (10610)
and Z b (10650) structures, respectively.
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Introduction

The study of generalized parton distribution functions (GPDs) is a key issue to understand
the internal properties of a complex system [1–4]. Since the sum rules of GPDs relate to the
form factors (FFs), and the GPDs in the forward limit connect to the parton distribution functions (PDFs), GPDs can give a three-dimensional description of the system. It is believed that
the detailed information of GPDs can be obtained from deeply virtual Compton scattering or
from the vector meson electro-productions.
There are many theoretical studies for the GPDs of nucleon (spin-1/2) [5–8], of pion
(spin-0) [9, 10], and of some nuclei (like 3 H e [11], 4 H e [12], and deuteron [13]). It should
be mentioned that the experimental measurements for the Compton form factors of the nuclei [14–16]) have already been carried out in Jefferson Lab..
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For spin-1 particles, like the ρ meson and deuteron, there are also some discussions for
their FFs, structure functions, transverse momentum distributions, PDFs, and GPDs in the literature [17–21]. It is addressed that the spin-1 particle, different from spin-1/2 and spin-0
ones, has three polarizations and therefore has a tensor structure function b1 , which relates
to the parton distribution function of the longitudinally polarized target. There was an experimental measurement for the b1 of the deuteron at HERMES [22], however, the available
data cannot be simply understood by the deuteron structure functions constructed from the
convolution approach by considering the deuteron being a weakly bound state of a proton
and neutron [23]. It is expected that future Jefferson Lab. experiments would provide a more
precise measurement of the deuteron tensor structure function.
We know that the vector meson ρ is a spin-1 particle. It is believed as a two-body bound
state with a quark and antiquark pair and its wave function is expected to be S−wave dominant. Since it is much easier to deal with the electromagnetic (EM) interaction to the quark
than that to the nucleon, we focus our attention on the study of its GPDs.

2

Generalized parton distribution functions of a spin-1 particle

According to the general analyses of Ref. [13], there are nine parton helicity conserving
q
GPDs for a spin-1 particle. In the quark sector, there are five unpolarized GPDs H i (x, ξ, t)
(with i = 1, 2, · · · 5 and the superscript q standing for the quark contribution with flavor q),
q
and four polarized GPDs H̃ i (x, ξ, t) (with i = 1, 2, · · · 4). Those GPDs are defined by the matrix
elements of
Z
 κn   κn 
1
dκ i xκ(P·n)
Vλ0 λ =
e
< p0 , λ0 ψ̄ −
n
/ψ
p, λ >
(1)
2
2π
2
2
0

0

0

(ε · P)(ε ∗ · P) q
(ε · n)(ε ∗ · P) + (ε · n)(ε ∗ · P) q
H2 − 2
H3
P·n
M2
0
0
0

(ε · n)(ε ∗ · P) − (ε · n)(ε ∗ · P) q  2 (ε · n)(ε ∗ · n) 1 0 ∗
q
+
H4 + M
+
(ε
·
ε)
H5
P·n
(P · n)2
3
5
X
0
q
(i) µ
ε (p, λ)H i (x, ξ, t),
=
ε ∗ν (p0 , λ0 )Vνµ
0

q

= −(ε ∗ · ε)H1 +

i=1

for unpolarized case, and
Z
 κn 
 κn 
1
dκ i xκ(P·n)
e
< p0 , λ0 ψ̄ −
n
/ γ5 ψ
p, λ >
Ṽλ0 λ =
2
2π
2
2
0

= −i

εµαβγ nµ ε ∗α εβ P γ

εµαβγ nν ∆α P β εγ (ε ∗ · P) + ε ∗ (ε · P) q
+ 2i
H̃2
P·n
M2
0

q
H̃1

(2)
0

P·n
0
0
εµαβγ nν ∆α P β εγ (ε ∗ · P) − ε ∗ (ε · P) q
+2i
H̃3
P·n
M2
0
0
ν α β
i εµαβγ n ∆ P εγ (ε ∗ · n) + ε ∗ (ε · n) q
+
H̃4
2
P·n
P·n
4
X
0
(i)
=
ε ∗β (p0 , λ0 )Ṽβα εα (p, λ)H̃ i (x, ξ, t),
i=1

for polarized case. In the above two equations, ψ stands for the quark field, M is the mass of
the system, ε0 (p0 , λ0 ) (or ε(p, λ)) is the polarization vector of the final (or initial) particle with
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∆

n/

k − ∆2
q
q̄

p = P − ∆2

n/

∆
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q
q̄

p′ = P + ∆2

k−P

k + ∆2

k − ∆2

p = P − ∆2

p′ = P + ∆2

k−P

Figure 1: GPDs of the ρ meson. (a) Direct Feynman diagram contributed to the
GPDs by the stuck quark (q) in the valence region, and (b) the stuck u quark in the
non-valence region.
the momentum and polarization of (p0 , λ0 ) (or (p, λ)), respectively. In eqs. (1-2), n is a light∆+
like 4-vector with n2 = 0, P = (p0 + p)/2, t = ∆2 = (p0 − p)2 . In addition, ξ = − 2∆·n
P ·n = − 2P + ,
which is called skewness parameter describing the longitudinal momentum asymmetry. Figure 1 shows the GPDs of the ρ meson with valence and non-valence contributions, respectively.

2.1

Form factors
We know that the sum rules of GPDs give the form factors of the system as
Z

1
q
d x H i (x, ξ, t)

−1
Z1

q
d x H̃ i (x, ξ, t)

=
=

q
Gi (t)
q
G̃i (t)

(i = 1, 2, 3),
(i = 1, 2),

Z

Z

1
q

d x H i (x, ξ, t) = 0 (i = 4, 5);

(3)

−1
1
q

d x H̃ i (x, ξ, t) = 0 (i = 3, 4),

−1

−1

where G1,2,3 (t) are the known three form factors of the spin-1 particle which relate to the EM
vector current




∆β ∆α  µ
0
µ
µ
µ
Iλ0 λ = ε ∗β εα − 2 G1 (t)gβα − G3 (t)
∆
−
g
∆
,
P
−
G
(t)
g
β
α
2
α
β
2M 2

(4)

and they give the charge GC (t), magnetic G M (t), and quadrupole form factors GQ (t). G̃1,2 (t)
in eq. (3) are the two axial vector form factors defined by the electro-weak (EW) matrix
element of
µ

Ĩλ0 λ = < p0 , λ0 |ψ̄(0)γµ γ5 ψ(0)|p, λ >

(5)
0

0

= −2iεµ αβγ ε ∗α εβ P γ G̃1 (t) + 4iεµ αβγ ∆α P β

0

εγ (ε ∗ · P) + εγ (ε · P)
G̃2 (t).
M2

It should be stressed that the form factors are only t-dependent and therefore, the sum rules
in eq. (3) are ξ-independent although the GPDs of H and H̃ are explicit ξ-dependent. This is
due to the analytic properties of GPDs.
Furthermore, the energy-momentum tensor (EMT) T µν of the system relates to the gravi-
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tational form factors (GFFs) as [24, 25]
0

0

< p , λ | T̂

µν

dκ i xκ(P·n)  κ · n  µ  κ · n 
e
ψ̄ −
γ ψ
(6)
2π
2
2
0

¦

0
ε ∗ · Pε · P
µ ν
∗
A
(t)
=
2P P − ε · εA0 (t) +
1
M2
0

 0 ∗
1 µ ν
ε ∗ · Pε · P
µν 2
+ ∆ ∆ − g ∆ ε · εD0 (t) +
D
(t)
1
2
M2


0
0
µ ν 0∗
∗ν
ν µ 0∗
+2 P ε ε · P + ε ε · P + P ε ε · P + ε ∗µ ε · P J(t)
1


0
0
0
0
+
εµ ε ∗ν + εν ε ∗µ ∆2 − ε ∗µ ∆ν + ε ∗ν ∆µ ε · P
2

©
 0
0
+ εµ ∆ν + εν ∆µ ε ∗ · P − 4ε · Pε ∗ · P g µν E(t) + ...,

(0)|p, λ > = (P · n)P

ν

Z

Z

xdx

where A0,1 (t), D0,1 (t), J(t), and E(t) are the six energy-momentum conserved GFFs of the
spin-1 system, and · · · denotes the other contributions from the energy-momentum non-conserved
form factors. We know that GFFs can be extracted from the moments of GPDs [24,25]. Therefore, we can get the energy-momentum tensor as well as the mechanical properties of the
system, like the mass distributions, shear forces, pressures, and the D−term.
For example, the mass radius is defined as
Z
dA0 (t)
1
2
d 3 r r 2 T 00 (~r ) = −6
< |r | >G r av. = 2
M
dt

t→0

.

Then, the pressures and shear forces pi (r) and si (r) (i = 1, 2) are
Z
d 3 ∆ −i ∆·~
~ r
ij
e
< p0 , λ0 |T i j (0)|p, λ >= p0 (r)δ i j δλ0 λ + s0 (r)Y2 δλ0 λ
2E(2π)3
 ip p j
pq
pq 
ij
jp
+ p2 (r)Q̂ λ0 λ + 2s2 (r) Q̂ λ0 λ Y2 + Q̂ λ0 λ − δ i j Q̂ λ0 λ Y2 + ...,
ij

i j

(7)

(8)

ij

where Y2 = rr r2 − 13 δ i j and the quadrupole operator Q̂ λ0 λ =< p, λ0 |Q̂ i j |p, λ > with

Q̂ i j = 12 Ŝ i Ŝ j + Ŝ j Ŝ i − 23 S(S + 1)δ i j . The appearances of p2 and s2 etc., in the above equation,
are due to the fact that the spin-1 system has quadrupole form factor. In unpolarized case,
ij
i.e. under the average over the polarizations, Q̂ λ0 λ = 0 and therefore only p0 and s0 survive.
Finally, the D−term of the system is
Z
Z
 X δλ 0 λ i j
2
4
3
2 ij
0
D = − m d r r Y2
T (~r , λ , λ) = − m d 3 r 2 s0 (r)
(9)
5
3
15
λ0 λ
4
E(0),
3
which stands for the fundamental property of the system. A stable system requires a negative
value for the D-term.
= −D0 (0) +

2.2

Parton distribution functions
In the forward limit, namely ξ → 0, the parton distribution functions relate to GPDs
q1 (x) + q−1 (x) + q0 (x)
= q(x) → F1 (x),
3
q1 (x) + q−1 (x)
H5 (x, 0, 0) = q0 (x) −
→ b1 (x),
2
H̃1 (x, 0, 0) = q↑1 (x) − q↓1 (x) = ∆q(x) → g1 (x),
H1 (x, 0, 0) =
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where qλ = q↑λ + q↓λ stands for the parton distribution with the polarization parallel (↑) and
anti-parallel (↓) to the motion of the spin-1 particle with polarization of λ. b1 (x) is the tensor
structure function, which is unique for the spin-1 particle.

3
3.1

Numerical calculations
Light-front quark model

To describe the ρ meson in the quark degrees of freedom, we follow Ref. [26] to write an
effective Lagrangian for the meson-quark-quark coupling as

p
m
m µ 0 p
Lqqρ = −i q̄Γ µ τ
~q · ρ
~µ = −i
ūΓ uρµ + 2ūΓ µ dρµ+ + 2d̄Γ µ uρµ− + d̄Γ µ dρµ0 ,
(11)
fρ
fρ
where fρ is its decay constant, m is the constituent quark mass. The phenomenological vertex
Γ µ reads


µ

(2k − P − ∆
1
2)
µ
µ
Γ = γ −
Λ k − P, p ,
(12)
M0 + 2m
2
where the kinematic invariant masse M0 is
M02 =

κ2⊥ + m2
1 − x0

+

κ2⊥ + m2
x0

,

(13)

0

with κ⊥ = (k − P)⊥ − x2 ∆⊥ and the LF momentum fractions x 0 = −ks+ /p+ = (1 − x)/(1 − |ξ|).
The phenomenological quark momentum distribution inside the ρ meson is selected to be
Λ k−


1
c
,
P, p =
1
2
2
[(k − 2 P)2 − MR + iε][(k − 12 ∆)2 − MR2 + iε]

(14)

where MR is the regulator mass and k stands for the momentum of the active quark. This
distribution represents the wave function of a bound state.
Then, we calculate the matrix elements of eqs. (1-2) and extract the GPDs of the system. In our phenomenological approach, we have three model-parameters, the quark mass,
regulator mass MR , and the constant c in eq. (14). The last one can be determined by the
normalization of the ρ + meson charge, and the former two parameters are optimally selected
as m = 0.403 GeV and MR = 1.61 GeV, respectively. After extracting GPDs, we can get the EM
and EW form factors from the sum rules, the structure functions in the forward limit (ξ → 0),
the gravitational form factors, the energy-momentum tensor as well as other mechanical properties like the pressures, shear forces, and mass distributions.
In our calculation, we simultaneously consider the contributions from the valence
p and nonvalence regions (see Fig. 1). In the non-forward limit, namely ξ 6= 0 and |ξ| < 1/ 1 − 4M 2 /t,
the non-valence contribution is found to be sizeable, and we simply employe the prescription
of Ref. [27] for the non-valence contribution. Our numerical results for GPDs show that we
can reach the continuity from the valence to the non-valence regions, and moreover, the sum
rules of eq. (3) are numerically preserved at different ξ region.
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Figure 2: ρ meson form factors. (a) EM form factors, charge Gc (solid black curve),
magnetic G M (dashed red curve), and quadrupole GQ (dotted-dashed blue curve)
form factors, and (b) EW axial form factor G̃1u (t) contributed by the u quark.
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Figure 3: ρ meson structure functions. (a) F1u , and (b) b1u (x) contributed by the u
quark, respectively.

3.2

Results of form factors

Our obtained "3-dimensional" GPDs have been explicitly plotted in Refs. [28, 29] at different skewness ξ, where the EM and EW form factors are also obtained according to eq.
(3). Our calculated magnetic moment is 2.06/2Mρ , which agrees with other model calculations [19,20]. The estimated quadrupole moment is −0.323/Mρ2 which is also consistent with
other model calculations. In addition, our estimated charge radius is about 0.72 fm. Fig. 2
displays our calculated EM form factors and EW form factors G̃1 (t) contributed by u quark.
Since we also calculate GPDs in the non-forward limit ξ 6= 0, by considering the contribution
of the non-valence region, we check the sum rules and find that the sum of the contributions
from the valence and non-valence regions at some values of (ξ, t) is almost the same as the
contribution from the valence region at the forward limit (ξ = 0, t). Namely, our numerical
results verify the sum rules of eq. (3).

3.3

Results of structure functions

In the forward limit (ξ = 0), we get the structure functions from our GPDs. Fig. 3 show the
results for F1u (x) and b1u (x). Since we employ the constituent quark model for the ρ meson,
the calculated structure functions are resulted from the constituent quarks. Our numerical result in Fig.
R 3 (b) implies that the known Close-Kumano [30] sum rule for the tensor structure
function d x b1 (x) = 0 is almost preserved.
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Figure 4: Some GFFs of the ρ meson. (a) A0 (t) and A1 (t) , and (b) J(t) and E(t).
( )[
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0.0
-0.1

/

]

( )(

/

)

0.2

0.4

0.30

ε0(r)

0.25
0.20
0.15
0.10
0.05
0.00

0.2

0.4

0.6

(

0.8

1.0

1.2

1.4

-0.05

)

0.6

(

0.8

1.0

1.2

1.4

)

Figure 5: The mechanical properties of the ρ meson. (a) mass distributions ε0 (r)
and ε2 (r), and (b) shear force s0 (r) and pressure p0 (r).

3.4

Results of mechanical properties

From the moments of GPDs, we can get the gravitational form factors of the system. Fig.
4 shows four typical GFFs of A0 (t), A1 (t), J(t), and E(t), respectively. It should be reiterated
that in the non-forward limit (ξ 6= 0), we also consider the non-valence contribution, and find
that the sum of the valence and non-valence contributions to the GFFs are almost the same as
the valence contribution in the forward limit (ξ = 0) at the same t.
Other mechanical properties of the system, like the mass distributions, pressures, shear
forces, and D− term of the ρ meson can be calculated as well from the obtained GFFs and the
energy-momentum tensors. Fig. 5 displays the results for the mass distributions, shear force,
and pressure in our approach.
From eq. (7) we can get the mass radius. Our phenomenological approach gives
1/2
< |r 2 | >G r av. ∼ 0.54 fm, which is smaller than the calculated charge radius. This feature is
consistent with the nucleon case [31, 32].
The pressure p0 (r) in Fig. 5(b) is similar to the pressure obtained for the nucleon case
as well [33]. Moreover, our calculated D = −0.21, which explicitly shows that the system is
stable.

4

Summary

We summarize our recent studies for the properties of the ρ meson (a typical spin-1 particle). We, first of all, calculate the GPDs of the system. Both the contributions from the valence
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and non-valence regions are explicitly considered in the non-forward limit (ξ 6= 0). Our calculated low-energy observables, such as the form factors, are in a good agreement with other
model and Lattice calculations. We also check the valence and non-valence contributions for
the form factors and check the continuity from the valence to the non-valence regions. Our
numerical results display that the obtained form factors are ξ-independent and the continuity
preserves.
Then, by employing the forward limit, we obtain the structure functions, like F1 (x), g1 (x),
and b1 (x). The tensor structure function is unique for a spin-1 system. We find that our calculated b1 almost satisfies the known Close-Kumano sum rule [30].
In particular, we calculate the moments of GPDs and extract the gravitational form factors.
For the spin-1 system, it has six energy-momentum conserved gravitational form factors. The
resulted GFFs give the energy-momentum tensor and the mechanical properties of the system,
like mass distributions, shear forces, pressures, and the D-term. Our model calculation shows
that the mass radius is about 0.54 fm which is smaller than its charge radius ∼ 0.72 fm. The
D-term ∼ −0.21 represents that the considered ρ meson is stable.
Finally, we know that the GPDs give a "3-dimensional" description for the space-like properties of the system. We can also calculate the time-like properties, like the generalized distribution amplitudes (GDAs) of the ρ meson. In addition, we may further apply our approach
to the deuteron target, which can be regarded as a weakly bound state of a proton and neutron.
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1

Introduction

Understanding the structure of the nucleon in terms of its fundamental constituents, the quarks
and gluons, is an overarching objective of current and future experiments at major facilities
world-wide, such as Jefferson lab, PSI, RHIC, LHC, DESY, and the planned Electron Ion Collider
(EIC). A rich experimental program is underway to unravel the valence quark distribution functions at Jefferson lab with the 12-GeV upgrade. The signature of sea quarks is being studied
at Fermilab with a polarized beam and target as well as at RHIC shedding light on the orbital
angular momentum and spin of light sea quarks. Generalized Parton Distributions (GPDs) investigated through the analysis of hard exclusive processes at HERA, COMPASS and CLAS12,
allow one to construct the three-dimensional spatial map of the nucleon. This program will
be greatly reinforced by the future experiments at Jefferson Lab for valence quarks, and for
the gluons and sea quarks at the Electron-Ion Collider providing a complete three-dimensional
mapping of the nucleon [1].
Lattice QCD, has seen remarkable progress in recent years producing simulations at the
physical values of the quark masses. This allows to obtain nucleon observables and properties
without the need for a chiral extrapolation, thus eliminating a major source of an uncontrolled
systematic error. In addition, theoretical progress has enabled exploratory studies of the parton
distribution functions themselves directly from lattice QCD [2]. This is to be compared to
the traditional approach of calculating their lower moments. In this presentation, we review
results on a number of nucleon quantities that related to the aforementioned experiments.

2

The lattice QCD formalism

Gauge invariant quantities are computed by evaluating the path integral
Z
 Y
1
〈O〉 =
D[U]O D−1 [U], U
Det f (D[U]) e−S[U] ,
Z
f =u,d,s,c

(1)

over gauge configurations U, after integrating over the fermionic degrees of freedom. A Wick
rotation into imaginary time is already performed. S[U] is the exact gauge action of QCD
and D[U] is the exact fermionic determinant that occurs after integrating over the fermions
and generates sea quark loops. D−1 is the quark propagator. In order to evaluate the path
integral of Eq. (1), one defines the theory on a discrete 4-dimensional Euclidean lattice and
considers a finite volume V . The functional integral over the gauge degrees of freedom is then
amenable to a numerical simulation. The input required is the same as for QCD, namely the
quark masses and the coupling constant. The latter is directly related to the lattice spacing a
through the β-function. Therefore, one needs four physical quantities to fix the light, strange
and charm quark masses and an additional one for the lattice spacing.
There are several ways to put the fermions on a discrete lattice that leads to different
ways of representing D, each one having its own advantages and disadvantages. The main
ones are: i) Wilson-type fermions that include the clover and twisted mass formulations, ii)
staggered fermions, iii) domain wall fermions, and iv) overlap fermions, with associated major
collaborations pursuing simulations using one of these formulations. In the continuum limit
these different formulations should all agreed.
A lattice QCD computation is comprised of three main steps [3]:
• Generation of the gauge configurations {U}. This proceeds via a Monte-Carlo sampling
that includes all the effects of gluonic self interactions and the interactions of gluons
and sea quarks. The ensembles are parameterized by the value of the strong coupling or
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lattice spacing and the masses of the sea quarks. Within each ensemble the configurations are generated via a Markov process, sequentially. This first step requires access to
leadership computers and large resources. These gauge ensembles can then be used to
evaluate any gauge invariant quantity connected to an operator O. Several ensembles
with different lattice spacings and volumes at fix quark masses are required in order to
take the continuum and infinite volume limits.
• The second step is the computation of D−1 , which is the quark propagator. The quark
propagators are contracted into correlation functions depending on the operator O.
Since the size of the fermionic metric D is large, this step also requires leadership computers and large resources to perform the large number of inversions, which however
can be done independently on each gauge configuration.
• The third step involves the analysis of the resulting correlation functions to extract the
expectation value of O. This analysis can be done on smaller systems.
The work-flow of a typical lattice QCD computation for baryon structure is shown schematically in Fig. 1. The three-point correlation functions are divided into connected when a probe
couples to a valence quark and to disconnected when it couples to a sea quark or a gluon.

Computation of observables on the Lattice

O =
<latexit sha1_base64="XCIlWe7OhC0uoyxAnbSV2m9su34="></latexit>

1
Z

D[U ]O(D

1

[U ], U )e

S[U ]

det (D[U ])f
f =u,d,s,c

Lattice QCD

Simulation of gauge
configurations (U)

Data Analysis

Contractions

D

Quark
Propagators

n
Con

Kyriakos Hadjiyiannakou

nn
isco

d
ecte

d
ecte

Nucleon Spin Structure from lattice QCD

Figure 1: A typical work-flow for a lattice1 QCD hadron structure computation. The
diagrams shown in the lower left box correspond to the connected and disconnected
three-point correlators needed for baryon structure studies.

As already mentioned, lattice QCD simulations are being performed with quark masses
fixed to their physical values. This was achieved by developing multi-grid algorithms that
make inversions at physical light quark mass faster. As can be seen in Fig. 2, the cost for
inversions remains constant with decreasing the value of the quark mass, making simulations
and their analysis possible.
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RBC/UKQCD, Nf=2+1

Figure 2: Left: Time to solution for the computation of D−1 using the conjugate
gradient (red points) and the 3-level Adaptive Aggregation-based Domain Decomposition Multigrid (DD-αAMG) for twisted mass fermion [4, 5]. Right: A summary of
zero-temperature simulations by various collaborations that include Clover, Twisted
Mass, Staggered and Domain Wall fermions.
Although lattice QCD provides an exact formalism for solving QCD, one needs a careful
study of systematic errors. In the past, not having simulations at physical values of the light
quark mass, necessitated a chiral extrapolation. For the pion sector such an extrapolation
using NLO SU(2) chiral perturbation theory works well for pion masses mπ < 250 MeV [6].
In the nucleon sector chiral extrapolation is more problematic and previously introduced an
uncontrolled systematic error [7]. With simulations with physical pion mass this systematic
error has been eliminated. Therefore, in what follows we will focus on results obtained using
simulations near physical pion mass, since we will focus on baryons. Other systematic effects
that need to be investigated are:
• Discretisation effects: Since the computation is done at finite lattice spacing a one needs
to take the continuum limit. This requires simulations for at least three values of a at
fixed quark masses and volume.
• Finite volume effects: A numerical evaluation is necessarily done using a finite volume.
At least three volumes would be required at fixed quark masses and a to take the infinite
volume limit.
• Renormalization: Matrix elements computed on the lattice must be properly renormalized in order to compare with what is measured in the laboratory. In state-of-the-art
computations renormalization is carried out non-perturbatively. However, for gluonic
quantities and where there is mixing non-perturbative renormalization is still difficult
and it is an on-going process.
• Ground state identification: Extracting the ground state from a tower of higher excited
states needs large Euclidean time resulting in large gauge noise and difficult identification of ground state properties. Furthermore, for a class of quantities, such as for the
direct computation of PDFs, one needs to boost the hadron to large momentum. This
introduces large statistical errors requiring very large statistics and development of noise
reduction techniques.
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3

Low-lying baryon spectrum

The simplest quantities to calculate in lattice QCD are hadrons masses. For this class of observables the aforementioned systematics have been taken into account. Hadron masses are
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Figure 3: Left: The effective mass of low-lying baryons. Right: the mass of the
low-lying octet and decuplet baryons from various collaborations extrapolated to the
continuum limit. The horizontal bands are the experimental values. Open symbols
indicate the input used to fix the lattice spacing (nucleon) and strange quark mass
(Ω− ).
extracted from two-point correlation functions
C2pt (~
q, t s ) =

X

X

e−i x~s ·~q 〈J(~
x s , t s )J̄(0)〉 =

x~s

t s →∞

An e−En (~q)t s −→ A0 e−E0 (~q)t s

(2)

n=0,··· ,∞

~. The effective mass defined as the ratio
in the large Euclidean
time t s taking
q~ = 0


~
~
~
meff (0, t s ) = ln G(0, t s )/G(0, t s + a) , yields the mass of the lowest lying hadron of the quantum numbers of J. We show in Fig. 3, the effective mass of the low lying baryons extracted by
various collaborations. The lattice QCD results agree with the experimental values providing
a validation of the lattice QCD approach. In Fig. 4, we show the masses of the spin-1/2 and
3/2 charmed baryons. The doubly charmed Ξcc was predicted by lattice QCD to have larger
mass than claimed by SELEX. LHCb at CERN confirmed the lattice QCD prediction illustrating
the predictive power of lattice QCD.

4

Nucleon structure

In order to calculate matrix elements one computes the following three-point function
X


µν
C3pt (Γ ; q~ = 0, t s , t ins )=
Tr 〈Γ JN (t s , x~s )Oµν (t ins , x~ins )J̄N (t 0 , x~0 )〉 ,
x~ins ,~
xs

where you consider an operator Oµν probing the nucleon. The three-point function has connected and disconnected diagrams shown diagrammatically in Fig. 5.
As in the case of the effective mass and considering for simplicity q~ = 0, we construct a ratio
µν

~, t s , t ins ) =
R (Γ ; q~ = 0
µν

C3pt (Γ , q~ = 0, t s , t ins )
C2pt (Γ0 , t s )

−→ M + O(e−∆E(t s −t ins ) ) + O(e−∆E t ins ),
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Figure 4: Left: Masses of spin 1/2 baryons. The mass of Ξcc was correctly predicted
by lattice QCD and confirmed by LHCb [8]. It is higher than the value by SELEX [9],
shown by the grey band. Right: Masses of spin-3/2 baryons [10]. The mass of Λc is
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Figure 5: A diagrammatic representation of the connected (left) and disconnected
(right) three-point functions. A state with the quantum numbers of the nucleon is
created at time zero (source), taken here to be the electromagnetic current J µ , that
propagates in Euclidean time and is annihilated at time t s (sink). The probe couples
to a quark at time t ins .
which in the large Euclidean time becomes time independent (plateau), yielding the nucleon
matrix element M. However, the statistical errors grow exponentially with the time separation
making the detection of excited states difficult. We thus include in the fit the first excited state
(two-state fit) or even a second state if the lattice QCD data are accurate enough. Another
approach is to sum the ratio to obtain
tX
s −a
t ins =a

~, t s , t ins ) −→ c + M t s + O(e−∆E t s ).
Rµν (Γ ; q~ = 0

(4)

By fitting the summed ratio linearly with t s one can extract M. This approach is referred to
as the summation method. We typically use a combination of these three approaches to check
for the suppression of excited states.

4.1

Moments of parton distribution functions

Generalized parton distribution functions are light-cone correlation functions written as
Z
R λ/2
1 dλ i xλ 0
ig
dαk·A(kα)
2
FΓ (x, ξ, q ) =
e 〈p |ψ̄(−λk/2)G e −λ/2
ψ(λk/2)|p〉,
(5)
2 2π
where q = p0 − p is the momentum transfer, P̄ = (p0 + p)/2, k is a light-cone vector and P̄.k = 1.
Expansion of the light cone operator leads to a tower of local operators Oµµ1 ...µn and thus
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µ ···µn

to the computation of nucleon matrix elements of quark bilinears 〈N (p0 , s0 )|OG1
Depending on the G -structure we have three classes of Mellin moments:
↔

µµ ···µ

i) Unpolarized: OV 1 n = ψ̄(x)γ{µ i D
for n = 0 and 〈x〉q for n = 1
µµ ···µ

↔

ii) Helicity: OA 1 n = ψ̄(x)γ{µ i D
for n = 0 and 〈x〉∆q for n = 1
νµµ ···µ

µ1

µ1

↔

...i D
↔

µn }

µ1

...i D

...i D
↔

iii) Transversity: O T 1 n = ψ̄(x)σ{ν,µ i D
q
are g T for n = 0 and 〈x〉δq for n = 1.

µn }

|N (p, s)〉.
q

ψ(x),the lowest two of which are g V
q

γ5 ψ(x), the lowest two of which are gA
↔

µn } τa
2 ψ(x),

the lowest two of which

The first two Mellin moments can readily be computed within lattice QCD and there is a long
history of such computations. However, it is only recently that we have results directly at the
physical point i.e. using simulations with mπ ∼ 135± 10 MeV.
In order to benchmark our lattice QCD formalism and analysis, we examine the case of the
isovector axial charge of the nucleon gAu−d , which is very accurately measured from neutron
β decay. This is the first Mellin moment of the helicity PDF. For the unpolarized PDF, since the
electromagnetic current is conversed, g Vu−d = 1. In contrast, the transversity isovector charge
g Tu−d is poorly known and it is an example where lattice QCD can provide valuable input. In
Fig. 6, we show the analysis for determining the nucleon matrix element that yields gAu−d .
As can be seen, the ground state matrix element M, determined by the asymptotic plateau
value (one-state fit), the two- and three- state fits and the summation method, agrees with
the experimental value. This is an example of an analysis carried out using one ensemble of
twisted mass fermions with the light, strange and charm quark masses fixed to their physical
values [11]. This so-called cB211.072.64 ensemble has a = 0.08 fm, mπ = 139 MeV, spatial
length L/a = 64 and Lmπ = 3.6. The action is O(a)-improved so finite lattice spacing effects
are expected to be small. This was indeed shown by previous studies using twisted mass
ensembles simulated with heavier than physical pion mass.
A similar analysis is done to extract the isovector tensor charge g Tu−d . We find a value of
g Tu−d = 0.926(32) in the MS scheme at µ = 2 GeV, providing a more precise value as compared
to 0.53 ± 0.25 extracted by analyzing experimental data [12].
In Fig. 7 we show results for gAu−d and g Tu−d using the cB211.072.64 ensemble in comparison with two additional ensembles of twisted mass fermions with dynamical light quarks,
lattice spacing a = 0.094 fm and Lmπ = 3 and Lmπ = 4, as well as from other collaborations that analyzed ensembles simulated with approximately physical values of the pion mass.
As can be seen, there is very good agreement among all lattice computations, which points
to small finite a and volume effects, since the continuum and infinite volume limits are not
performed.
GPDs can be decomposed into Lorentz invariant functions known as generalized form factors (GFFs). For the unpolarized GPD the decomposition is

iσ{µα qα P ν}
ν
µν
〈N (p0 , s0 )|OV |N (p, s)〉 = ūN (p0 , s0 ) A20 (Q2 )γ{µP } + B20 (Q2 )
+
2m
q{µ qν} 
+ C20 (Q2 )
uN (p, s),
m
µν

↔

(6)

where OV = ψ̄γ{µ i D ν} ψ and A20 (Q2 ), B20 (Q2 ) and C20 (Q2 ) are the three GFFs. Q2 = −q2
is the momentum transfer squared in Euclidean space. The second Mellin moment is given
by A20 (0), which gives the momentum fraction carried by a quark 〈x〉q , while the total spin
carried by a quark is given by Jq = 21 [A20 (0) + B20 (0)]. In Fig. 8 we compare lattice QCD
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results for the isovector 〈x〉u−d with results from phenomenological analyses. As can be seen,
although individual results are precise, the spread among them is comparable to the accuracy
achieved within lattice QCD. In the same figure we show results for the helicity and transversity moments. For the helicity lattice QCD results are in agreement with phenomenological
determinations while for the transversity moment lattice QCD provide a valuable prediction.
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While for isovector quantities only the connected part of the three-point contributes, for
the isoscalar and thus for the determination of the individual flavor Mellin moments, we need
to evaluate the disconnected part depicted in Fig. 5. The disconnected part is technically more
difficult to compute requiring large computational resources. It is only recently that we are
able to compute these diagrams, which are needed for studying sea quarks effects. This has
become possible using a combination of stochastic techniques, dilution and deflation of lower
modes [13]. The intrinsic spin 12 ∆Σq carried by a quark of flavor q is given by
2

∆Σq (µ ) =

Z

1



q
d x ∆q(x, µ2 ) + ∆q̄(x, µ2 ) = gA .

(7)

0

In Fig. 9 we show lattice QCD results on the intrinsic quark spin for the light and strange
quarks. The former have contributions form both connected and disconnected parts, while
the strange is purely disconnected. As can be seen, the disconnected contributions, although
small, are non-zero and need to be included to reach agreement with the experimental values.
In Table 1 we summarize the nucleon charges for each quark flavor. Beyond the single favor
axial and tensor charges one can extract the scalar charge and the closely related σ-terms
defined as σq = mq 〈N |ψ̄q ψq |N 〉. The combination σπN = 1/2(σu + σ d ) constitutes one of the
fundamental low-energy parameters playing a significant role for phenomenological studies
of low energy scattering. The σ-terms are important for direct dark matter searches [14].
Because of the phenomenological importance of σ-terms a number of groups have computed them. In Fig. 10 we compare lattice QCD and phenomenological results on σπN and
σs . The smaller value predicted by lattice QCD is in agreement with the original analysis that
yielded σπN ∼ 45 MeV [15] but it is in tension with recent analyses that yield larger values.
These include an analysis based on the Roy-Steiner equations and experimental data on pionic atoms yielding a value of 59.1(3.5) MeV [16]. This larger value was confirmed using a
large-scale fit of pionic-atom level shift and width data across the periodic table [17] as well
as πN scattering lengths from the low-energy data base [18]. Given the significant progress
in the determination of σπN both using experimental data [19–21] and lattice QCD this per015.9
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Figure 9: We show the intrinsic quark spin 21 ∆Σq for the u (upper), the d (center)
and s quarks (lower) as a function of the pion mass. Open symbols do not include
the disconnected contribution.
Table 1: Single flavor charges and σ-terms from the cB211.072.64 ensemble. (†) In
the case of u and d quarks we give σπN of relevance to phenomenology.
u

d

s

c

gA
0.858(17) -0.428(17) -0.0450(71) -0.0098(34)
gS
6.02(55) 4.67(44)
0.395(54)
0.075(17)
gT
0.716(28) -0.210(11) -0.00270(58) -0.00023(16)
σ [MeV]
41.6(3.8)†
39.8(5.5)
107(22)

sisting tension needs to be further examined. Computing the πN scattering lengths within
lattice QCD will provide a crucial cross-check. For the σc -term of the charm quark, lattice
QCD provides a valuable prediction.

4.2

Electromagnetic form factors

The nucleon electromagnetic form factors are fundamental quantities characterizing the structure of the nucleon that have been extensively studied both theoretically and experimentally. A
recent major experimental development is the measurement of the proton charge radius with
electron scattering experiments at Jefferson lab [22] that confirms the smaller value measured
by the Lamb shift in muonic hydrogen at PSI [23], that points to the resolution of the so-called
proton radius puzzle. Computing such fundamental properties as the proton radius directly
from QCD constitutes a milestone of nuclear physics and of lattice QCD.
The nucleon matrix element of the electromagnetic current is parameterized in terms of
the Dirac (F1 ) and Pauli (F2 ) form factors as
v


u
iσµν qν
m2N
t
0 0
0 0
2
2
〈N (p , s )| jµ |N (p, s)〉 =
ūN (p , s ) γµ F1 (q ) +
F2 (q ) uN (p, s) . (8)
EN (~p 0 )EN (~p)
2mN
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Figure 10: A comparison of recent lattice QCD and phenomenological results on
the nucleon σπN -term fraction (left), on the strange σs -term (upper right) and the
charm σc -term (lower right). The error band is the one associate with the analysis of
the twisted mass ensemble cB211.072.64. Grey circles are phenomenological studies
using as input lattice data.
N (p, s) is the nucleon state with initial (final) momentum p (p0 ) and spin s (s0 ), uN is the nucleon spinor, EN (~p) (EN (~p 0 )) the initial (final) energy and mN the nucleon mass. The electric
and magnetic Sachs form factors G E (q2 ) and G M (q2 ) are alternative Lorentz invariant quantities that can be expressed in terms of F1 (q2 ) and F2 (q2 ) via the relations,
G E (q2 ) = F1 (q2 ) +

q2
4m2N

F2 (q2 ) ,

G M (q2 ) = F1 (q2 ) + F2 (q2 ) .

(9)

In Fig. 11 we show results on the electric and magnetic form factors for the neutron [13] using
the twisted mass ensemble cB211.072.64. The disconnected contributions are included. As
can be seen, lattice QCD provides more precise results on the neutron electric form factor than
experiment, while for the magnetic we observe a nice agreement for Q2 > 0.2 GeV2 . The
reason for the small discrepancies at smaller Q2 is under investigation.
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Figure 11: Neutron electric (left) and magnetic (right) form factors as a function
of Q2 . Filled circles show the lattice QCD results obtained using the cB211.072.64
ensemble [13] and black crosses are experimental results (see Ref. [13] for the the
detailed bibliography on the experimental results). The fits to lattice QCD results use
the Galster-like form for the electric form factor and a dipole form for the magnetic.
The role of the strange quarks in the proton can be probed through the strange electro015.11
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magnetic form factors. Parity violating electron-proton elastic scattering events probing the
interference of photons and Z-bosons exchanges enable the measurement of the strange form
factors and weak charge of the proton. An accurate determination of the neutral-weak vector
form factor in combination with the electromagnetic form factors are needed in order to put
constraints on new physics beyond the standard model (SM). In Fig. 12 we show results on the
strange electromagnetic form factors [24]. As can be seen, the strange magnetic form factor
is negative yielding a magnetic moment of −0.01 to -0.02. This provides the most accurate
determination of these quantities.

0.002

0.02

0.000

0.03

0.002

0.04

0.0

0.1

0.2

0.3

0.4 0.5
Q2[GeV2]

0.6

0.7

0.8

0.0

0.1

0.2

0.3

0.4 0.5
Q2[GeV2]

0.6

0.7

0.8

Figure 12: Strange electric (left) and magnetic (right) form factors as a function of
Q2 . The different coloured band show systematics due to using different fit range
and the plateau versus the summation determination [24].

4.3

Direct evaluation of PDFs

A calculation of PDFs from first principles is a valuable addition to the global fitting analyses
and of crucial importance for the deeper understanding of the inner structure of hadrons. The
non-perturbative nature of PDFs makes lattice QCD an ideal ab initio formulation to determine
them. A novel method to extract parton distribution functions from lattice QCD was proposed
recently by Ji [2]. It is based on considering matrix elements probing purely spatial correlations, making them accessible within the Euclidean formulation of lattice QCD. It is based on
the Large Momentum Effective Theory (LaMET) that enables the matching of lattice results to
the infinity momentum frame (IFM). Quasi-PDFs and IFM PDFs have the same infrared physics
and thus the matching can be done in perturbation theory i.e. UV regularization is necessarily
taken first, before the infinite momentum limit. Quasi-PDFs are defined as
Z +zmax
dz −i x P3 z
q̃(x, P3 ) =
e
〈N | ψ(0, z) G W (z, 0) ψ(0, 0) |N 〉 ,
(10)
4π
−z
max

where |N 〉 represents a nucleon, which is boosted in the z-direction with momentum
P=(P0 , 0, 0, P3 ). On the lattice, quasi-PDFs are thus computed using matrix elements of nonlocal operators containing a straight Wilson line of finite length z, that varies from 0 to some
maximum value, zmax .
Quasi-PDFs are matched to the physical PDFs through the factorization
 2

Z∞

 

2
mN ΛQC D
µ
dξ
x
q(x, µ) =
C ξ,
q̃
, µ, P3 + O
,
,
(11)
P3
ξ
P32
P32
−∞ |ξ|
where q(x, µ) is the light-cone PDF at an energy scale µ and C is the matching kernel, which
can be computed perturbatively and has so far been evaluated to one-loop level.
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Figure 13: Unpolarized PDF (upper left), helicity PDF (upper right) and transversity
PDF (lower)(blue curve). The global fits of Refs. [29–31] (unpolarized) , Refs. [32–
34] (helicity) , Refs. [35] (transversity) are shown for qualitative comparison.
A first attempt to compute directly PDFs was done by LP3 [25] and ETMC [26]. In Fig. 13
we show the most recent results computed by ETMC using an ensemble simulated at the physical pion mass [27, 28]. The errors shown are statistical only, and significant effort is needed
to properly quantify systematic uncertainties present in the various steps of the analysis. Nevertheless, already lattice QCD results can describe the general features and provide a more
accurate determination of the transversity PDF.

5

Conclusion

Precision nucleon structure from lattice QCD is now possible due to two major developments:
i) simulations using dynamical light, strange and charm quarks with their masses fixed to
the physical value are available thanks to algorithmic advances and larger computers, and
ii) computation of both connected and disconnected contributions to sufficient accuracy is
feasible due to advanced techniques and access to GPUs. This progress will continue with the
advent of exascale computers expected in the next couple of years.
A number of collaborations are computing key quantities such as the first and second
Mellin moments reproducing the nucleon axial charge and providing a prediction for the tensor
charge and second transversity moment. This enables cross-checks among the different formulations. We expect more precision results to emerge as systematic errors are investigated and
taken into account. We also expect that more demanding quantities to become amenable to
a lattice QCD computation. A recent example is the direct computation of parton distribution
functions within lattice QCD. The results produced already are very promising and a number
of complementary approaches are being advanced with good prospects for improvements.
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Abstract
This is a review of Glauber’s asymptotic diffraction theory, in which diffractive scattering
is described in terms of interference between semiclassical amplitudes, resulting from
a stationary-phase approximation. Typically two such amplitudes are sufficient to accurately describe elastic scattering, but the stationary points are located at complex values
of the impact parameter. Their separation controls the interference pattern, and their
offsets from the real axis determine the overall fall-off with momentum transfer. Asymptotically, at large momentum transfers, the stationary points move towards singularities
of the profile function. I also include some reminiscences from our collaboration.
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Introduction

I had the pleasure of working with Professor Roy Glauber on and off for more than 40 years,
starting as a postdoctoral fellow at Harvard in 1976, and up to the recent completion of our
book [1]. In this note, I first give some brief comments to his vita, then outline representative
elements of our book, before concluding with some reminiscences from our many years of
interactions.

2

A Personal View of Roy Glauber’s Vita

In the preparation of this talk, I consulted the “Academic tree” webpage [2]. Here, I found
interesting information on the academic ancestors of his PhD supervisor, Julian Schwinger, as
well as a list of “children”, basically PhD students. However, the latter were mostly related to
his activity in Quantum Optics, for which he was awarded one half of the 2005 Nobel Prize in
Physics, with the citation: “for his contribution to the quantum theory of optical coherence”.
Missing from that list was a student who was very much involved in Roy’s early work on
016.1
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multiple scattering theory, namely Victor Franco (see Fig. 1). However, the list reminds us
of Roy’s impact also on other fields (other than Quantum Optics and Scattering Theory), like
Mathematics and Statistical Physics.

+ Victor Franco

Figure 1: Edited excerpt from “Academic tree” webpage on Roy Glauber [2].
I was not aware of Roy’s participation in the Manhattan Project until I got hold of a copy
of his CV in 2007 for the purpose of nominating him for an honorary degree. He had never
mentioned it, so I was left wondering whether he perhaps had mixed feelings about it. Anyway,
it is listed as his first appointment, 18 years old, in the 1997-version of his CV, see Fig. 2 (and
described in some detail in his biography at the Nobel Foundation website [3]). After the war,
he returned to Harvard, completed his PhD with Schwinger in 1949, and after a few years at
Princeton (1949–1951) and Caltech (1951–1952), he returned to Harvard in 1952. Starting
as a lecturer, he was subsequently promoted to assistant and associate professor, and then full
professor in 1962 and Mallinckrodt Professor of Physics in 1976.
The first papers listed in his CV are from his contributions to the Manhattan Project: The
Critical Masses of Tamped Spheres (1944–1945), The Stopping of Multiplication in Expanding,
Tamped Spheres (1944–1945), and Neutron Diffusion in Spherical Media of Radially Varying
Density (1944–1945). His PhD thesis (1949) was on The Relativistic Theory of Meson Fields,
and then in the early 50s he started writing papers on electron diffraction and scattering theory.
The famous “multiple-scattering” papers Deuteron Stripping Processes at High Energies and
Cross Sections on Deuterium at High Energies appeared in 1955, and it is natural to speculate
whether the multiple-scattering branch of his work grew out of the experience from the Manhattan project. Then, in 1959, came his Boulder Lectures: High Energy Collision Theory, which
for many became a “bible” of hadron-nucleus scattering.
The work on Quantum Optics, for which he was awarded the Nobel Prize, started in 1962,
with the publication of Photon Correlations [4] and follow-up papers. Gradually, this became
his main interest and activity. But he did not abandon the field of scattering theory, something
I was to benefit from.

3

Asymptotic Diffraction Theory

Around 1980, various proton elastic and inelastic scattering experiments were performed at
the Los Alamos National Laboratory, aimed at the investigation of nuclear structure. For a
heavy target, like 208 Pb, the differential cross section was rather monotonous, roughly given
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Figure 2: From Roy Glauber’s CV dated ’97, with his Manhattan Project position
highlighted.
by a periodic oscillatory pattern that had an exponentially falling envelope, as illustrated in
Fig. 3. Returning to Harvard in 1981, I learned that Roy and Marek Bleszynski had been working on a simplified description of proton-nucleus scattering, an activity I immediately
joined.
CV date:
1997
The work was relevant to those experiments at Los Alamos, in particular, to the activity of
G. Hoffmann and collaborators [5].1 Roy was to spend the summer of that year at CERN,
and before his leaving Cambridge, we quickly patched together a manuscript on our “simplified” understanding of these differential cross sections [7], to be hand delivered by Roy to the
Physics Letters B editor at CERN.
The study was further developed during another stay at Harvard in the mid-80s, and during
visits by Roy to Bergen in the early 90s. It then lay dormant until 2006, at which point also a
conversion of all illustrations to electronic versions was started.
The theory is based on the Kirchhoff integral representation of Fraunhofer diffraction [8],
Z

ik
0
f (k , k) =
e−iq·b 1 − e iχ(b) d2 b.
(1)
2π
Our sign convention2 is such that q = k 0 − k. Here, the “1” only contributes a delta function in
the forward direction, and our approach was to evaluate the remaining integral by the method
of stationary phase. The points of stationary phase are given by
q = ∇ b χ(b).

(2)

While q is a real quantity, the phase shift function is in general complex. Thus, the solutions
for b will in general be located off the real axes in the two-dimensional b plane.
1
2

The work may have been inspired by earlier work using asymptotic approximations to the Bessel function [6].
In Ref. [7]. the opposite sign convention for q was used.
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Figure 3: Differential cross section for elastic proton-lead scattering at 800 MeV [5].
If b0 is a point of stationary phase, the stationary-phase approximation to the integral (1)
is obtained by expanding χ(b) to second order in the deviations
∆b = b − b0 = (∆b x , ∆b y ) = (x, y),

(3)

and performing the two Gaussian integrals over x and y. Here, x is along the positive q
direction and y is along the normal to the scattering plane. One thus finds for the amplitude
corresponding to one particular point of stationary phase, b0 [1]
k
f0 (k , k) =
i
0



−b0 x
qχ 00 (b0 x )

1

2

e−iqb0 x +iχ(b0 x ) ,

(4)

where azimuthal symmetry has been assumed and the second derivative in y has been expressed in terms of q and the x-component of b0 . Thus, it is given by the integrand at the
point of stationary phase, multiplied by a “prefactor” determined by the second derivatives.
Typically, there will be contributions from two or more points of stationary phase.

3.1

Classical scattering

Before illustrating applications of the approximation (4) to some representative phase shift
functions, let us first consider a particle in a classical potential V (r ), where r = κ̂z + b, with
κ = 12 (k + k 0 ). It will experience a transverse force −∇ b V (b + κ̂z). Integrated over time
( dt = dz/v), we get the transfer of momentum to the scattered particle,
ħ
h(k 0 − k) = ħ
hq = ħ
h∇ b χ(b),

(5)

with χ related to the potential by
1
χ(b) = −
ħ
hv

Z

∞

V (b + κ̂z) dz.

(6)

−∞

We note that the classical condition (5) is just the condition of stationary phase, Eq. (2). It is
easy to see [1] that the classical cross section will be given by the square of the modulus of the
expression (4).
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3.2

Example 1. Coulomb scattering

Consider scattering from a point Coulomb charge,
V (r ) =

Z e2
.
4πr

(7)

The phase shift function is actually infinite, but if we introduce a screening radius R (for simplicity, we consider a sharp cut-off), it can be written as
ZR
 2
 
2Z e2
b
dr
b
χ(b) = −
= 2η log
+O
,
(8)
p
4πħ
hv b
2R
R2
r 2 − b2
where v is the projectile velocity, and we have introduced the Sommerfeld parameter [9]
η=

Z e2
.
4πħ
hv

(9)

2η
.
q

(10)

There is only one stationary point, given by
bx =

It is on the real b x -axis, and has the same sign as η, i.e., positive for repulsive forces and
negative for attractive ones. The resulting amplitude is
§
ª
qR
2ηk
iπ
0
− 2iη +
,
(11)
f (k , k) = 2 exp −2iη log
q
η
2
and the differential cross section, dσ/ dΩ = | f (k 0 , k)|2 , is identical to the Rutherford cross
section (the phase is unobservable).
We shall in section 3.5 consider scattering from a distributed charge, leading to interference
phenomena and also a rainbow.

3.3

Example 2. Paired trajectories, rainbows

Let us consider a simple, real, phase shift function, which for b y = 0 has a shape given by
X (b x ) = χ(b x , 0), qualitatively as illustrated in Fig. 4. It is even in b x , and its derivative will
thus be an odd function. In this example, it is seen that for q less than some critical value,
there will be two solutions to the stationary phase condition (2). There will be two interfering
amplitudes, each of the form (4).
However, for q equal to some critical value (denoted qR ), the two stationary points merge,
and the amplitude, inversely proportional to the square root of the second derivative, diverges.
This is a rainbow. For q > qR , there is apparently no solution. This is however no longer true
if we allow for complex values of the impact parameter b x . The two roots that for q < qR were
located on the real axis, will for q > qR move into the complex b x -plane, one above and one
below the real axis.3 It is easy to see [1] that (with our sign convention for the momentum
transfer) it is only the root b x that is below the real axis that will be encountered along the
path of integration over b x .
Beyond the rainbow point (q > qR ), since the stationary point moves into the complex b x
plane, the amplitude gets a factor exp( Im b x q) and the differential cross section will fall off
exponentially. This is no surprise, since we are in a region that is classically forbidden.
One can easily imagine phase shift functions whose derivatives have more extrema, and
thus more rainbows [1].
3

Mathematical note: we assume that X 00 (b x ) is analytic and has a simple zero at this point.
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′

Figure 4: (a) A simple, real, phase shift function X (b x ) and (b) its derivative X 0 (b x ).
For values of q that are not too large, there are paired trajectories at b1x and b2x .
The stationary points are located at negative values of b x , since a positive phase shift
function corresponds to attraction.

3.4

Example 3. Absorption

Inelastic scattering, or absorption, can be represented by a complex phase shift function. As
a simple illustration of the associated elastic scattering, let χ(b) be pure imaginary, and have
a shape similar to that shown in Fig. 4. Its derivative, on the real axis, will again be like in
Fig. 4. However, it will be pure imaginary, and thus nowhere satisfy Eq. (2). If we move off
the real axis, the situation changes dramatically.
For illustration, consider the inverse cosh phase shift function,
χ0
χ(b) =
,
(12)
cosh(b/β)
with χ0 purely imaginary. We need the derivative of this function, with respect to b x , for
b y = 0. Rather than writing this out, let us just note that for b y = 0 we have
2χ0

X (b x ) =

e b x /β

+ e−b x /β

.

(13)

This has simple poles for
bx
=
β

1
2

log(−1) =

±i
{π, 3π, etc.}.
2

(14)

Consequently, the first derivative will have double poles at these locations, and at large q, the
stationary points will approach the poles. Actually, since the poles are on the imaginary axis,
pole
it is only the one nearest to the real axis, b x = −iπβ/2, that is relevant for the path of
integration.
pole
With X (b x ) having a simple pole at b x , the derivative will have a double pole. With
b x = bpole
+ ρe iφ ,
x

(15)

in the neighbourhood of this pole we have
X 0 (b x ) ∝

χ0 sinh(b x /β)
,
ρ 2 e2iφ
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with sinh(b x /β) predominantly imaginary. For the whole expression to be real, and satisfy
Eq. (2), we need 2φ = nπ (since χ0 is pure imaginary). This example will thus at large
momentum transfers give two points of stationary phase, located in the lower complex plane,
at an angle of ±π/2 with respect to the positive imaginary axis. (The requirement that X 0 (b x )
be real and positive removes solutions with an odd multiple of π.) Let us denote them b xα and
b xβ .
The facts that
1. there are two points of stationary phase, and
2. these are located below the real axis,
mean that (1) the differential cross section will exhibit periodic oscillations, with a period
determined by the separation of the two stationary points along the real axis, Re (b xα − b xβ ),
and (2) the envelope of the differential cross section will be exponentially damped, with a
slope given by Im b xα = Im b xβ . The two points of stationary phase will in this case be
symmetrically located with respect to the imaginary axis, and the amplitudes will be of equal
magnitude.
If χ0 were not pure imaginary, the two points of stationary phase would have been located at different offsets from the real axis, Im b xα 6= Im b xβ . The two amplitudes fα (k 0 , k)
and fβ (k 0 , k) would then have different exponential fall-offs with q, one amplitude would
eventually dominate, and the oscillations would not persist at high values of q.

3.5

Example 4. Coulomb scattering from a distributed charge

For an extended charge distribution, there will be at least two points of stationary phase, and
thus interference phenomena. We shall illustrate this for a Gaussian distribution, modified by
a polynomial prefactor,4


1
1
r 2 −r 2 /β 2
ρ(r) = 3/2 3
e
,
(17)
1
+
α
β2
π β 1 + 32 α
as might be encountered in shell-model descriptions of light nuclei. The phase shift function
will involve an exponential integral, but its derivative (for b y = 0) is rather simple,
X 0 (b x ) =





b2x −b2 /β 2
2η
α
x
1− 1+
e
.
bx
1 + 32 α β 2

(18)

In addition to a “far-out” stationary point, b x ∼ 2η/q (cf. section 3.2), there is now also a
stationary point at the scale defining the charge distribution, b x = O(β). The corresponding
two amplitudes will create an interference pattern. Furthermore, there is a point b x,R where
X 00 (b x,R ) = 0, i.e., a rainbow point. The corresponding momentum transfer will be qR = c η/β,
with c a function of the coefficient α in Eq. (17).
In Fig. 5 we show the resulting differential cross section for a rather large value of the
Sommerfeld parameter, η = 10, normalized to the Rutherford cross section. Also shown, are
the partial contributions of the two stationary points, labelled α and γ. The cross section
exhibits a rainbow singularity, located at (in this case, for α = 0) qR = 1.276 η/β. The inset
shows the locations of the two stationary points, labelled α and γ, for a range of the momentum
transfers, with the arrows indicating how they move with increasing values of momentum
transfer. Beyond the rainbow point, the point labelled α moves down into the complex b x plane, giving an exponentially damped contribution, whereas the other, labelled γ, moves up
into the complex plane, evading the path of integration.
4

The coefficient α should not be confused with the point of stationary phase labelled α.
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°

Figure 5: Scattering from the charge distribution (17), normalized to the Rutherford
cross section. The dotted curves show the individual contributions from the two
stationary points. The inset shows how the stationary points move with increasing
momentum transfer.
Two aspects of the interference pattern are worth noting. (i) The period of oscillation increases as q increases towards qR . This is caused by the fact that the two points of stationary
phase approach each other. (ii) The amplitude of the oscillation increases towards the rainbow point. This is obviously a reflection of the fact that the two amplitudes become more
comparable in magnitude, as also seen from the two dotted curves in Fig. 5.

4

Conclusion

The asymptotic evaluation of the diffraction integral (1) provides a rather precise approximation to the numerically “exact”
R 2result (see Ref. [1]). The contribution from integrating over
the whole scattering plane ( d b) can be represented by contributions from a small number
of stationary phase points. The number and location of these points of stationary phase offers valuable qualitative insight into the scattering process. At large momentum transfers, the
points of stationary phase will approach the singularities (normally, in the complex plane) of
the phase shift function.
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Personal reminiscences

Figure 6: Roy Glauber lecturing at a summer school in Hercegnovi, September 1969.
Photo: P. Osland

A

Personal reminiscences

I first met Roy Glauber at a Summer School in Hercegnovi (then Yugoslavia), in 1969. He was
lecturing on scattering theory. This was of great interest to me, as I had done some multiplescattering calculations for my thesis work in Trondheim. The formulas on the board (see Fig. 6)
are reminiscent of his famous Boulder lectures [8].
I next had a year of overlap with him at CERN, around 1972, before being invited to
Harvard, as a postdoc, in 1976, and then again in 1981. As mentioned at the beginning of
Section 3, this is when we started working on the asymptotic scattering, with Marek Bleszynski.
In the early 1990s Roy briefly visited me in Bergen two summers, continuing our work on “the
manuscript”. But then we both got distracted by other “urgent” matters, and this work became
another “stack of papers” in our offices.
In the aftermath of the Nobel Prize celebrations, in 2006, Roy suggested we should pick it
up again. By then, the technology had thoroughly changed, all illustrations had to be provided
in electronic form. This was a welcome opportunity to re-learn everything, and we continued
our work during visits to Bergen, Harvard, and various European research centers, like CERN,
Nordita and ICTP.
Roy had a fantastic memory. He had met all the significant physicists of his epoch, and had
detailed and interesting stories to tell about them all. There exist recordings of him talking
about the Manhattan Project [10].
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Figure 7: Stockholm, December 2005. Photo: P. Osland

Figure 8: CERN, Colloquium, August 2009. Photo: P. Osland
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ICTP 2014

Figure 9: Roy Glauber admired and photographed by the younger generation, at the
ICTP 50-year celebration, October 2014. Photo: P. Osland

Figure 10: Roy Glauber in his Lyman Lab office 331, January 2015. Photo: P. Osland
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1

Introduction

Roy J. Glauber (1925–2018) is probably best known for his contribution to the quantum theory
of optical coherence, which led the Nobel committee to award him the Nobel Prize for Physics
in 2005. He is also well known for his regular appearances at the Ig-Nobel ceremony as the
“sweeper of the broom”, where he swept the paper planes sent by the audience on the stage
during the celebration. . .
His leading role in the development of the eikonal model of quantum collisions [1] is less
well know by many physicists. It is nonetheless central in the analysis of modern nuclearphysics experiments, which aim at studying the structure of nuclei far from stability (see also
the contribution of Osland to this conference [2]). In particular this approximation is often
used to analyse reaction measurements involving halo nuclei [3]. These very exotic systems are
found at the boundaries of the nuclear chart and are characterised by a much larger matter
radius than their isobars. This unusual size is now understood as resulting from the loose
binding of one or two nucleons observed in these nuclei. Due to the purely quantal tunnel
effect, these valence nucleons can be found at a large distance from the other protons and
neutrons and hence form a sort of diffuse halo around a compact core [4]. They can hence be
described as few-body quantal systems in which one or two nucleons are loosely bound to a
core, of which the structure can be neglected in first approximation. For instance 11 Be, which
is one of the best known one-neutron halo nuclei, can be seen as a 10 Be core in its 0+ ground
state to which a neutron is bound by only 500 keV. The even more exotic 11 Li is described as a
9
Li surrounded by two halo neutrons bound by 370 keV. Although less probable, proton halos
can also develop close to the proton dripline. For example, 8 B, in which the valence proton is
bound by a mere 137 keV, is often presented as a one-proton halo nucleus.
Because they are located close to the driplines, halo nuclei are very short lived. For example, the half life of 11 Be is 13 s, while that of 11 Li is less than 10 ms. Investigating halo nuclei is
done mostly through indirect techniques such as reactions [3]. In particular, it has been seen
that the low breakup threshold of these nuclei significantly affects their collision with other
nuclei. As shown in Refs. [5, 6] this can already be seen in the elastic-scattering cross section.
Of course more information about the core-halo structure can be gleaned from experiments
in which this structure is revealed, like in knockout and breakup reactions. In the former, one
(or two) nucleons are removed from the projectile during its interaction with a light target at
high energy [7]. To increase the statistics of such experiments performed with rare-isotope
beams, only the core is detected after the collision; the undetected halo nucleons can either be
absorbed or simply scattered by the target. This inclusive reaction provides key spectroscopic
information on the single-particle structure of the nucleus [8]. In breakup reactions, the halo
dissociates from the core through the interaction with a target [9, 10]. However, contrary
to the knockout reaction, this reaction is exclusive, meaning that both the core and the halo
nucleon(s) are measured in coincidence after the dissociation, leading to a cleaner, although
more experimentally challenging, probe.
In order to infer reliable nuclear-structure information from such reaction measurements,
an accurate description of the reaction coupled to a realistic model of the projectile is needed.
The eikonal approximation developed by Glauber provides such a simple and effective model
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Figure 1: System of coordinates used in the eikonal approximation to describe the
collision of a one-body projectile P on a structureless target T . The P-T relative
coordinate R is decomposed into its longitudinal Z and transverse b components
relative to the beam axis.
of reactions at high energy [1]. In Sec. 2, after presenting the general idea behind this approximation, I will show how it can be used to describe collisions involving one-neutron halo
nuclei, i.e., two-body projectiles. Then I will describe in Sec. 3 the main reactions, which are
used to study the halo structure at high beam energies, viz. knockout (Sec. 3.1) and breakup
(Sec. 3.2). Section 4 contains recent extensions of this model: to account for relativistic effects at high energy (Sec. 4.1), to describe reactions measured on two-neutron halo nuclei,
viz. with three-body projectiles (Sec. 4.2), and to use the eikonal model at low beam energies
(Sec. 4.3). A brief summary is provided in Sec. 5.

2
2.1

The eikonal approximation
In a nutshell

Let us start with the collision of a one-body projectile P on a target T , which we assume
structureless. The interaction between those two bodies is simulated by an optical potential
VP T . The Schrödinger equation that describes such a system reads


ħ
h2
−
∆R + VP T (R) Ψ(R) = E T Ψ(R),
(1)
2µ P T
were R is the P-T relative coordinate, µ P T is the P-T reduced mass and E T is the total kinetic
energy of the system in the centre-of-mass rest frame. To describe the P-T collision, Eq. (1)
has to be solved with the condition that initially, the projectile is far away from the target and
impinging on it, i.e., that
Ψ(R) −→ e iK Z+··· ,
Z→−∞

(2)

b is the wave vector for the initial P-T relative motion, assuming Z along the beam
where K Z
axis (see Fig. 1).
At sufficiently high beam energy, the wave function Ψ that describes the P-T relative motion will not differ much from the incoming plane wave of Eq. (2). Indeed, under such experimental conditions, most of the reaction products will be detected at forward angles, right
behind the target. The main idea of the eikonal approximation [1, 2] is to factorise that plane
b:
wave out of the wave function Ψ to define a new wave function Ψ
b (R).
Ψ(R) = e iK Z Ψ

(3)

Because the major dependence on R is contained in the initial plane wave, we can assume
b will smoothly depend on R. This enables us to simplify the
that the new wave function Ψ
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Schrödinger Eq. (1). Indeed the effect of the kinetic-energy operator on Ψ expressed as (3)
splits into three terms


µP T 2
ħ
h2
ħ
h2
∂
iK Z
b (R),
−
(4)
−
∆R Ψ(R) = e
∆R − iħ
hv
+
v Ψ
2µ P T
2µ P T
∂Z
2
b is smoothly varying with R, we can
where v = ħ
hK/µ P T is the initial P-T velocity. Because Ψ
b
b . Taking
neglect its second-order derivative ∆Ψ compared to its first order derivative K ∂∂Z Ψ
µP T 2
into account that E T = 2 v , the Schrödinger Eq. (1) can be rewritten as
iħ
hv

∂
b (b, Z) = VP T (R) Ψ
b (b, Z),
Ψ
∂Z

(5)

where R has been explicitly decomposed into its longitudinal Z and transverse b components
relative to the beam axis (see Fig. 1). This equation is much easier to solve than Eq. (1):
instead of a second-order differential equation depending on three variables, it is a one-order
differential equation, which depends on the single longitudinal coordinate Z; the transverse
component b being now a mere parameter. The solution of Eq. (5) that satisfies the initial
condition (2) reads


Z Z
i
b (b, Z) = exp −
Ψ
(6)
VP T (b, Z 0 ) d Z 0 .
ħ
h v −∞
The P-T wave function after the collision Ψ(b, Z) −→ e iK Z e iχ(b) , from which the cross secZ→+∞

tions can be computed, depends on the eikonal phase
Z∞
1
χ(b) = −
VP T (b, Z) d Z.
ħ
h v −∞

(7)

The eikonal approximation therefore leads to a model of the reaction much easier to solve
and which has a simple semiclassical interpretation: the projectile is seen to follow a straightline trajectory along which it accumulates a complex phase due to its interaction with the
target. Another interest of this approximation is that it can be readily extended to two-body
projectiles, such as one-nucleon halo nuclei [11].

2.2

Eikonal description of reactions involving two-body projectiles

To describe the collision involving a projectile P that has a clear two-body structure, such as a
one-nucleon halo nucleus, the internal structure of that projectile can no longer be neglected.
Modelling P as a core c to which a fragment f is loosely bound, we usually describe its structure
by the single-particle quantum-mechanical Hamiltonian
H0 = −

ħ
h2
∆ r + Vc f (r),
2µ

(8)

where r is the c- f relative coordinate (see Fig. 2), µ is the reduced mass of the projectile
constituents and Vc f is an effective potential whose parameters are adjusted to reproduce the
bound states of the projectile and, sometimes, some of its low-lying resonances [11, 12].
The internal structure of the target T is usually neglected and its interaction with the
projectile constituents is simulated by optical potentials chosen in the literature. Within that
framework, studying the P-T collision reduces to solving the three-body Schrödinger equation


ħ
h2
−
∆R + H0 + Vc T (R cT ) + Vf T (R f T ) Ψ(r , R) = E T Ψ(r , R),
(9)
2µ P T
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Figure 2: Jacobi set of coordinates used to describe the collision of a two-body
projectile P onto a target T . The former is described as a fragment f bound to a core
c separated by the internal coordinate r . The relative coordinate of the projectile
centre of mass to the target R is decomposed into its longitudinal Z and transverse
b components.
where R is the coordinate of the projectile centre of mass relative to the target (see Fig. 2), and
Vc T and Vf T are the c-T and f -T optical potentials, which depend on the c-T and f -T relative
distances, respectively. This equation has to be solved with the condition that the projectile is
initially in its ground state
Ψ(r , R) −→ e iK Z+··· Φ0 (r ),
Z→−∞

(10)

where Φ0 is the eigenstate of the Hamiltonian H0 (8) of eigenenergy ε0 , which corresponds to
the bound state of the projectile. As before, the Z axis is chosen along the incoming beam and
2
b is related to the total energy of the system E T = ħh K 2 + ε0 .
the P-T wave vector K Z
2µ P T
In this case, the idea of the eikonal approximation is similar to that in the case of a one-body
projectile: the incoming plane wave e iK Z is factorised out of the three-body wave function Ψ
b [see Eq. (3)] [11, 13]:
to lead to a simpler equation to solve for the new wave function Ψ
iħ
hv



∂
b (r , b, Z) = H0 − ε0 + VcT (R c f ) + Vf T (R f T ) Ψ
b (r , b, Z),
Ψ
∂Z

(11)

which needs to be solved for each value of b, the transverse component of R with the initial
condition
b (r , b, Z) −→ Φ0 (r ).
Ψ
Z→−∞

(12)

Because the reactions described in the eikonal approximation must take place at high energy,
it is usual to perform an additional adiabatic—or sudden—approximation, which neglects the
excitation energy of the projectile compared to the beam energy: H0 − ε0 ≈ 0. In that case,
the eikonal solution of Eq. (9), which satisfies the initial condition (10), reads [7, 11]
 

Ψ(r , b, Z)
−→
e iK Z exp i χcT (r , b) + χ f T (r , b) Φ0 (r ),
(13)
Z→+∞

in which the eikonal phases χc T and χ f T are computed following Eq. (7) for the c-T and f -T
optical potentials, respectively.
Thanks to its simplicity, the eikonal approximation has been widely used to study the spectroscopy of halo nuclei through reactions and mostly knockout reactions [7], which is performed at high energy and on light targets, for which this model of reactions is well suited.
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3
3.1

Reactions with halo nuclei
Knockout

In knockout reactions, a nucleon is quickly removed from the projectile during a high-energy
collision measured on a light target (usually C or Be). It is one of the ways to obtain spectroscopic information on exotic nuclei [7]. In particular, it has been extensively used to probe
the one-neutron halo structure [8, 14]. In that case, the removed neutron either breaks up
from the core of the nucleus, due to its low separation energy, or it is absorbed by the target.
In such experiments, only the core is measured as a product of the reaction, which does not
require as high a beam intensity as if the halo neutron were to be measured in coincidence, as
is the case in breakup reactions (see Sec. 3.2).
Because the reaction is performed at high energy and on a light target, it can be seen
as taking place adiabatically—viz. suddenly—which means that the detected core will retain
some information about its state in the initial ground state of the projectile. Since the halo
wave function is characterised by a large spatial expansion, we can expect the core to have a
fairly narrow momentum distribution within the projectile. Hence the idea to measure the core
momentum distribution after knockout to infer spectroscopic information about halo nuclei
[7]. A narrow distribution would be a strong indication that the nucleus exhibits a one-neutron
halo. Extensive campaigns of measurements have been organised to measure the momentum
distribution along isotopic lines, as the one reported in Ref. [14].
Such a typical measurement is illustrated in Fig. 3, which displays the parallel-momentum
distribution of 10 Be following the removal of one neutron from 11 Be measured at 60 MeV/nucleon on a Be target [8]. In addition to the experimental data, three calculations performed within
the usual eikonal approximation are also shown. Each one of them assumes a different orbital
angular momentum for the valence neutron in this archetypical one-neutron halo nucleus:
l = 0 (solid line), 1 (dashed line) and 2 (dash-dotted line). We observe that the first of these,
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Figure 4: Cross sections for the breakup of (left) 11 Be on C at 67 MeV/nucleon
and (right) 15 C on Pb at 68 MeV/nucleon, both expressed as a function of the cn relative energy E after dissociation. Dynamical eikonal calculations [15, 17] are
compared to the experimental data of (left) Ref. [10] and (right) Ref. [18]. The good
agreement with experiment confirms the few-body structure of the one-neutron halo
projectiles. Right figure adapted with permission from Ref. [17]. Copyright (2010)
by the American Physical Society.
which agrees with the data, leads to the narrowest distribution, which is to be expected in
this case where no barrier hinders the development of a long-range halo in the projectile wave
function. Not only can this type of measurement hint at possible halo nuclei, but it can also
be used as a spectroscopic tool to pinpoint to the single-particle orbital in which the valence
nucleon sits.

3.2

Breakup

In breakup reactions, the halo nucleon(s) dissociate from the core during the collision with
the target. However, contrary to knockout, where only the resulting core is measured, all
constituents, i.e., the core and the halo neutron(s), are measured in coincidence. As mentioned before, this requires higher beam intensities than for knockout experiments since the
measurement of neutrons is not an easy task. However, this reaction provides more detailed information, in particular on the structure of the low-energy continuum of the projectile [10,12].
To infer reliable information about the structure of the projectile from experiment, an
accurate model of this reaction is needed. Unfortunately, in its most usual expression, the
eikonal approximation is not valid to describe reactions on heavy targets. In these cases,
the breakup is dominated by the Coulomb interaction, which, due to its infinite range, is
incompatible with the adiabatic approximation that assumes that the reaction takes place on a
very short time. Mathematically this translates in an eikonal phase that behaves as 1b , leading
to a divergence in the integral over b in the calculation of the cross section [15].
To avoid this divergence, it has been suggested not to perform the adiabatic approximation.
This requires to solve Eq. (11) numerically. This Dynamical Eikonal Approximation (DEA) [13]
has shown to work very well to describe various reaction observables on both light and heavy
targets at intermediate energy for one-neutron [15] and one-proton halo nuclei [16]. These
results are illustrated in Fig. 4, where the breakup cross section of one-neutron halo nuclei 11 Be
(left) and 15 C (right) are plotted as a function of the relative energy E between the neutron
and the core after dissociation.
The reaction involving 11 Be shown in Fig. 4 (left) has been measured on C at
67 MeV/nucleon [10]. The cross section exhibits a significant peak at about E = 1.3 MeV,
+
which corresponds to the energy of a known 52 resonant state in the spectrum of 11 Be, suggesting that information about the projectile continuum can be gained through such measure-
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ments. The DEA calculation confirms this. When including that resonances within the d5/2
partial wave, a narrow peak appears in that contribution to the cross section (dotted line).
Once folded with experimental resolution (solid line), the theoretical prediction of Ref. [12]
agrees very well with the data of Ref. [10].
The breakup of 15 C has been measured on a lead target at 68 MeV/nucleon (right panel
of Fig. 4) [18]. The DEA calculation (dashed green line) is in perfect agreement with experiment [17], confirming the clear two-body structure of 15 C. Interestingly, this result is also
in perfect agreement with a similar calculation performed within the Continuum Discretised
Couple Channel model (CDCC, red solid line), which is fully quantal and does not rely on any
approximation about the projectile-target relative motion [11, 19]. This comparison confirms
the validity of the eikonal approach at intermediate energy [17].
It should be noted that although much less time-consuming than CDCC, the DEA is still
much more computationally expensive than the usual eikonal approximation, which requires
simple one-dimensional integrals to account for the P-T interactions [see Eq. (7)]. To cure
the aforementioned divergence due to the Coulomb interaction, it has been suggested to replace the erroneous Coulomb eikonal phase at by its (correct) estimate at the first order of the
perturbation theory [20]. This Coulomb-Corrected Eikonal model (CCE) has been shown to
agree with DEA calculations at intermediate energy and hence to provide a simple and computationally cheap alternative to the more sophisticated dynamical models [21]. Note that a
more advanced correction has been recently suggested following a similar idea [22].

4
4.1

Recent extensions of the eikonal approximation
Relativistic beam energies

The breakup measurements performed at GSI, as well as those now made at RIKEN, involve
very high-energy beams, of the order of a few hundreds MeV/nucleon. At these energies it is
clear that a proper treatment of special relativity is needed. Since these energies are perfectly
suited for the adiabatic approximation, but for the Coulomb interaction, the aforementioned
CCE [20, 21] is a good starting point for the development of such a model. Recently, it has
been shown that treating the nuclear interaction at the Optical Limit Approximation (OLA)
of the Glauber model [1, 23], and correcting for relativistic effects the sole treatment of the
Coulomb interaction in a CCE model, a good agreement with the experimental breakup cross
section of 11 Be on Pb measured at 520 MeV/nucleon [9] could be obtained [24].
Figure 5 illustrates this new model applied to the Coulomb breakup of 15 C, measured at
GSI at 605 MeV/nucleon [25]. The results of calculations using different models of 15 C are in
excellent agreement with the data (red solid, blue dotted and magenta dash-dotted lines) [26].
The purple dashed line, which corresponds to the result of a calculation without relativistic
correction, confirms the significance of relativistic effects and hence the necessity to include
them properly within the description of the reaction.

4.2

Three-body projectiles

The computational efficiency and reliability of the CCE also opens the door to a more complex
description of the projectile. In particular it has been proposed to extend this model to threebody projectiles, viz. two-neutron halo nuclei [11, 27].
Figure 6 illustrates the excellent results obtained with this model for 11 Li [28], the archetypical two-neutron halo nucleus whose Coulomb breakup has been accurately measured on Pb
at 70 MeV/nucleon [29]. The good agreement with experiment observed on both the energy
(left panel of Fig. 6) and angular (right panel of Fig. 6) distributions confirms both the validity
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Reprinted figure with permission from Ref. [26]. Copyright (2019) by the American Physical Society.
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Li-n-n centre of mass. Coulomb-corrected eikonal calculations [28] are compared to
the experimental data of Ref. [29]. Reprinted figure with permission from Ref. [28].
Copyright (2012) by the American Physical Society.
of the three-body description of 11 Li used in Ref. [28] and the possibility to extend the CCE to
the study of Borromean nuclei.

4.3

Low-energy reactions

As illustrated so far, the eikonal approximation is very reliable to describe reactions measured
at intermediate and high energies, viz. above 50 MeV/nucleon. However, the computing
attractiveness of this approximation over more quantal models, like CDCC, has raised the
interest to find a correction to extend its range of validity to lower beam energies. In particular,
an eikonal-like model valid at about 10 MeV/nucleon would be valuable to analyse data taken
at the new HIE-ISOLDE facility at CERN or at the future ReA12 of FRIB.
In the detailed comparison between the DEA and CDCC presented in Ref. [17], it has been
shown that already at 20 MeV/nucleon, the eikonal approximation fails at reproducing CDCC
cross sections (see Fig. 7). It appears that the DEA (dashed green line) leads to too large and
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from Ref. [30]. Copyright (2014) by the American Physical Society.
too forward-focussed an angular distribution compared to the CDCC reference calculation (red
solid line). This can be easily understood from the semiclassical interpretation of the eikonal
approximation (see Sec. 2.1). The projectile is seen as following a straight-line trajectory. It
is thus “forced” towards forward angles and constrained to pass through the high-field zone
of the target. It is thus not surprising that the resulting cross section appears too high and
peaking at too forward an angle, simply because the Coulomb deflection is not included in the
model.
In a later analysis, it has been shown that a simple semiclassical correction is enough to
account for the Coulomb deflection [30]. The idea of that correction is to replace the transverse
coordinate b of R in the DEA Eq. (11) by the classical distance of closest approach b0 for the
Coulomb trajectory corresponding to the impact parameter b [23]
v
t η2
η
b0 = +
+ b2 ,
(14)
K
K2
where the Sommerfeld parameter η = Z P Z T e2 /4πε0ħ
h v, and Z P and Z T are the projectile
and target atomic numbers, respectively. With this simple correction, the DEA cross section
is reduced and extended to larger angles and perfectly matches the CDCC prediction (see the
black dash-dotted line in Fig. 7) [30].
At least for Coulomb-dominated collisions it is thus possible to extend the eikonal approximation to low energies. It has been tried to apply similar corrections to nuclear-dominated
reactions, hence to light targets [31, 32]. Unfortunately, none of these corrections seem to
work to properly describe the breakup of one-neutron halo nuclei on light targets down to
20 MeV/nucleon [33]. Although disappointing, this result shows the limit of the eikonal approximation and in which conditions it is requested to resort to fully quantal models.

5

Summary

Roy Glauber has developed the eikonal approximation to describe high-energy quantal collisions [1]. At least in the realm of nuclear physics, his model has proved—and continues
to prove—very helpful to accurately analyse experiments performed at radioactive-ion beam
facilities to study the structure of nuclei away from stability [2, 11].
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In this contribution, I have illustrated the use of the eikonal approximation to analyse
reactions involving halo nuclei [3]. These exotic, short-lived nuclei exhibit a very unusual
structure, where one or two loosely-bound nucleons, tunneling into the classically-forbidden
region, exhibit a high probability of presence at a large distance from the other nucleons. These
valence nucleons hence form a sort of diffuse halo around the compact core of the nucleus [4].
This peculiar structure challenges the usual description of nuclei, in which nuclei are seen as
compact clusters of nucleons. Because of their short lifetime, halo nuclei are often studied
through reactions. To infer reliable spectroscopic information from such measurements, a
good understanding of the reaction process is needed. The eikonal approximation provides us
with such a model for reactions measured at high beam energy (viz. above 50 MeV/nucleon).
In particular, I have emphasised the application of the usual eikonal approximation, i.e.,
which includes the subsequent adiabatic treatment of the projectile dynamics, to analyse measurements of knockout reactions [7], i.e., of reactions where the halo nucleons are removed
from the nucleus on a light target at high energy, see, e.g., Ref. [8].
The use of the eikonal approximation to describe breakup reactions, in which both the
core and the halo nucleons are measured in coincidence [9, 10], requires a correct treatment
of the P-T Coulomb interaction, which cannot be accounted for at the adiabatic approximation
[11,13,21]. This can be done either by fully including the dynamics of the projectile within the
reaction model, like in the DEA [13,15] or by correcting the eikonal treatment of the Coulomb
interaction at the first order of the perturbation theory [20–22].
The eikonal approximation provides a simple and elegant model of the reaction with a
clear semiclassical interpretation. Unfortunately it is limited to high beam energies, viz. above
50 MeV/nucleon. Efforts have been made to extend its range of validity towards lower energies. For reactions on heavy targets, the Coulomb deflection can be easily simulated by a
simple semiclassical correction, enabling a correct description of breakup reactions down to,
at least, 20 MeV/nucleon [30]. On light targets however, no such correction seems to provide
acceptable results to reliably analyse reactions at low energy [33].
The eikonal approximation and the models that have been derived have provided and will
continue to provide valuable information on the structure of nuclei away from stability, such
as halo nuclei. This confirms the significant, albeit less known, contribution of Roy Glauber in
modern nuclear physics.
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Abstract
Four nucleon scattering at intermediate energies provides unique opportunities to study
effects of the two key ingredients of the nuclear dynamics, the nucleon-nucleon P-wave
(NNP-wave) and the three-nucleon force (3NF). This is possible only with systematic and
precise data, in conjunction with exact theoretical calculations. Using the BINA detector
at KVI Groningen, the Netherlands, a rich set of differential cross section of the 2 H(d,
dp)n breakup reaction at 160 MeV deuteron beam energy has been measured. Besides
the three-body breakup, also cross sections of the 2 H(d, 3 He)n proton transfer reaction
have been obtained. The data are compared to the recent calculations for the threecluster breakup.
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Introduction

Four-nucleon (4N) system has many advantages over three-nucleon (3N) one what makes it
a perfect laboratory to study nuclear forces. In particular, 4N systems reveal higher sensitivity
to the effects of NN P-waves and 3NF than the ones composed of 2 and 3 nucleons. Moreover,
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it is a simplest environment where 3NF in channel of total isospin T=3/2 can be investigated.
4N scattering above the breakup threshold is very difficult for theoretical treatment and currently the calculations are limited only to a few reactions. The difficulties lie in the system
complexity: 4N continuum contains resonances, many input and output channels exist which
are coupled and involve different isospin states. However, these are also features which make
the 4N system ideal tool to study nuclear interaction and various theoretical approaches.
Recently, there has been a rapid progress in 4N accurate calculations mostly due to work
of three groups: Pisa, Grenoble-Strasbourg and Lisbon-Vilnius. The Pisa group has performed
accurate numerical calculations for low-energy p−3 He elastic scattering using hyperspherical harmonics expansion method [1, 2]. The Grenoble-Strasbourg group uses the FaddeevYakubovsky equations in configuration space [3, 4], but the calculations are limited so far
to processes up to n−3 He threshold (the elastic n−3 He and charge-exchange p−3 H channels) [4, 5]. Currently, only the Lisbon-Vilnius group calculates observables for multi-channel
reactions above the breakup threshold [6–8], and with the Coulomb force included. They use
the momentum space equations of Alt, Grassberger and Sandhas (AGS) [9] for the transition
operators. The above methods are described in the review article [10].
Comparisons between the calculations and the experimental data revealed several discrepancies, for example in p−3 He elastic scattering. There exist accurate measurements for unpolarized cross section [11–13], proton analyzing power A y [10, 13, 14], and other polarization
observables [15]. The calculations performed with various NN interactions revealed discrepancy between theory and experiment for A y [13, 16–19]. This discrepancy is very similar to
the well known “A y puzzle” in N − d scattering.
Recently, the calculations have been extended for higher energies, above the four-cluster
breakup threshold, up to an energy of 35 MeV. The following models were utilized in the calculations: CD Bonn [20] and Argonne V18 [21] potentials, INOY04 (the inside-nonlocal outsideYukawa) potential by Doleschall [22], potential derived from ChPT at next-to-next-to-next-toleading order (N3LO) [23], the two-baryon coupled-channel potential CD Bonn+∆ [24]. The
last model yields effective three- and four-nucleon forces [6], but their effect is of moderate
size at most. The sensitivity to the force model in the energy range studied reached 30% in the
cross section minimum. The predictions have been made for observables in p-3 He [25], p-3 H,
n-3 He [7] elastic scattering and transfer reactions. The first estimate calculations at higher energies have been performed in the so-called single-scattering approximation (SSA) for the d+d
→ d+p+n three-cluster breakup and elastic scattering [26]. The calculations are performed
in two versions. The first one, the so-called one-term (1-term) SSA, refers to a situation in
which the target deuteron breaks due to its proton interaction with the deuteron beam. The
second one, the so-called four term (4-term) SSA, on top of the 1-term SSA contains other three
contributions, one of them corresponding to the case in which not the target proton but the
neutron interacts with the beam deuteron. Two further contributions arise from exchanging
the target and beam deuterons, i.e., they correspond to the breakup of the beam deuteron.
Recent progress in calculations for d+d system is presented in Refs. [8, 26, 27].
Experimentally, 4N systems are mostly studied in p−3 He and d − d reactions [28–33], but
in general the world database on 4N scattering at medium energies is very scarce and limited
to very narrow phase space. The situation is even worse for the breakup channels [34–38].
The new-generation data covering large phase space were measured at KVI at 130 [35, 39]
and 160 MeV [37, 38].
With the two deuterons in the initial state, in addition to the simple elastic scattering process, several reactions with a pure hadronic signature can occur:
1. neutron-transfer: d+d → p+3 H,
2. proton-transfer: d+d → n+3 He,
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3. three-body breakup: d+d → d+p+n,
4. four-body breakup: d+d → p+p+n+n.
In this article, measurements of the differential cross section at 160 MeV beam energy for the
elastic scattering and proton transfer will be presented along with three-body breakup around
the quasi-free scattering (QFS) kinematical regime.

2

BINA detection system

The experiment was performed with the use of the Big Instrument for Nuclear Polarization
Analysis (BINA) installed at Kernfysisch Versneller Instituut (KVI) in Groningen, the Netherlands. BINA is a 4π detector which was designed to detect charged particles produced in few
nucleon reactions at medium energies of up to 200 MeV/nucleon. The goal of the experiment
reported here was to measure differential cross section for all the channels discussed above.
In the experiment, the deuteron beam of energy of 160 MeV and of very low current (about 5
pA) was impinging on a liquid deuterium target. Under such conditions the rate of accidental
coincidences was minimized.
The detector is divided into two main parts, the forward Wall and the backward Ball.
The forward Wall is composed of a three-plane Multi-Wire Proportional Chamber (MWPC), to
reconstruct particles trajectories, and an array of ∆E-E telescopes to perform particle identification. The thick stopping E-detector, is used to measure the energy of particles. The forward
Wall covers polar angles, θ , in the range of 10◦ -35◦ and the full range of azimuthal angles.
The backward Ball registers charged particles scattered at polar angles in the range of 40◦ to
165◦ with almost full azimuthal angle coverage. A detailed description of the BINA detection
setup is presented e.g. in Ref. [33].

3

Results

The differential cross section for the 2 H(d,d p)n three-body breakup at 160 MeV has been obtained for 441 proton-deuteron kinematical configurations. Polar angles θd and θ p are varied
between 16◦ and 29◦ with the step of 2◦ and proton-deuteron relative azimuthal angle ϕd p is
taken in the range from 20◦ to 180◦ , with the step size of 20◦ . The experimental results are
integrated in the ranges of ∆θ p = ∆θd = 2◦ and ∆ϕd p = 10◦ . The proton-deuteron coincidence yield has been projected onto theoretical point-like kinematics defined with θd , θ p and
∆ϕd p and grouped in 4 MeV S-bins, where S is the arc-length along the kinematical curve.
An example of such kinematics is presented in Fig. 1 in the left panel. The second introduced variable, D denotes the distance of each experimental point (Ed , E p ) from the point-like
kinematics see Fig. 1. The cross section has been calculated in a function of S. The gaussian
was fitted to the D-distributions and the events have been integrated in a Da -Db range (see
Fig. 1, righ panel) corresponding to distances of −3σ and +3σ from the maximum of the fitted
peak. The events have been corrected for the acceptance and efficiency and normalized to the
d − d elastic scattering cross section measured at two energies of 130 and 180 MeV [32]. For
more details see Refs. [33, 37, 38]. The data have been compared to the recent theoretical
predictions which are available only for configurations around the QFS region, in the so-called
single-scattering approximation (SSA) for the three-cluster breakup [26], see also Sec. 1. The
calculations have been performed using the CD Bonn, AV18 and CD Bonn + ∆ potentials in
1- and 4-term versions of the SSA calculations. In the investigated part of the phase space,
corresponding to the forward part of the BINA setup, the breakup channel is dominated by
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the quasi-free scattering of the deuteron beam on proton from the deuteron target. This effect
can be seen in Fig. 3, left panel, which presents the experimental cross sections integrated
over the S arc-length with the analogously treated theoretical predictions. The cross section
is strongly peaked in the region of quasi-free scattering and almost two orders of magnitude
smaller for other geometries. The data have been compared to the available SSA calculations
at ϕd p =140◦ , 160◦ and 180◦ . One can also notice in Fig. 3 that with ϕd p approaching to 180◦
the data description is getting better. Among all coplanar geometries, the ones with larger
polar angles (θ p ≥ 24◦ and θd ≥ 24◦ ) are better described by theory, as expected from SSA.
In the previous analyses of the ppn channel [40–43] the standardized χ 2 was used to
compare the data with various exact calculations. Owing to the fact that currently only approximate calculations are available and discrepancies between the data and theories are quite
large, a so-called A-factor instead of χ 2 was used. The A-factor was introduced in Ref. [38,44]
and is defined as follows:
ex p
N
th
1 X | σi − σi |
A≡
,
N i=1 σiex p + σith

(1)

where the sum runs over the number of data points in a given bin of a given variable. The
A-factor has the advantage of its quite simple interpretation. Values of the A-factor belong to
the interval [0, 1], where zero means a perfect agreement between the data and calculations
and with the deterioration of the agreement the A-factor approaches one. To investigate the
quality of the data description by the model, the data have been sorted with respect to the
neutron-spectator energy En . In the investigated part of the phase space, corresponding to the
so-called “around” d p-QFS region [38], the neutron energy (or momentum) is suitable variable
to select the QFS process (besides the kinematical relations). In general one can conclude that
at the lowest En the 1- term calculations perform better than those with 4-term, see Fig. 3,
right panel. For En < 10 MeV the 1- term calculations describe the data well. For higher En
the agreement between the experimental and calculated cross sections deteriorates, but the
4- term calculations stay closer to the data than the 1- term ones. At the highest available
En the A-factor evaluated for all calculations has values close or equal to one which means a
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Figure 1: (Color online) Left panel: E p vs. Ed coincidence spectrum of the protondeuteron pairs registered at θd = 24◦ ± 1◦ , θ p = 28◦ ± 1◦ , ϕd p = 180◦ ± 5◦ . The solid
line shows a 3-body kinematical curve calculated for the central values of the angular
ranges. Variables: arc-length S and distance from kinematics D are presented in a
schematic way. Right panel: The projection of events belonging to one ∆S bin onto
the D-axis. A Gaussian distribution was fitted in the range of D between Da and Db ,
corresponding to distances of −3σ and +3σ from the fitted peak position.
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Figure 2: (Color online) Differential cross section as a function of the kinematical
variable S for the angular configuration specified in the panel. The experimental
points are marked with black dots with total systematic errors depicted as empty
boxes. Various lines represent the theoretical predictions calculated at the central
values of the defined angular bins. The black lines refer to the SSA calculations
based on the CD Bonn + ∆ (CDB + ∆) potential: solid with 4-term (4t) and dashed
with 1-term (1t). Solid and dashed magenta (light gray) and blue (dark gray) lines
represent the similar set of the calculations but for the CD Bonn and AV18 potentials,
respectively. The solid red line (upper line) presents the dependence of the spectator
neutron energy (En ) on the S variable. For details see also Ref. [38].
failure of the theoretical description, as expected from the model assumptions [26].
Additionally to the breakup cross sections, differential cross section for the proton-transfer
d+d → n+3 He has been obtained [33]. The BINA cross section is presented together with
previously measured data in a function of square of four-momentum transfer in Fig. 4. The
q2 distribution follows the trend observed at higher energies obtained in proton and neutron
transfer reactions. Currently, there is no theoretical predictions available to compare with the
data.

4

Further studies at higher energies

The studies can be further extended to energy of 350 MeV on the basis of the d d scattering
data collected with the WASA@COSY detector [45].
The WASA (Wide Angle Shower Apparatus) detection system operated at the COSY (COoler
Synchrotron) accelerator in FZ-Jülich and consists of four main components: Central Detector (CD), Forward Detector (FD), Pellet Target Device and the Scattering Chamber. The CD
surrounds the interaction region and is used for detection of neutral and charged particles.
It contains four detectors: Mini Drift Chamber, Plastic Scintillator Barrel, Scintillator Electromagnetic Calorimeter and Super Conduction Solenoid. The FD covers the region of the
polar angles from 3◦ to 18◦ . It consists of a set of plastic scintillators for the charged hadron
identification, track reconstruction and energy measurement. It contains different types of
the detectors: Forward Window Counter, Forward Proportional Chamber and Forward Trigger
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Hodoscope.
It would be very interesting to check if at almost two times higher energy the SSA calculations will perform better than at 160 MeV. Sample calculations for FD-FD deuteron-proton
geometries are presented in Fig. 5. The red lines represent the neutron energy and at its
minimum the QFS process can be investigated.

018.6

d5s/d W 1dW 2dS [mb sr-2 MeV-1]

SciPost Phys. Proc. 3, 018 (2020)

0.8

qd=12o, qp=4o

1

qd=16o, qp=8o

0.8

0.6

0.6
0.4
0.4
0.2
0 100

0.2
200
300
S [MeV]

400

0

100

200
300
S [MeV]

400

Figure 5: (Color online) Differential cross section for the angular configuration specified in the figures. The black points refer to the SSA calculations based on the CD
Bonn + ∆ potential in the 4-term version. The solid red line present the dependence
of the spectator neutron energy (En ) on the S variable.

5

Conclusions

The differential cross-section distributions for the three-body 2 H(d, dp)n breakup reaction have
been obtained for 441 proton-deuteron geometries at 160 MeV deuteron beam energy. The
analyzed part of the phase space covers a wide kinematical region around the d p-QFS. The
cross sections have been compared to the calculations based on the single-scattering approximation for 4N systems at higher energies [26]. The system dynamics is modeled with AV18,
CD Bonn and CD Bonn+∆ potentials. The calculations are still not exact, but they provide a
correct order of magnitude for the cross section close to the QFS region.
Additionally to the breakup cross sections, the differential cross section for the d d → n3 He
proton transfer reaction have been obtained. In this case, however, no calculations exist, but
the data can be used to validate the future theoretical findings. They supplement the existing database in the poorly known region of intermediate energies (beam momentum below 1
GeV/c).
There is possibility to study the three-body breakup at 350 MeV with the d d scattering
data collected with the WASA@COSY detector to test the SSA calculations at higher energy.
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Abstract
We measured the cross section and the proton analyzing power A y for p–3 He elastic
scattering at the angles θ = 26.9◦ –170.1◦ in the center of mass system with a 65 MeV
polarized proton beam. We compared the data with the rigorous numerical calculations
based on the various nucleon–nucleon potentials. For the cross section, clear discrepancy
is seen at the angles where the cross section takes minimum. For the proton analyzing
power A y , the calculations have moderate agreements with the data. In this proceedings,
we show only the experimental results.
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Introduction

One of the most important topics of nuclear physics is to describe the properties of nucleus
based on the nucleon–nucleon (N N ) interactions combined with the three–nucleon forces
(3NFs). 3NFs are key elements to understand various nuclear phenomena, e.g. binding energies of light mass nuclei [1] and equation of state of nuclear matter [2].
To study the dynamical aspects of 3NFs, such as momentum, spin, and iso-spin dependencies, few–nucleon scattering is a good probe. The first indication of the 3NF effects in the
few–nucleon scattering was found in the cross section minimum for deuteron–proton (d p)
elastic scattering at intermediate energies (E/A ¦ 65 MeV) [3].
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3NF effects could also be seen in four-nucleon scattering. In order to explain 3NF effects
in four-nucleon scattering as well as to approach to the 3NFs with the channels of the total isospin T = 3/2 we have performed the measurement for the p–3 He scattering at intermediate
energies. Here we report the cross section and the proton analyzing power A y for the p–3 He
elastic scattering at 65 MeV.

2
2.1

Experiment
Experimental setup

The measurement of p–3 He elastic scattering was performed in the west experimental hall of
the Research Center for Nuclear Physics (RCNP), Osaka University. The atomic beam type High
Intensity Polarized Ion Source HIPIS [4] provided polarized protons. The polarized proton
beam was accelerated by the AVF cyclotron up to 65 MeV and transported to the experimental
hall. The extracted beam was focused onto a carbon foil target at the beam line polarimeter.
It was refocused onto the 3 He gaseous target in the scattering chamber. After bombarding the
3
He gaseous target, the beam was stopped in a Faraday cup. The beam intensity was 20 – 100
nA.
The 3 He gaseous target was operated at room temperature under atmospheric pressure.
The pressure and temperature of the gaseous target were monitored by using the gas target
system [5].
Figure 1 shows the schematic view of the experimental setup. The scattered particles from
3
He nuclei were detected by the d E–E detectors which consisted of plastic and NaI(Tl) scintillators. A double-slit collimator system was used to determine the effective target thickness.
The measured angles were θ = 20◦ –165◦ in the laboratory system (θ = 26.9◦ –170.1◦ in the
center of mass system).

detector 2

10°

Double slit collimator
(Ta, 5 mm-thick)

5.6 mm

detector 1

190 mm

Δθ
3.5 mm
72 mm
3

He gaseous target

pol.p beam
θlab

ΔZ

50 mm

Figure 1: Schematic view of the experimental setup
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Figure 2: Two-dimensional plot of the light outputs of the d E and E detectors.

2.2

Experimental procedure

The beam polarizations were measured using the beam line polarimeter. The polarimetry has
been performed by p–12 C elastic scattering. The analyzing power of p–12 C elastic scattering
in the region of interest are reported in Ref [6]. The typical beam polarizations during the
experiment were around 50 %.
In order to calibrate the absolute value of the cross section for p–3 He elastic scattering,
we measured p–p elastic scattering using the same experimental setup. The hydorogen gas
was used as the target at room temperature under atmospheric pressure. The experimental
cross section for p–p elastic scattering were normalized to the cross section calculated by the
phase-shift analysis program SAID [7].

3

Results and discussions

Particle identification has been performed using the correlation between the d E and E detectors. Figure 2 shows a two-dimensional plot of the light outputs of the d E and E detectors.
The events from the p–3 He elastic scattering are clearly seen around the highest ADC channels
of the E detector. Time of flight information was also used for the event selection.
The proton analyzing power A y was extracted by using the yields for the two beam polarization modes ("spin-up" and "spin-down"). It was calculated as,
Apy =

Nu − Nd
,
N d puy + N u p dy

(1)

where pu(d)
denotes the beam polarization of the spin-up (spin-down) mode, N u(d) denotes
y
the yields for the p–3 He elastic scattering obtained with the spin-up (spin-down) mode.
Figure 3 shows the experimental results of the cross section and the proton analyzing power
A y as a function of the scattering angle in the center of mass system (C.M.). Open circles
are the experimental data. Only the statistical errors are shown. The obtained data will be

019.3

SciPost Phys. Proc. 3, 019 (2020)

1

100

Ay

dσ/dΩ [mb/sr]

0.5
10

0

1

-0.5

0.1

0

20

40

60

80 100 120 140 160 180
θC.M. [deg]

-1

0

20

40

60

80 100 120 140 160 180
θC.M. [deg]

Figure 3: The cross section and the proton analyzing power A y for the p–3 He elastic
scattering at 65 MeV with respect to the angles in the center of mass system.

compared with the rigorous numerical four–nucleon calculations based on the several realistic
N N potentials, namely AV18 [8], INOY [9], SMS51 [10], SMS53 [10], CD-Bonn [11] and
the CD-Bonn potential with the ∆-isober degree of freedom included [12]. In this conference
proceedings we present only the experimental results. All the calculations based on the various
N N potentials provide similar results. For the cross section, clear discrepancy is found at the
angles θC.M. = 80◦ –140◦ . For the proton analyzing power A y , the angular distribution of the
experimental data has a moderate agreement with the theoretical calculations.

4

Summary

We performed the measurement of the cross section and the proton analyzing power A y for
p–3 He elastic scattering using the 65 MeV polarized proton beam. Measured angles were
θC.M. = 26.9◦ –170.1◦ . The experimental data will be compared with the theoretical calculations based on the various N N potentials. For the cross section, clear discrepancy between the
data and the calculations is found at the angles θC.M. = 80◦ –140◦ .
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Abstract
Proton–3 He scattering is one of the good probes to study the T = 3/2 channel of three–
nucleon forces. We have measured 3 He analyzing powers for p−3 He elastic scattering
with the polarized 3 He target at 70 and 100 MeV. In the conference the data were compared with the theoretical predictions based on the modern nucleon–nucleon potentials.
Large discrepancies were found between the data and the calculations at the angles
where the 3 He analyzing power takes the minimum and maximum values.
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Introduction

Understanding nuclear properties based on bare nuclear forces is one of the main interests in
nuclear physics. Three–nucleon forces (3NFs) are essentially important to clarify various nu020.1
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clear phenomena such as few–nucleon scattering [1], binding energies of light mass nuclei [2]
and equation of state of nuclear matter [3]. To investigate dynamical aspects (momentum,
spin and isospin dependence) of 3NFs, the few-nucleon scattering is a good probe. One can
perform direct comparison between the rigorous numerical calculations and precise experimental data, and extract the information of 3NFs. With the aim of studying 3NFs, we have
performed the experimental studies of nucleon–deuteron scattering at intermediate energies
(65−300 MeV/nucleon) [4,5]. In the case of the cross section for the elastic deuteron–proton
scattering at 135 MeV/nucleon, large discrepancies between the experimental data and the
rigorous numerical calculations based on the modern nucleon–nucleon (N N ) potentials (such
as AV18 [6], CD–Bonn [7] and Nijmegen I, II, 93 [8]) are found. The theoretical calculations
with the Tucson-Melbourne’99 [9] or Urbana IX [10] 3NF reproduce well the cross section
data. This is taken as the first signature of 3NF effects in three-nucleon scattering.
Recently, the importance of the isospin dependence of 3NFs has been suggested for understanding of asymmetric nuclear matter (e.g., neutron-rich nuclei and neutron matter properties) [2, 3]. However, the total isospin of N d scattering system is limited to T = 1/2. In order
to explore the properties of the 3NFs in A ≥ 3 nuclear systems and to approach the isospin
dependence of 3NFs, we have performed the measurement of p–3 He elastic scattering at intermediate energies. In this contribution we report the measurement of 3 He analyzing powers
for p–3 He elastic scattering at CYRIC, Tohoku University and RCNP, Osaka University using the
polarized 3 He target.
In this paper, we present the measurement of 3 He analyzing powers at 70 and 100 MeV
using the polarized 3 He target. Section 2 deals with the details of the polarized 3 He target
system developed for p−3 He scattering experiment. In Sec. 3 we describe the measurement
of 3 He analyzing powers, and Section 4 presents comparison between the obtained data and
the theoretical predictions. We summarize and conclude in Sec. 5.

2

Polarized 3 He Target

We developed the polarized 3 He target system for the measurement of 3 He analyzing power. A
schematic view of the polarized 3 He target system is shown in Fig. 1. The polarized 3 He target
system consisted of main coils which were the Helmholtz type providing a static magnetic
field, and coils for polarimetry, the oven and the laser system.
In order to polarize 3 He nucleus, we adopted the alkali–hybrid spin–exchange optical
pumping (AH–SEOP) method. This method consisted of two step processes. First, Rb vapor
was polarized by optical pumping with circularly polarized light in the presence of a static magnetic field. Then the polarization of Rb atoms was transferred to K atoms via spin–exchange
collisions. Second, the alkali metal polarization was transferred to 3 He nuclei by hyper–fine
interactions. We used a spectrally narrowed laser with the optics to produce circularly polarized light. The output power of the laser was 60 W and the wavelength was 795 nm with
FWHM of 0.2 nm. The target cell consisted of a cylindrical pumping chamber with a length of
45 mm and a cylindrical target chamber with a length of 150 mm. A diameter of the pumping
chamber and the target chamber were 60 mm and 40 mm, respectively. It contained the 3 He
gas with pressure of 3 atm. at room temperature together with a small amount of Rb and K as
well as N2 gas. The target cell was installed at the center of the main coils, and the pumping
chamber was placed in the oven to obtain a sufficient amount of Rb and K vapor by heating
up to ∼ 200 ◦ C.
We measured the target polarization by the adiabatic fast passage–NMR (AFP–NMR)
method in combination with the electron paramagnetic resonance (EPR) method [11]. The
AFP–NMR system consisted of the main coils, drive coils and a pick-up coil. Sweeping a static
020.2
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Figure 1: (Color online) Schematic view of the polarized 3 He target.
magnetic field while applying a RF field by the drive coils under the AFP condition, we flipped
the direction of 3 He spin. The induced NMR signals were detected by the pick–up coil. We have
obtained the absolute values of the 3 He polarization by the EPR method. This method uses the
EPR frequency shift due to the magnetic filed created by polarized 3 He nuclei. The EPR system
consisted of a EPR coil placed inside the oven and a photodiode to detect a EPR signal. The
EPR coil created an RF magnetic filed to induce EPR. However, the EPR measurement gives us
only the 3 He polarization of the pumping chamber because it is needed to the mixture of 3 He
and alkali metal vapor. It is necessary to know the 3 He polarization of the target chamber to
extract 3 He analyzing powers from the p−3 He elastic scattering experiment. For this reason,
we have performed the neutron transmission measurement which offers direct measurement
of the 3 He polarization in the target chamber. Neutron transmission Tn is described as;
Tn = e−σabs nHe d cosh(PHe σabs nHe d),

(1)

where σabs is the neutron absorption cross section of 3 He, nHe is the 3 He number density, d is
the inner length of the target chamber and PHe is the 3 He polarization, respectively. Therefore,
the 3 He polarization is calculated as,


Tn
1
−1
PHe = −
cosh
,
(2)
ln Tn,0
Tn,0
where Tn,0 is the neutron transmission with the un–polarized 3 He cell. The experiment has
been performed using a neutron source at RIKEN. We obtained the 3 He polarization of the
target to be about 40 %.
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3

Detailed Measurement of 3 He Analyzing Powers

The polarized cross section for p−3 He elastic scattering is expressed as,


dσ
dσ
=
(1 + p y A y ),
dΩ
dΩ 0

(3)

where dσ/dΩ ((dσ/dΩ)0 ) is the polarized (un–polarized) differential cross section, and p y
denotes the polarization of the 3 He target. The polarization axis of the target is normal to the
reaction plane in this experiment. The 3 He analyzing power can be extracted by applying the
polarized 3 He target with the upward and downward directions.
We performed the measurement of 3 He analyzing powers for p−3 He elastic scattering at
CYRIC, Tohoku University and RCNP, Osaka University. The experimental conditions are summarized in Table 1.
Table 1: Summary of the experimental conditions.
Facilities
Observables
Beam
Energy
Beam intensity
Target
Target polarization
Detectors
Measured angles
Solid angles

CYRIC
A0 y
proton
70 MeV
5 − 10 nA
3
He gas (2 mg/cm2 )
max. ∼ 40 %
∆E–E detectors
θc.m. = 46◦ − 141◦
0.4 msr

RCNP
A0 y
proton
100 MeV
30 nA
3
He gas (2 mg/cm2 )
max. ∼ 40 %
∆E–E detectors
θc.m. = 47◦ − 149◦
0.4 msr

A schematic view of the experimental setup at CYRIC is shown in Fig. 2. The proton beams
were accelerated up to 70 MeV by the AVF cyclotron. Typical beam intensities were 5 – 10 nA.
Charge collection of the beams was performed by using the Faraday cup placed downstream
of the target. We also monitored relative values of the beam intensities by the beam monitor
installed in the vacuum chamber placed upstream of the target. The scattered protons from the
polyethylene film with a thickness of 20 µm were detected by the beam monitor at θlab. = 45◦ .
The beam monitor was ∆E − E detectors which consists of thin and thick plastic scintillators
coupled with photomultiplier tubes (PMTs). The scattered protons from the polarized 3 He
target were detected by ∆E − E detectors placed on a left and right side of the target. The ∆E
detectors were plastic scintillators with thickness of 0.2, 0.5 or 1 mm. The E detectors were
a NaI(Tl) scintillator with thickness of 50 mm. The measured angles were θc.m. = 46◦ − 141◦
in the center of mass system. During the experiment, we measured the 3 He polarization and
flipped 3 He nuclear spin direction by using the AFP–NMR method every hour.
We also performed the measurement of 3 He analyzing powers at RCNP, Osaka University.
The proton beams were provided by a ion source and then were accelerated up to 100 MeV
by the AVF cyclotron and the Ring cyclotron. A typical beam intensity was ∼ 30 nA. Charge
collection of the beams was performed by using the Faraday cup placed downstream of the
target. An experimental setup around the target was the same as that of CYRIC. The measured
angles were θc.m. = 47◦ − 149◦ in the center of mass system.
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Figure 2: (Color online) Schematic view of the experimental setup for p−3 He scattering at CYRIC.

4

Results

Figure 3 shows the experimental data for the 3 He analyzing powers. In the conference the
experimental data were compared with the rigorous numerical calculations based on various
realistic nuclear potentials [12]. The angular distribution of the experimental data had a
moderate agreement with the theoretical predictions. However, the large discrepancies were
found at around minimum and maximum angles both at 70 and 100 MeV. Careful analysis is
in progress now together with the evaluation of the target 3 He polarization.

5

Summary and Conclusions

We have performed the measurement of 3 He analyzing powers for p−3 He elastic scattering
at 70 and 100 MeV by using the polarized 3 He target in a wide angular range. In the conference the experimental data were compared with the rigorous numerical calculations based
on the modern N N potentials. For both the incident energies large discrepancies were found
between the data and the calculations at around the angles where the data takes maximum
and minimum values. For the lower energies 5–35 MeV, the data of 3 He analyzing powers
are reproduced by the theoretical predictions based on the N N potential only [13, 14]. The
obtained results indicate that some other components are missed in the theoretical prediction
in p–3 He scattering. In order to perform detailed quantitative discussions of the 3NF effects,
study is in progress both from experiment and theory.
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Abstract
We study effects of the Pauli principle on the potential energy of two-cluster systems.
The object of the investigation is the lightest nuclei of p-shell with a dominant α-cluster
channel. For this aim we construct matrix elements of two-cluster potential energy between cluster oscillator functions with and without full antisymmetrization. Eigenvalues
and eigenfunctions of the potential energy matrix are studied in detail. Eigenfunctions
of the potential energy operator are presented in oscillator, coordinate and momentum
spaces. We demonstrate that the Pauli principle affects more strongly the eigenfunctions
than the eigenvalues of the matrix and leads to the formation of resonance and trapped
states.
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Introduction

In the present paper, we have considered how the Pauli principle affects a cluster-cluster interaction. We follow a microscopic method, an algebraic version of the resonating group
method [1], and consider the lightest nuclei of p-shell with a dominant α-cluster channel.
Correct account of the Pauli principle is known to be of paramount importance in description
of bound and low-energy resonance states in light nuclei with a prominent cluster structure.
However, proper account of the antisymmetrization of nucleons belonging to different cluster
is quite a tricky problem. Popular cluster models, which treat the antisymmetrization approximately, use a folding cluster-cluster potential. Hence, it is necessary to know what the
difference between the folding and exact cluster-cluster potential is. Our paper provides an
answer to this question. We found an unexpected impact of the Pauli principle on the potential
energy.
Due to the antisymmetrization the potential of interaction between the composite systems
is a nonlocal operator. In [2] we formulated an algorithm for studying potential energy of
a two-cluster system in a discrete representation. Our method allows reducing the nonlocal interaction to a local form. As a result, one can study effects of the Pauli principle or
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effects of other factors or forces on the interaction between complex systems, where the antisymmetrization plays an important role. We would like to stress that this method is quite
universal, because it can be applied to any pairs of interacting many-particle systems, such as
baryons comprised of quarks, or atoms consisting of electrons.
It is important to notice that the total interaction of two-cluster system originates from
nucleon-nucleon interaction and also from the kinetic energy operator. The influence of the
Pauli principle on the kinetic energy of relative motion of two clusters has been investigated
in Refs. [3–6]. In the present paper we will consider only the first part of the cluster-cluster
potential.
The paper is organized as follows. In Section 2 a short explanation of the suggested method
is given. Results are discussed in Section 3 and conclusions are stated in Section 4.

2

Method

A wave function of A-nucleon systems for the partition A = A1 + A2 is

Ò [ψ1 (A1 , s1 , b) ψ2 (A2 , s2 , b)]S f L (q) YLM (b
ΨL M = A
q) ,

(1)

where ψν (Aν , sν , b) is a fully antisymmetric function, describing internal structure of the νth
Ò is the antisymmetrization operator permuting nucleons belonging to different cluscluster, A
ters and q is the Jacobi vector determining distance between interacting clusters. We assume
that we deal with the s-clusters only, it means that the intrinsic orbital momentum of each
cluster equals to zero. The total spin S is a vector sum of the individual spins s1 and s2 .
Inter-cluster wave function f L (q) is a solution to the integro-differential equation. This
equation can be much easily solved, when the function (1) is expanded into a complete set of
the antisymmetric cluster basis functions

Ò [ψ1 (A1 , s1 , b) ψ2 (A2 , s2 , b)]S ΦnL (q, b) YLM (b
|nL〉C = A
q) ,
(2)
where n is the number of radial quanta, b is the oscillator length b. Functions |nL〉C are
normalized not to unity, but to eigenvalues ΛnL of the norm kernel:
〈nL|e
n L〉C = ΛnL δn,en .
By using the cluster basis functions (2), one obtains the two-cluster Schrödinger equation
in the form
X
Ò mL − EΛnL δn,m CmL = 0,
nL H
(3)
C
m=0

Ò mL is a matrix element of a microscopic two-cluster Hamiltonian, CnL is the
where nL H
C
expansion coefficient.
If we omit the antisymmetrization operator in the expression for the wave function, we
have got the so-called folding approximation.
(F )

(F )

Ψ L M = [ψ1 (A1 , s1 , b) ψ2 (A2 , s2 , b)]S f L

(q) YLM (b
q) .

(4)

This approximate form is valid when the distance between clusters is large and effects of the
Pauli principle are negligible small. The exact two-cluster potential is a nonlocal operator, as
opposed to the folding cluster-cluster potential. The idea is to compare the exact and folding
two-cluster potentials via separable representation of the potentials. As a tool for this study we
employ the method suggested in our recent paper [2]. We will construct matrix of potential
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energy and then analyze its eigenvalues and eigenfunctions of the matrix. The eigenfunctions will be analyzed in the oscillator, coordinate and momentum representations. Involving
three different spaces allows us to get more complete picture on the nature and properties of
potential energy eigenfunctions.
b mL of dimension N × N , we
Having constructed matrix of potential energy nL V

can calculate eigenvalues λα (α=1, 2, . . . , N ) and corresponding eigenfunctions Unα of the
matrix. Diagonalization of the potential energy matrix generates a new set of inter-cluster
functions φα and two-cluster wave functions Ψα
X
φα (q, b) =
Unα ΦnL (q, b)
(5)
n

Ψα

Ò{ψ1 (A1 ) ψ2 (A2 ) φα (q, b) YLM (b
= A
q)} .

(6)

The functions φα (q, b) and eigenvalues λα enable us to construct inter-cluster nonlocal potential
N
X
bN (q, e
V
q) =
φα (q, b) λα φα (e
q, b) .
(7)
α=1

In what follows we are going to study properties of the eigenvalues
and eigenfunctions of

the potential energy operator in the oscillator representation Unα , coordinate φα (q, b) and
momentum φα (p, b) spaces.
For a two-body case, the eigenfunctions φα (q, b) or φα (p, b) would immediately define
a wave function and t-matrix, as it was demonstrated in Ref. [2]. However, in two-cluster
systems the antisymmetrization is known to affect the kinetic energy and norm kernel and
thus the kinetic energy and norm kernel participate in creating the effective cluster-cluster
interaction as well.
In the present paper we consider only the part of the cluster-cluster potential generated
by the nucleon-nucleon potential with the focus on the Pauli effects. The first effect of the
Pauli principle on two-cluster systems is connected with appearance of the Pauli forbidden
states, which correspond to zero eigenvalues of the norm kernel. The second effect of the
Pauli principle is related to the eigenvalues of the Pauli-allowed states which are not equal
to unity. It has been shown in [3] that the kinetic energy operator of two-cluster relative
motion modified by the Pauli principle generates an effective interaction between clusters. It
is interesting to analyze how the eigenvalues of the norm kernel change potential energy of
two-cluster system.

3

Results and discussion

The object of the investigation is the lightest nuclei of p-shell with a dominant alpha-cluster
channel shown in Table 1.
Table 1: List of nuclei and two-cluster configurations
Nucleus
5
He
5
Li
6
Li
7
Li
7
Be
8
Be

Configuration
4
He+n
4
He+p
4
He+d
4
He+3 H
4
He+3 He
4
He+4 He
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Table 2: Oscillator length b in fm for different nuclei and different potentials.
Nucleus
5

5

He, Li
6
Li
7
Li, 7 Be
8
Be

VP

MHNP

MP

1.38
1.46
1.44
1.38

1.32
1.36
1.36
1.32

1.28
1.31
1.35
1.28

We employ three nucleon-nucleon potentials which have been often used in different realizations of the cluster model. In our calculations we involve the Volkov N2 (VP) [7], modified
Hasegawa-Nagata (MHNP) [8, 9] and Minnesota (MP) [10] potentials. Coulomb forces are
also involved in calculations and treated exactly. For the sake of simplicity we neglect the
spin-orbit forces, thus the total spin S and the total orbital momentum L are good quantum
numbers. Oscillator length b is selected to optimize energy of the lowest decay threshold for
each nucleus and for each NN potential. In what follows, it is assumed the energy of twocluster systems is determined with respect to the two-cluster threshold.
The optimal values of b are shown in Table 2.
Figure 1 shows the eigenvalues of the exact and folding potential energy matrix generated
by the MHNP for the 1− state of 7 Be.

5
0

λα , M e V

-5
-1 0
-1 5
-2 0
-2 5
-3 0
-3 5
-4 0
-4 5
-5 0
-5 5
-6 0
-6 5
-7 0
-7 5
-8 0
0

5

1 0

1 5

2 0

2 5

3 0

3 5

4 0

4 5

5 0

5 5

6 0

6 5

7 0

th e e ig e n v a lu e n u m b e r α
Figure 1: Eigenvalues of the exact (solid circles) and folding (open circles) potential
energy matrix for the 1− state of 7 Be. Results are obtained with the MHNP.

We can observe from Fig. 1 that the eigenvalues of the potential energy matrix calculated
with antisymmetrization are very close to those determined in the folding approximation. The
lowest eigenvalues almost coincide indicating that both potentials have the same depth. One
can also see that exact potential is less attractive at the range 5 < α < 30. For α > 50 the exact
potential is very close to the folding potential. Similar behavior of eigenvalues is observed for
all lightest nuclei of the p-shell and for all NN potentials involved in our calculations.
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Figure 2: Eigenvalues of the exact (a) and folding (b) potential energy matrix as a
function of the number N of oscillator functions involved in calculations. Results are
obtained for the 1− state in 7 Be with the MHNP.

Figure 3: The eigenfunctions of the exact (solid circles) and folding (open circles)
potential energy in oscillator representation for the 1− state in 7 Be (left panel) and
the 0+ state in 8 Be (right panel). Results are obtained with the MHNP.

In Fig. 2 we show dependence of the eigenvalues λα on the number of oscillator functions
involved in calculations. These results are obtained for L π = 1− state of 7 Be with the MHNP.
As can be seen from Fig. 2, the dependence of eigenvalues of the exact potential on the
number of functions exhibits resonance behavior. Contrary, none of the eigenstates of the
folding potential has a resonance behavior.
In Fig. 3 we compare eigenvectors for 8 Be and 7 Be with and without antisymmetrization
for the MHNP. One can see that they are quite different. The Pauli principle makes zero the
first 50 expansion coefficients Unα . So, we can conclude that the eigenfunctions of the exact
potential corresponding to non-resonance values of α are suppressed at the range n < 50
due to the influence of the Pauli principle. The eigenfunctions of the folding potential have a
maximum at lower number of quanta than the eigenfunctions of the exact potential. It is also
worth noting that different behaviour of the eigenfunctions of the folding potential at small
values of n for 7 Be and 8 Be is caused by different values of orbital momenta.
Figure 4 presents the eigenfunctions of the potential energy operator for the 0+ state in
8
Be in the momentum space for α = 1, 2 and 3. A huge repulsive core in the MHNP and the
Pauli principle make eigenfunctions φα (p) to vanish in a large range of 0 < p < 10 fm−1 .
Now let us consider wave functions of trapped and resonance states in the two-cluster
systems. Wave functions of the resonance states in 8,7 Be and 6 Li in oscillator and momentum
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Figure 4: The eigenfunctions of the potential energy operator for the 0+ state in 8 Be
in the momentum representation. Results are obtained with the MHNP.

Figure 5: Wave functions of the resonance states in 8,7 Be and 6 Li in oscillator representation (left panel) and momentum representation (right panel). Results are
obtained with the MHNP
representation are shown in Fig. 5. We can conclude that the eigenfunctions of resonance
states describe a compact configuration, because they are localized at low values of oscillator
quanta and momentum.
Eigenvalues of the potential energy matrix generated by the Volkov N2 potential are shown
in Fig. 6 for the 1− state of 5 He. The eigenvalues of the exact VP differ from those of the folding
potential at a single point α = 1. The eigenvalue λα=1 corresponds to a "trapped" state. This
conclusion follows from Fig. 7, where the dependence of the eigenvalues of the potential
energy matrix as a function of the number of oscillator functions involved in calculations is
shown for the 1− state in 5 He. Figure 7 shows fast convergence of the first eigenvalue of the
exact potential energy matrix.
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Figure 6: Eigenvalues of the exact (solid circles) and folding (open circles) potential
energy matrix for the 1− state of 5 He. Results are obtained with the VP.

Figure 7: Eigenvalues of the exact (right pane) and folding (left panel) potential
energy matrix as a function of the number of oscillator functions involved in calculations. Results are obtained for the 1− state in 5 He with the VP.

Wave functions of the trapped state in 5 He, 6 Li and 7 Be in oscillator representation are
shown in Fig. 8. The wave functions of the trapped state have an exponential asymptotic
behavior. Thus, there is a full resemblance of these functions with a true bound state wave
function which is usually observed in coordinate space. The asymptotic part of the wave functions of resonance states has an oscillatory behavior (Fig. 5). The node of the trapped state
wave functions appears due to the orthogonality of this state to the Pauli forbidden states in
two-cluster systems.
It is interesting to note that a “trapped” state in the VP appears only for the cluster configurations characterized by the eigenvalues of the norm kernel Λn > 1. Namely, the VP generates
a “trapped” state in the states of normal parity in 5 He, 5,6,7 Li and 7 Be. MP also produces a
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Figure 8: Wave functions of the trapped state in 5 He, 6 Li and 7 Be in oscillator representation. Results are obtained with the VP.
“trapped” state in 6 Li.

4

Conclusion

We have studied influence of the Pauli principle on the interaction between two clusters within
a microscopic method – an algebraic version of the resonating group method. Due to the Pauli
principle, a cluster-cluster interaction is a nonlocal potential within the standard version of the
resonating group method. We employed the algebraic version of the method, which involves a
complete basis of oscillator functions to expand a two-cluster wave function. In the framework
of the latter method, a nonlocal cluster-cluster interaction was represented as a matrix. Our
main aim was to study properties of matrix of the potential energy operator generated by a
nucleon-nucleon and Coulomb potentials. We constructed the matrix with and without full
antisymmetrization. These two matrixes allowed us to reveal explicitly the influence of the
Pauli principle on the shape of the cluster-cluster interaction.
Eigenvalues and eigenfunctions of the folding cluster-cluster potential have been compared
with those of the non-local cluster-cluster potential for the lightest nuclei of the p-shell: 5 He,
5
Li, 6 Li, 7 Li, 7 Be and 8 Be. All these nuclei were considered as two-cluster systems composed
of an alpha particle and a nucleus of the s-shell. We employed the Minnesota potential, the
modified Hasegawa-Nagata potential and Volkov N2 potential to investigate the dependence
of cluster-cluster interaction on the shape of the potential.
It was demonstrated that eigenvalues of the folding two-cluster potential coincide with the
potential energy in coordinate space at some specific discrete points. It was also shown that
the eigenfunctions of the folding potential energy matrix are the expansion coefficients of the
spherical Bessel functions in a harmonic oscillator basis.
In general, the eigenvalues of the folding and exact cluster-cluster potential do not diverge
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considerably. However, the dependence of the exact cluster-cluster potential on the number
of the invoked functions reveals a number of resonance states which are absent in the case
of folding potential. The structure of the resonance states is much different from the eigenfunctions of the folding potential. Such resonance states are mainly localized in the region of
small number of quanta in discrete space and, consequently, in the region of small distances
between clusters in coordinate space.
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Abstract
Exploring new excitation modes and the role of the nuclear clustering has been of great
interest. An interesting speculation was made in the recent photoabsorption measurement of 6 Li that implied the importance of the nuclear clustering. To understand the
excitation mechanism of 6 Li, we perform a fully microscopic six-body calculation on the
electric-dipole (E1) transitions and discuss how 6 Li is excited by the E1 field as a function
of the excitation energy. We show the various cluster components in the six-body wave
functions and discuss the role of the nuclear clustering in the E1 excitations of 6 Li.
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Introduction

Nuclear cluster structure often appears in the spectrum of light nuclei. The role of the nuclear
clustering in the electric-dipole (E1) transitions has been of great interest since they are closely
related to important astrophysical reactions. Recently, an interesting speculation on the E1
excitation mechanism was made in the measurement of the photoabsorption cross section
of 6 Li that implied the coexistence of the typical and cluster E1 excitation modes [1]. To
understand this excitation mechanism, we performed a fully microscopic six-body calculation
with the correlated Gaussian method, in which the formation and distortion of the nuclear
clusters are naturally taken into account as was demonstrated for 6 He [2]. Basically, this
contribution aims at reviewing the discussions and findings given in Ref. [3] accompanying
with some unpublished results. We calculate the E1 transition strengths and their transition
densities and discuss how 6 Li is excited by the E1 field as a function of the excitation energy.
We find the out-of-phase transitions due to the valence proton and neutron around the alpha
cluster dominate in the low-lying energy regions below the alpha breaking threshold indicating
“soft” Goldhaber-Teller (GT [4]) excitation, which is very unique in 6 Li, whereas the typical GT
mode appears in the higher-lying energy regions. We discuss the role of the nuclear clustering
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in the E1 excitations of 6 Li by showing the various cluster components in the six-body wave
function.
In Sec. 2, we describe the setup of the microscopic six-body calculation. How we construct
the six-nucleon wave functions are briefly explained. Section 3 presents calculated results
and discusses the structure of the E1 excitations of 6 Li through the E1 transition strengths in
Sec. 3.1 and its transition densities in Sec. 3.2. In Sec. 3.3, the isoscalar dipole transitions are
discussed as complementary information of the ordinary E1 excitation. Conclusion is made in
Sec. 4.

2

Microscopic six-body calculation for 6 Li

2.1

Hamiltonian

The Hamiltonian for a six-nucleon system is set by the kinetic energy and two-body nuclear
and Coulomb potential terms in the center-of-mass (cm) frame. For the sake of simplicity, we
employ the Minnesota (MN) nucleon-nucleon potential [5] which offers a fair description of
the binding energies and radii of s-shell nuclei, 2 H (d), 3 H (t), 3 He (h), and 4 He (α) [6, 7]
without a three-body force. The MN potential includes the one parameter u responsible for
the strength of odd-parity partial waves. Roughly speaking, the u parameter controls the
interaction of the valence nucleons from the α core on the p-shell orbital. Since the original
strength (u = 1.00) does not give the correct low-lying threshold and rms radius of 6 Li, the
other two parameter sets are examined that are chosen to reproduce the three-body threshold
of α + p + n (u = 0.93) and the rms radius of 6 Li (u = 0.87), respectively.

2.2

Correlated Gaussian expansion

To describe the six-nucleon ground and excited states, we expand the spatial part of the
wave function in terms
function with the global vector represen P of the correlated
 Gaussian
P5
5
tation [7, 8]: exp − j,k=1 A jk x j · x k Y LM L ( j=1 v j x j ). The coordinate set (x 1 , . . . , x 5 ) excluding the cm coordinate of the six-nucleon system, x 6 , is taken as the Jacobi coordinate.
The correlations among the particles are explicitly included through the off-diagonal parameter, A jk ( j 6= k). The rotational motion of the system is described with the so-called global
vector in the argument of the solid spherical harmonic [8, 9]. This expression is convenient
that the functional form does not change under any linear transformation of the coordinate.
Various configurations such as single-particle, α + p + n and h + t cluster configurations can
easily be implemented. The matrix elements of the Hamiltonian can be evaluated analytically.
See [6–8] for the detailed mathematical derivation and expressions. With these nice property,
the correlated Gaussian has been applied to studying the nuclear clustering [10–12]. See, also
review papers [13, 14]. The six-nucleon spin and isospin functions as well as antisymmetrization of the total basis function are fully taken into consideration. The isospin mixing due to
the Coulomb interaction is naturally described in this study.
2.2.1

Ground-state wave function

To find an optimal choice of a huge number of the variational parameters, we employ the
stochastic variational method (SVM) [7,8]. We increase the number of basis selected competitively from randomly generated candidates until a certain number of basis states are obtained.
Figure 1 displays the obtained energy curve with u = 1.00 as a function of the number of
bases. We see the energy of the six-nucleon system is rapidly converged with increasing the
number of the basis functions. We stop the calculation with 600 bases, which are very small
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Figure 1: Energy convergence of 6 Li as a function of the number of bases.
by noting that each basis function includes 6(6 − 1)/2 = 15 parameters as well as the spin
degrees of freedom. Then we switch the selection procedure for the refinement of the variational parameters in the already obtained basis functions until the energy is converged within
tens of keV. For the wave functions with other u parameters, we start with the optimal basis
functions with u = 1.00 and refine those basis functions by keeping the total number of basis
unchanged until the energy convergence is reached.
2.2.2

Construction of excited states

Here we overview
to construct the final-state wave functions excited by the E1 operator:
q how
P
4π
M(E1, µ) = e 3 i∈p Y1µ (ri − x 6 ), where ri is the single-particle coordinate of the ith
proton. All the details are described in Ref. [3]. We expand the final-state wave function
in a large number of the correlated Gaussian basis functions. To incorporate the six-body
correlations efficiently, physically important configurations are selected: (I) Single-particle
excitation, (II) 4+1+1 cluster, and (III) 3+3 cluster configurations.
The configurations of type (I) is based on the idea that the E1 operator excites one coordinate in the ground-state wave function. The resulting coherent states are important to satisfy
the E1 sumrule [2, 15, 16]. They are constructed by using the basis set of the ground-state
wave function of 6 Li by multiplying an additional solid spherical harmonic with the angular
momentum 1. The configurations of types (II) and (III) explicitly describe the cluster configurations of α + p + n and h + t, which correspond to the two lowest thresholds. The relative
wave functions of the valence nucleons are expanded with several Gaussian functions covering
from short to far distances up to about 20 fm.
We include all the basis states for each subsystem independently. Therefore, the final-state
wave functions are not restricted to the subsystems being the ground state but the excitations
and distortion of 6 Li, α, h, and t are included through the coupling of the pseudo excited states
of those nuclear systems. We diagonalize the Hamiltonian including all the configurations of
types (I)–(III) with 18490 basis functions and find ∼ 2×103 states below the excitation energy
of 100 MeV.
Though we employed the large model space mentioned above, the states are discretized
since the wave functions are expanded by square-integrable bases. For more quantitative
discussions, it is necessary to include the continuum effect explicitly by employing, e.g., the
complex scaling method [17] and Lorentz integral transform method [18]. However, this is
involved and the beyond the scope of the present analysis.
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Figure 2: Electric-dipole transition strengths and their decomposition with respect
to the spectroscopic factors. The parameters u = 0.87, 0.93 and 1.00 in the MN
interaction are employed. Arrows indicate the theoretical threshold energies of α+d,
α + p + n, and h + t from left to right, respectively. The results with u = 0.93 and the
Full calculations are adopted from Ref. [3].

3
3.1

Results and discussions
Electric-dipole transition strengths

Figure 2 plots the E1 transition strengths or reduced transition probability [B(E1)] obtained
with the full model space that includes the configurations of types (I)–(III) with different
values of the u parameter as a function of the excitation energy, E x . Large B(E1) values in the
low(E x ® 16 MeV)-, intermediate(E x ∼ 16–30 MeV)-, and high(E x ¦ 30 MeV)-energy regions
are found. There is little quantitative difference among these three different u values up to
E x ∼ 40 MeV.
The decomposition of the E1 transition strengths with respect to the spectroscopic fac2
2
2
2
tors of α + p + n (Sαpn
) and h + t (Sht
) are also plotted in Fig. 2. Here Sαpn
and Sab
are
2

2

respectively defined by Ψ (α) Ψ (p) Ψ (n) Ψ (6)
and Ψ (a) Ψ (b) Ψ (6)
with the wave function
(X )
Ψ
of X (= p, n, d, h, t, α) cluster and X = 6 denoting the six-nucleon system. In the ground
2
state of 6 Li, the Sαd
value is large ∼ 0.9 [3] for all the u parameters employed, indicating
a well-developed α + d cluster structure. As we see in the E1 transitions to the states with
2
Sαpn
> 0.80, most of the low-lying states below 20 MeV have a large α + p + n cluster compo022.4
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Table 1: Excitation energy E x in MeV, B(E1) in e2 fm2 and α + p + n and h + t spectroscopic factors in 6 Li with different u parameters. The results with u = 0.93 are
adopted from Ref. [3].
Ex
8.9
11.5
11.7
13.6

u = 0.87
2
B(E1)
Sαpn
0.076 1.000
0.106 0.999
0.076 0.999
0.122 0.997

2
Sht
0.000
0.006
0.007
0.000

Ex
9.6
12.1
14.3
15.7

u = 0.93
2
B(E1)
Sαpn
0.066 0.999
0.140 0.999
0.063 0.997
0.064 0.999

2
Sht
0.000
0.011
0.000
0.010

Ex
10.4
12.9
15.1
16.3

u = 1.00
2
B(E1)
Sαpn
0.052 0.999
0.124 0.999
0.055 0.997
0.097 0.998

2
Sht
0.001
0.009
0.000
0.016

19.1
20.8
22.4
22.7

0.202
0.076
0.191
0.117

0.988
0.994
0.124
0.948

0.005
0.010
0.845
0.013

18.9
19.8
22.8
23.3

0.077
0.075
0.249
0.089

0.991
0.994
0.113
0.963

0.004
0.003
0.850
0.003

20.3
20.5
23.8
23.9

0.103
0.094
0.179
0.165

0.993
0.995
0.133
0.880

0.001
0.001
0.827
0.085

30.6
32.5
35.7
36.6

0.285
0.172
0.050
0.119

0.035
0.918
0.594
0.351

0.691
0.005
0.002
0.002

30.6
30.6
33.0
34.6

0.236
0.095
0.148
0.132

0.264
0.780
0.962
0.195

0.533
0.158
0.005
0.019

31.2
33.5
37.1
37.2

0.240
0.070
0.088
0.077

0.162
0.712
0.045
0.052

0.618
0.002
0.001
0.003

2
nent. The E1 strengths with Sht
> 0.50 show three large E1 strengths after the h + t threshold
15.8 MeV [19], opens. These robust structures do not depend on the u parameter. The first
two can be the observed levels at E x = 17.98 and 26.59 MeV, having relatively small h + t
decay widths, 3.0 and 8.7 MeV for the first and second peaks, respectively [19]. The other
complementary strengths are plotted in the lowest three panels of Fig. 2. Since all the particle
thresholds are open beyond 30 MeV, many small strengths are distributed due to the coupling
of various configurations
2
2
For quantitative discussions, Table 1 summarizes E x , B(E1), Sαpn
, and Sht
of the states
that give four largest B(E1) values in the low-, intermediate-, and high-energy regions with
u = 0.87, 0.93, and 1.00. We note that in the low energy regions (E x ®16 MeV) below the
2
2
h + t threshold, all the states have large Sαpn
values being ∼ 1, whereas their Sht
values are
∼ 0.

3.2

Dipole transition densities

To discuss P
the structure of the E1 excitations, here we calculate the transition densities:
tr
ρ p/n (r) = i∈p/n 〈J f kY1 (ri − x 6 )δ(|ri − x 6 | − r)kJ0 〉, where J0 and J f are the angular momentum of the ground and final states,
Note that the E1 transition matrix can be
q respectively.
R
4π ∞
tr
obtained with 〈J f kM(E1)kJ0 〉 = e 3 0 d r ρ p (r), which express the spatial distribution of
the E1 transitions. In the following, we discuss the transition densities for 6 Li of the selected
transitions that show some characteristic behaviors.
3.2.1

Soft Goldhaber-Teller excitations

Figure 3 displays ρ ptr and ρntr to the states that have the prominent B(E1) values. We discuss the
results with u = 0.87, which were not presented in Ref. [3], though they are qualitatively the
same as those obtained with u = 0.93. The transition densities such at (a) E x = 13.6, (c) 19.1,
and (e) 32.5 MeV can be categorized into the same group. All the transition densities show the
in-phase transition around the 4 He radius and the out-of-phase transitions beyond the nuclear
surface. More oscillations in the outside region appear with increasing the excitation energy.
We interpreted this unique transition as “soft” Goldhaber-Teller(GT)-dipole mode, that is, the
022.5
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Figure 3: Transition densities for proton and neutron with u = 0.87 at (a) 13.6,
(b) 22.4, (c) 19.1, (d) 30.6, (e) 32.5, and (f) 36.6 MeV. Vertical thin lines indicate
theoretical nuclear radii, 4 He and 6 Li, respectively.

oscillation of the valence proton and neutron around the core (α) [3], which is a variant of the
classical picture of the giant dipole resonance (GDR) [4]. In Table 1, we see all these states
2
a large Sαpn
value ¦ 0.9. It should be noted that this mode is different from the so-called
soft-dipole mode as Ref. [2] showing the oscillation of the valence two neutrons against the
core [2].
3.2.2

Cluster and Goldhaber-Teller excitations

At (b) E x = 22.4, (d) 30.6, and (f) 36.6 MeV, all the transition densities exhibit out-of-phase
transitions in all regions, showing the typical GT mode.
Let us first discuss the states at (b) E x = 22.4 and (d) 30.6 MeV. In this energy region, the
2
h + t threshold already opens. Considering the fact that the Sht
values are large ¦ 0.7 (see
Table 1), this behavior can be interpreted as the E1 excitation of the relative wave function
between the h and t clusters. Actually, the peak positions are located at ∼2 fm, which is about
the sum of the peak positions of the densities of h and t [3].
We also see the state with the state with (f) E x = 36.6 MeV also show the out-of-phase
transition in all regions but the E1 excitation structure is found being different from those of
(b) and (d). The peak positions are located somewhat outside from these of (b) and (d), and
2
2
the Sαpn
and Sht
are small as listed in Table 1. This is nothing but the typical GT mode, in
which the protons and neutrons oscillate against each other [4].

022.6

SciPost Phys. Proc. 3, 022 (2020)

B(IS1) (fm6)

300

140

u=0.87

250

80

u=0.93

120

200

u=1.00

70
60

100

50

80
150

40
60

100

30

40

20

50

20

10

0

0
0

10

20

30

40

50

60

0
0

10

20

30

40

50

60

0

10

20

30

40

50

60

Ex (MeV)

Figure 4: Isoscalar dipole transition strengths with u = 0.87, 0.93, and 1.00. The
results with u = 0.93 are adopted from the data given in Ref. [3].
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Figure 5: Transition densities for proton and neutron and their sum ρ ptr + ρntr (IS)
multiplied by r 2 with u = 0.93 at E x = 3.3 MeV.

3.3

Discussion: Isoscalar dipole transitions

To discuss more details on the transition densities,
the isoscalar dipole excitaP here we discuss
2
tion whose operator is defined by M(IS1, µ) = i (ri − x 6 ) Y1µ (ri − x 6 ) [20]. By definition,


R∞
the IS1 transition matrix can be obtained with 0 d r r 2 ρ ptr + ρntr .
Figure 4 displays the IS1 transition strengths with different values of the u parameter as a
function of the excitation energies. Some prominent strengths appear between the α + d and
2
α + p + n thresholds and the Sαd
values of those states are ∼ 1. They come from the transition
to the α + d continuum states, which cannot be excited by the ordinary isovector E1 operator.
Note that the isospin mixing components due to the Coulomb interaction are included in the
wave functions but they are small. Figure 5 draws the transition densities multiplied by r 2
that show the most prominent B(IS1) value at E x = 3.3 MeV with u = 0.93. The transition
densities of proton and neutron coincide each other, showing the in-phase transition in all
regions.
Let us see Fig. 3 from a different view point. Figure 6 plots the transition densities of proton
and neutron multiplied by r 2 and their sum of the states given in Fig. 3. We remind that the
IS1 transition matrix is obtained by the sum of the proton and neutron transition densities.
When the transition densities exhibit the out-of-phase transitions, they are canceled, resulting
in a small IS1 transition matrix. In general, the in-phase transition enhances the IS1 transition
matrix. In the case of the soft GT-dipole mode, since the in-phase transition occurs in the
short distances, the contributions from these regions become small due to the additional r 2
factor through the IS1 operator. Since almost all the IS1 strengths are exhausted in the lowenergy regions below ∼ 5 MeV, only small strengths are found in the higher energy regions.
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Figure 6: Same as Fig. 5 but with u = 0.87 at the same E x of Fig. 3.

To understand the excitation mechanism of 6 Li, one can observe this strong suppression of the
IS1 transition strengths using such as (α, α0 ) measurement as a complementary evidence of
the existence of the soft-GT-dipole mode.

4

Conclusion

We performed fully microscopic six-body calculations to understand the electric-dipole (E1)
excitation mechanism. The six-body wave functions were constructed in terms of the correlated Gaussian (CG) functions. The ground state wave function was obtained precisely with
the aid of the stochastic variational method. The final state wave functions were also expressed
by a number of the CG functions. The asymptotic wave functions between clusters as well as
the distortion of the clusters were taken into account.
We calculate the E1 transition strengths and their transition densities. With the analysis of
the cluster components of the wave functions, we see that the nuclear clustering emerges in
the E1 excitation depending on the positions of the threshold energies. We find very unique
excitation mode, “soft” Goldhaber-Teller(GT) excitation, which is recognized as the out-ofphase oscillation between valence nucleons around the α cluster in 6 Li, dominates below the
α breaking threshold energy. Series of the vibrational excitation mode are also found in the
high-lying energy regions.
Beyond the h + t threshold, the E1 transitions with the h + t cluster mode appear. The
transition densities show the out-of-phase transition in all regions. With increasing the excitation energy after all decay channels open beyond ∼ 30 MeV, the typical GT mode appears
with largely distorted configurations neither α + p + n nor h + t.
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Isoscalar dipole (IS1) excitations are examined as it gives a different view of the E1 excitation mechanism. The out-of-phase transitions in the soft GT dipole mode cause the strong
suppression of the IS1 transition strengths. A measurement of the α inelastic scattering cross
sections at around α + p + n may reveal the absence of the isoscalar component at this energy
regions, which will be a complementary evidence of the existence of the soft GT dipole mode.
Also, exploring the appearance of the soft GT mode in heavier nuclei is interesting, e.g., 18 F
as 16 O + p + n.

Acknowledgements
W. H. acknowledges the collaborative research program 2019, information initiative center,
Hokkaido University.
Funding information This work was in part supported by JSPS KAKENHI Grants No. 18K03635,
No. 18H04569, and No. 19H05140.

References
[1] T. Yamagata, S. Nakayama, H. Akimune, and S. Miyamoto, Effect of the nuclear medium on α-cluster excitation in 6 Li, Phys. Rev. C 95, 044307 (2017),
doi:10.1103/PhysRevC.95.044307.
[2] D. Mikami, W. Horiuchi and Y. Suzuki, Electric dipole response of 6 He: Halo-neutron and
core excitations, Phys. Rev. C 89, 064303 (2014), doi:10.1103/PhysRevC.89.064303.
[3] S. Satsuka and W. Horiuchi, Emergence of nuclear clustering in electric-dipole excitations
of 6 Li, Phys. Rev. C 100, 024334 (2019), doi:10.1103/PhysRevC.100.024334.
[4] M. Goldhaber and E. Teller, On nuclear dipole vibrations, Phys. Rev. 74, 1046 (1948),
doi:10.1103/PhysRev.74.1046.
[5] D. R. Thompson, M. Lemere and Y. C. Tang, Systematic investigation of scattering problems
with the resonating-group method, Nucl. Phys. A 286, 53 (1977), doi:10.1016/03759474(77)90007-0.
[6] Y. Suzuki, W. Horiuchi, M. Orabi and K. Arai, Global-vector representation of the angular
motion of few-particle systems II, Few-Body Syst. 42, 33 (2008), doi:10.1007/s00601008-0200-3.
[7] K. Varga and Y. Suzuki, Precise solution of few-body problems with the stochastic
variational method on a correlated Gaussian basis, Phys. Rev. C 52, 2885 (1995),
doi:10.1103/PhysRevC.52.2885.
[8] Y. Suzuki and K. Varga, Stochastic variational approach to quantum-mechanical few-body
problems, Springer, Berlin, (1998).
[9] Y. Suzuki, J. Usukura and K. Varga, New description of orbital motion with arbitrary
angular momenta, J. Phys. B: At. Mol. Opt. Phys. 31, 31 (1998), doi:10.1088/09534075/31/1/007.
[10] W. Horiuchi and Y. Suzuki, Inversion doublets of 3N +N cluster structure in excited states
of 4 He, Phys. Rev. C 78, 034305 (2008), doi:10.1103/PhysRevC.78.034305.
022.9

SciPost Phys. Proc. 3, 022 (2020)

[11] W. Horiuchi and Y. Suzuki, Correlated-basis description of α-cluster and delocalized 0+
states in 16 O, Phys. Rev. C 89, 011304 (2014), doi:10.1103/PhysRevC.89.011304.
[12] S. Ohnishi, W. Horiuchi, T. Hoshino, K. Miyahara and T. Hyodo, Few-body approach
to the structure of K̄-nuclear quasibound states, Phys. Rev. C 95, 065202 (2017),
doi:10.1103/PhysRevC.95.065202.
[13] J. Mitroy et al., Theory and application of explicitly correlated Gaussians, Rev. Mod. Phys.
85, 693 (2013), doi:10.1103/RevModPhys.85.693.
[14] Y. Suzuki and W. Horiuchi, Clustering in Light Nuclei with the Correlated Gaussian Approach, in Emergent Phenomena in Atomic Nuclei from Large-Scale Modeling, World
Scientific, ISBN 9789813146044 (2017), doi:10.1142/9789813146051_0007.
[15] W. Horiuchi, Y. Suzuki and K. Arai, Ab initiostudy of the photoabsorption of 4 He, Phys. Rev.
C 85, 054002 (2012), doi:10.1103/PhysRevC.85.054002.
[16] W. Horiuchi and Y. Suzuki, Spin-dipole strength functions of 4 He with realistic nuclear
forces, Phys. Rev. C 87, 034001 (2013), doi:10.1103/PhysRevC.87.034001.
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Abstract
By considering symmetric- and asymmetric-dipolar coupled mixtures (with dysprosium
and erbium isotopes), we report a study on relevant anisotropic effects, related to spatial separation and miscibility, due to dipole-dipole interactions (DDIs) in rotating binary
dipolar Bose-Einstein condensates. The binary mixtures are kept in strong pancake-like
traps, with repulsive two-body interactions modeled by an effective two-dimensional
(2D) coupled Gross-Pitaevskii equation. The DDI are tuned from repulsive to attractive
by varying the dipole polarization angle. A clear spatial separation is verified in the densities for attractive DDIs, being angular for symmetric mixtures and radial for asymmetric ones. Also relevant is the mass-imbalance sensibility observed by the vortex-patterns
in symmetric- and asymmetric-dipolar mixtures. In an extension of this study, here we
show how the rotational properties and spatial separation of these dipolar mixture are
affected by a quartic term added to the harmonic trap of one of the components.
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Dipolar Bose-Einstein condensate - Introduction

The experimental realization of Bose-Einstein condensation in chromium (52 Cr) atoms has
opened the new research direction called dipolar quantum gases [1]. Following the condensation in 52 Cr, many subsequent studies have been carried out by different experimental groups
on fermionic and bosonic properties of strongly dipolar ultracold gases, such as with dysprosium (Dy) and erbium (Er) (see [2] and references therein). More recently, the elementary
excitations spectrum of 164 Dy and 166 Er dipolar Bose gases were analyzed in Ref. [3], by considering three-dimensional (3D) anisotropic traps across the superfluid-supersolid phase transition. The recent investigations in ultracold laboratories with two-component dipolar BoseEinstein Condensates (BEC), on stability and miscibility properties, became quite interesting
023.1
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due to the number of control parameters that can be explored in new experimental setups.
The parameters which can be controlled are given by the strengths of dipoles, the number of
atoms in each component, the inter- and intra-species scattering lengths, as well as confining
trap geometries. The stability and pattern formation have been studied in Ref. [4], by considering dipolar-dipolar interactions (DDIs) in two-component dipolar BEC systems. Rotational
properties of two-component dipolar BEC in concentrically coupled annular traps were also
studied in Ref. [5], by assuming a mixture with only one dipolar component.
Following previous studies with rotating binary dipolar mixtures and their miscibility properties [6–8], the miscible-immiscible transition (MIT) of the dipolar mixtures with 162,164 Dy
and 168 Er were also recently studied by us in Ref. [9]. For these coupled dipolar systems,
the miscible-immiscible stable conditions were analyzed within a full 3D formalism, by considering repulsive contact interactions, within pancake- and cigar-type trap configurations.
The rotational properties and vortex-lattice pattern structures of these dipolar mixtures were
further investigated by us in Refs. [10–12], by changing the inter- to intra-species scattering
lengths, as well as the polarization angles of the dipoles. Among the observed characteristics
of these strong dipolar binary systems, relevant for further investigations are the possibilities
to alter the effective time-averaged DDI from repulsive to attractive, by tuning the polarization angle ϕ of both interacting dipoles from zero to 90◦ , respectively. In Ref. [11], vortex
pattern structures were studied by considering rotating binary mixtures confined by squared
optical lattices, whereas in Ref. [12], by tuning ϕ, our investigation was mainly concerned
with rotational properties together with spatial separations of the binary mixtures.
Motivated by the above mentioned studies, considering that the interplay between DDIs
and contact interactions can bring us different interesting effects in the MIT, showing richer
vortex-lattice structures in rotating binary dipolar systems, in the present contribution we are
also reporting some new results obtained for the properties of dipolar mixtures confined by a
strongly pancake-like two-dimensional (2D) rotating harmonic trap. The effect of a weak quartic perturbation in the (x, y) plane, applied to the first dipolar component, is studied by tuning
the polarization angles of the dipoles together with the contact inter-species interactions.
Next section, the model formalism is presented with our parametrization and numerical
procedure. In section 3, after an analysis of the main results for symmetric and asymmetric binary dipolar mixtures confined by strong pancake-like harmonic traps, we present new results
obtained when considering the effect of a weak quartic perturbation added to the harmonic
trap of one of the components. Finally, a summary with our conclusions is given in section 4.

2
2.1

Model formalism, parametrization and numerical approach
Model formalism

The coupled dipolar system with condensed two atomic species i = 1, 2, with the respective
masses mi (with m1 ≥ m2 ) are assumed to be confined in strongly pancake-shaped harmonic
traps, with fixed aspect ratios, such that λ = ωi,z /ωi,⊥ = 20 for both species i = 1, 2, where
ωi,z and ωi,⊥ are, respectively, the longitudinal and transverse trap frequencies. The coupled
Gross-Pitaevskii (GP) equation is cast in Æ
a dimensionless format, with energy and length units
given, respectively, by ħ
hω1,⊥ and l⊥ ≡ ħ
h/(m1 ω1,⊥ ). Correspondingly, the space and time
variables are given in units of l⊥ and 1/ω1 , respectively, such that r → l⊥ r and t → τ/ω1 .
Within these units, and by adjusting both trap frequencies such that m2 ω22,⊥ = m1 ω21,⊥ ,
the dimensionless external 3D trap potential for each one of the species i can be written as
V3D,i (r) ≡ Vi (x, y) + 21 λ2 z 2 . On the miscibility conditions for binary trapped dipolar systems,
more details and discussion can be found in Refs. [10–12]. Large values for λ allow us to
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reduce to 2D the original 3D formalism by considering the usual factorization of the 3D wave
2
function as ψi (x, y, τ)χi (z), where χi (z) ≡ (λ/π)1/4 e−λz /2 . The two-body contact interactions related to the scattering lengths ai j , and DDI parameters are defined as [12]
N j µ0 µ i µ j

2
1 m i µ0 µ i
1 µ0 µ1 µ2
(d)
(d)
, a12 = a21 =
,
3
2
2
mi j l ⊥
4π ħ
12π m1 ħ
12π ħ
hω 1 l ⊥
hω1 l⊥
hω1 l⊥
(1)
where i, j = 1, 2, with N j being the number of atoms and mi j = mi m j /(mi + m j ) the reduced
mass of the species i and j. In our numerical analysis, the length unit will be assumed being
l⊥ = 1µm ≈ 1.89 × 104 a0 , with a0 being the Bohr radius. The corresponding 2D coupled GP
equation for the two components ψi ≡ ψi (x, y, τ) of the total wave function can be written as

gi j ≡

i

p

2πλ

m1 a i j N j

, di j =

(d)

, aii ≡

Z


X
X
∂ ψi
−m1 2
∇2D + Vi (x, y) − ΩLz +
=
g i j |ψ j |2 +
di j d x 0 d y 0 V (d) (x − x 0 , y − y 0 )|ψ0j |2 ψi , (2)
∂τ
2mi
j=1,2
j=1,2
2

2

where ∇22D ≡ ∂∂x 2 + ∂∂y 2 , ψ0i ≡ ψi (x 0 , y 0 , τ), with V (d) (x, y) being the reduced 2D expression
for the DDI. The 2D confining potential Vi (x, y) is assumed to be harmonic for both components, as in Ref. [12]. However, in the present contribution we are providing an extension to
our study reported in Ref. [12], by examining the effect, on the pattern distribution and spatial
separation of the dipolar mixture, of a quartic term applied to one of the components, which
we define as the more-massive one. So, the trap is given by
Vi (x, y) ≡ Vi (ρ) ≡

Æ
ρ2
+ κi ρ 4 , where ρ ≡ x 2 + y 2 , κ2 = 0,
2

(3)

with κ1 ≡ κ being a dimensionless positive parameter (in principle, assumed to be small),
which increases the trap confinement of the more massive component. Experimentally, the
quartic potential together with harmonic trap can be created by using far-detuned laser beam
propagating along the axis of the trap, perpendicular to the (x, y) plane. So, the width and
strength of the quartic trap can be controlled, respectively, by the width and amplitude of the
blue-detuned Gaussian laser beam. More details can be found in the reference [13], where
experiments with quartic trap in
BEC are discussed. Each component of the wave function
R∞
is assumed normalized to one, −∞ d x d y|ψi |2 = 1. In Eq.(2), Lz is the angular momentum
operator (in units of ħ
h), with Ω being the corresponding rotation parameter (in units of ω1 ),
which is assumed to be common for both components.
The 2D DDI presented in the integrand of the second term shown in Eq. (2) can be expressed in the 2D momentum space as the combination of two terms, by considering the
orientations of the dipoles ϕ and the projection of the corresponding Fourier transformed
V (d) (x, y). One term is perpendicular, with the other parallel to the direction of the dipole
inclinations, as described in Refs. [7, 8]. By generalizing the description to a polarization field
rotating in the (x, y) plane, the two terms can be combined according to the dipole orientations
ϕ, with the total 2D momentum-space DDI given by [12]
e (d) (k x , k y )
V

=


 2


s
kρ
kρ
3 cos2 ϕ − 1
π
2−3
kρ exp
erfc p
≡ Vϕ (kρ ),
2
2λ
2λ
2λ

(4)

where kρ2 ≡ k2x + k2y , with erfc(x) being the complementary error function of x. The 2D
configuration-space effective DDI is obtained by applying the convolution theorem in Eq. (2),
performing
the inverse 2D Fourier-transform
R
 for the product of the
 DDI and density, such that
0
0 (d)
0
0
0 2
−1 e (d)
d x d y V (x − x , y − y )|ψ j | = F2D V (k x , k y )e
n j (k x , k y ) . From Eq. (4), one should
notice that such momentum-space Fourier transform of the dipole-dipole potential changes
the sign at some particular large momentum kρ . However, after applying the convolution
theorem with the inverse Fourier transform (by integrating the momentum variables), the
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corresponding coordinate-space interaction has a definite value, as in the 3D case, which is
positive for ϕ ≤ ϕ M , and negative for 90◦ ≥ ϕ > ϕ M , where ϕ M ≈ 54.7◦ is the so-called
“magic angle", in which the DDI is canceled out.

2.2

Parametrization and numerical approach

The two binary mixtures (164 Dy-162 Dy and 168 Er-164 Dy) that we are investigating are called,
respectively, “symmetric" and “asymmetric" ones; where these terms are related to the dipolar symmetry of the condensed atoms. The corresponding magnetic dipole moments of the
three species are the following: µ = 10µB for 162,164 Dy, and µ = 7µB for 168 Er. So, by consid(d)
ering the definitions given in (1), the strengths of the DDI are ai j = 131 a0 (i, j = 1, 2), for the
(d)

(d)

(d)

(d)

symmetric-dipolar mixture 164 Dy-162 Dy; and a11 = 66 a0 , a22 = 131 a0 and a12 = a21 = 94 a0 ,
for the 168 Er-164 Dy mixture. In all the cases, we assume the number of atoms for both species
are identical and fixed at N1 = N2 = 5000. The number of atoms are reduced in relation to the
ones used in Ref. [12], in view of our present aim and numerical convenience. For symmetricdipolar mixture (µ1 = µ2 ) we have d12 = d11 = d22 . In the case of contact interactions, we
should consider enough large repulsive scattering lengths in view of our stability requirements.
We fix both intra-species contact interactions at a11 = a22 = 50a0 , remaining the inter-species
one to be explored by varying the ratio parameter δ ≡ a12 /a11 . Once selected the polarization angle and δ as the appropriate parameters to alter the miscibility properties of a mixture,
we fix other parameters guided by possible realistic settings and stability requirements. For
the present approach, we choose Ω = 0.75 for the rotation frequency parameter, larger than
the one used in Ref. [12] (Ω = 0.6), in order to improve the observation of vortex-pattern
structures and spatial separation.
For the numerical approach to solve the GP formalism (2), the split-step Crank-Nicolson
method [14, 15] is applied, combined with a standard method for evaluating DDI integrals in
momentum space, as described in Ref. [12]. In the search for stable solutions, the numerical
simulations were carried out in imaginary time on a grid with a maximum of 464 points in both
x − y directions, with spatial and time steps ∆x = ∆ y = 0.05 and ∆t = 0.0005, respectively.
In this approach, both wave-function components are renormalized to one at each time step.

3
3.1

Symmetric- and asymmetric-dipolar mixtures - Results
Dipolar mixtures confined by identical harmonic pancake-like traps

We focus our study in the two coupled mixtures given by 168 Er-164 Dy and 164 Dy-162 Dy, motivated by recent experimental studies with dipolar BEC systems. In our investigation, we have
considered harmonic strongly pancake-like trap, as detailed in Ref. [12]. First, a detailed analysis of ground state and stability properties was performed in the absence of rotation. In this
respect, we understand that our theoretical predictions can be helpful in verifying miscibility
properties in on-going experiments under different anisotropic trap configurations. The stability regime was verified for 168 Er-164 Dy and 164 Dy-162 Dy mixtures considering the fraction
number of atoms for each species as functions of the trap-aspect ratio λ. From the MIT conditions for homogeneous coupled systems confined in hard-wall barriers, one can observe that
the miscibility remains unaffected by the dipolar interactions. In order to estimate the miscibility for non-homogeneous confined binary mixtures, a relevant parameter η was defined in
Ref. [9],
R pby integrating the square-root of the product of the two-component densities, given by
η=
|φ1 |2 |φ2 |2 dx, which varies from η = 0 (complete immiscible mixtures) to η = 1 (for
complete miscible mixtures). This parameter is found appropriate for a quantitative estimate
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of the overlap between the two densities of the coupled system. By considering the natural
properties of the mixed elements, the two mixtures, we notice that 168 Er-164 Dy and 164 Dy162
Dy have quite different miscibility behaviors, with 164 Dy-162 Dy being almost completely
miscible (η = 0.99) and 168 Er-164 Dy partially miscible (η = 0.77), when the other parameters
(trap-aspect ratio and number of atoms) are fixed to the same values. Such behavior is clearly
due to a mass-imbalance effect, as discussed in Ref. [12], which plays a relevant role in the
inter-species dipolar strength when compared with the intra-species one.
The two binary mixtures (164 Dy-162 Dy and 168 Er-164 Dy) are considered in a rotating frame
within quasi-2D settings. Owing to the different miscibility properties, quite distinct vortex patterns are observed between the symmetric and asymmetric mixtures. For the dipolar symmetric mixture, 164 Dy-162 Dy, we observe the following lattice patterns: triangular, square-shaped,
rectangular-shaped, double core, striped, and with domain walls. For the dipolar asymmetric
mixture, 168 Er-164 Dy, we notice triangular, square-shaped, and circular pattern lattices. Further, to analyze the anisotropic properties of dipolar interactions, the polarization angle ϕ of
the dipoles was modified with the dipolar interactions being tuned from repulsive to attractive. With the dipoles of the two species polarized in the same direction, perpendicular to
the direction of the dipole alignment (ϕ = 0), the DDI is repulsive. By tuning the polarization angle ϕ from zero to 90◦ the DDI changes from repulsive to fully attractive, with the
DDI being canceled for ϕ = ϕ M ≈ 54.7◦ . The miscibility of the condensed mixture is mainly
affected by the inter-species interactions; with the vortex-pattern structures being related to
combined effects due to inter- and intra-species interactions, with the vortex-pattern formations obtained with ϕ = 0 surviving approximately up to ϕ ≈ ϕ M . Complete spatial separation
between the two-component densities under rotation is verified for large ϕ, when the DDI is
attractive. As verified, half-space angular separations occur in symmetric-dipolar cases, represented by 164 Dy-162 Dy; whereas radial-space separations occur for asymmetric-dipolar cases,
represented by 168 Er-164 Dy. Another quite relevant result obtained in Ref. [12] is the observed
effect of the mass-asymmetry in the miscibility and vortex-pattern structures. The particular
mass-imbalance sensitivity can better be appreciated in the symmetric-dipolar mixture 164 Dy162
Dy for δ = 1, when all the differences between the density patterns should be attributed to
the small mass-asymmetry.
Next, we report new results with the trap interaction as given by Eq. (3), with a quartic
term added to the harmonic interaction of the more-massive component of both two mixtures.

3.2

Dipolar symmetric 164 Dy-162 Dy mixture, with a quartic trap applied to 164 Dy

As discussed above, being dipolar symmetric, with a11 = a22 = 131a0 , this 164 Dy-162 Dy BEC
mixture exposes more miscible properties. As verified in Ref. [12], this mixture in the rotating
harmonic trap [with κi = 0 in Eq. (3)] shows triangular, squared, rectangular-shaped, double
core, striped, and with domain wall vortex lattices regarding the ratio between inter- and
intra-species contact interaction. Also, this mixture shows complete spatial separation at large
polarization angles, where the DDI is purely attractive. By modifying the external confinement
of one of the components, we can introduce some external asymmetry to the mixture. So, in
this contribution, for this binary system we start by adding a very weak quartic term in the first
component of the mixture, in order to analyze the miscibility and complete spatial separation of
the coupled system. We consider two different miscible cases, with δ = 1 and 1.45. For these
particular cases, striped and domain wall vortex structures are observed [12], respectively,
when both species are under identical rotating harmonic pancake-like traps, with λ = 20
and Ω = 0.6. By adding a quartic term to the trap, as explained in section 2, we have also
reduced the number of atoms to Ni = 5000 and increased the frequency to Ω = 0.75 in order
to improve our observation on the corresponding rotational structure and spatial separation.
In this case, ring lattice structures can be verified, also verified even for single component
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BECs. From our results, in this communication, we select three different orientation angles of
the dipoles, given by ϕ = 0◦ , 45◦ and 90◦ , in which the first (ϕ = 0◦ ) provides complete
repulsive DDI, the second (ϕ = 45◦ ) is weakly repulsive, with the DDI of the third ϕ = 90◦
being complete attractive. As shown by our results presented in Fig. 1, the small weak quartic
perturbation in the trap, given by κ = 0.05, induces radial spatial separations between the
condensate densities, displaying ring lattice structure in the second component as shown in
the panels (a) to (e) of Fig. 1. The quartic trap term added to the first component makes
the first component more confined than the second one. So the second component becomes
radially phase-separated, changing the previous patterns observed in Ref. [12] for κ = 0. Such
similar behavior for non-dipolar mixtures was also analyzed theoretically recently in Ref. [16].
To improve our understanding of the phase separation and the effect of the added quartic
trap, we studied the dipolar binary system by increasing the strength κ. We observed that, for
κ ≥ 0.1, with large repulsive inter-species interaction δ = 1.45, the spatial phase separations
of the densities change completely from the previous angular to radial ones. This behavior is
indicated in Fig. 2, where the phase-separated case, displayed for ϕ = 90◦ with κ = 0.05, is
being compared with the κ = 0.08 case. So, when κ ≥ 0.1, only radial spatial separation can
be observed in the binary mixture.

3.3

Dipolar asymmetric 168 Er-164 Dy mixture, with a quartic trap applied to 168 Er

In this subsection we consider the dipolar asymmetric 168 Er-164 Dy BEC system, to study the
effect of a quartic dipolar trap applied to the first component (168 Er) of the mixture. As reported in Ref. [12] for this asymmetric-dipolar case, when κi = 0 in the rotating confining
harmonic trap given by Eq. (3), one should observe triangular, square-shaped, and circular
lattices, by varying the inter-species interaction. The interplay between the inter-species repulsive character, shown by increasing δ, together with the attractive role of the DDI as the
polarization angle is increased, have shown radial density distributions for the binary mixture
such that for ϕ = 0◦ and δ ≥ 1 the 168 Er element is at the center of the mixture (surrounded
by 164 Dy), moving to the external part when the dipolar interaction becomes more attractive,
with ϕ = 90◦ , with an exchange of the densities.
Now, with the present study, by increasing the external trap interaction with the quartic
term, as given by Eq. (3) with κ = 0.05, one can already observe some differences in the
pattern distribution of the vortices of both mixtures, as shown in Fig. 3. However, one should
notice that, for the complete spatial separation that occurs for ϕ = 90◦ , the position of both
elements remains as in the case that κ = 0, implying that the added quartic term is not enough
to change the position of the density distributions. More interesting behavior can be observed
by increasing the strength of the quartic term, as verified in the Fig. 4, by considering ϕ = 90◦
with δ = 1.45. In the left panels of this figure, we consider κ = 0.25, where we can verify
that the previous radial distribution of the densities is being modified with the radius of the
first component being reduced. With κ = 1, we finally obtain a radial spatial separation in
which the 168 Er condensate is occupying the center, surrounded by the 164 Dy condensate. The
densities of the two components interchange their positions in relation to the case that κ = 0,
due to the quartic trap term, which is dominating the confinement of the 168 Er condensate.

4

Summary

By considering the symmetric- and asymmetric-dipolar coupled mixtures, respectively given
by 164 Dy-162 Dy and 168 Er-164 Dy, in this communication we have first discussed rotational prop-
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Figure 1: 2D Dipolar density patterns, |ψ j |2 , where j =1 is for 164 Dy and j = 2 for
Dy, are shown for δ = 1 [(a j ) to (c j )] and δ = 1.45 [(d j ) to (f j )]. The dipole
polarization angles (ϕ = 0◦ , 45◦ , 90◦ ) are indicated at the top of each column, with
the 164 Dy component having the addition of a quartic trap with κ = 0.05. The other
parameters are: N j=1,2 = 5000, λ = 20, a11 = a22 = 50a0 and Ω = 0.75.

162

Figure 2: 2D Dipolar density patterns, |ψ j |2 , where j =1 is for 164 Dy and j = 2 for
162
Dy, are shown for ϕ = 90◦ and δ = 1.45. The quartic trap added to component 1
is such that κ = 0.05 in the left panel and 0.08 in the right panel. As in Fig. 1, the
other parameters are: N j=1,2 = 5000, λ = 20, a11 = a22 = 50a0 and Ω = 0.75.
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Figure 3: 2D Dipolar density patterns, |ψ j |2 , where j =1 is for 168 Er and j = 2 for
164
Dy, are shown for δ = 1 [(a j ) to (c j )] and δ = 1.45 [(d j ) to (f j )]. The dipole
polarization angles (ϕ = 0◦ , 45◦ , 90◦ ) are indicated at the top of each column, with
the 168 Er component having the addition of a quartic trap with κ = 0.05. The other
parameters are: N j=1,2 = 5000, λ = 20, a11 = a22 = 50a0 and Ω = 0.75.

Figure 4: 2D Dipolar density patterns, |ψ j |2 , where j =1 is for 168 Er and j = 2 for
Dy, are shown for ϕ = 90◦ and δ = 1.45. The quartic trap added to component 1
is such that κ = 0.25 in the left panel and 1 in the right panel. As in Fig. 3, the other
parameters are: N j=1,2 = 5000, λ = 20, a11 = a22 = 50a0 and Ω = 0.75.

164

erties, miscibility aspects, and spatial separation of these two coupled binary BEC systems, by
analyzing an investigation previously reported in Ref. [12]. In addition, new results are pre023.8
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sented by considering one of the elements of the coupled mixture being confined by a quartic
interaction, which is added to the previous harmonic trap potential. The relevance of this
study relies on current experimental possibilities in cold-atom laboratories to investigate such
dipolar binary systems. The stability regime and miscibility properties due to the DDI of the
coupled system are obtained numerically, by solving the corresponding GP equation within a
model where the mixture is first confined by strong pancake-like harmonic-trap potential with
aspect-ratio λ = 20 and considering repulsive two-body interactions. The DDI are tuned from
repulsive to attractive by varying the dipole polarization angle, with a clear spatial separation
verified in the densities for attractive DDI, being angular for symmetric mixtures and radial for
asymmetric ones in the case that no quartic term is present. In an extension of our previous reported work, by adding the quartic term to the trap interaction, here we show how the density
distribution of both binary system, symmetric and asymmetric ones, are affected. As shown,
the quartic trap supports radial phase separations with ring lattice for both 164 Dy-162 Dy and
168
Er-164 Dy BEC mixtures, modifying the previous vortex-pattern structures and spatial separations obtained without the quartic term interaction. Even a weak quartic trap is enough to
modify the angular spatial separation to radial ones in the dipolar 164 Dy-162 Dy mixture, for
attractive dipolar interactions. In the asymmetric 168 Er-164 Dy dipolar BEC mixture, where we
have already radial spatial separation for attractive dipolar interactions even without the quartic term, with the 168 Er element surrounding the other element, we have observed that, for the
addition of enough large quartic term to the 168 Er element, there is an exchange of the two
coupled densities, with this element moving to the center. So, for asymmetric mixture with
repulsive inter-species interaction and attractive DDI, strong quartic trap (κ ≥ 1) will prevent
exchanges between both densities, which will remain completely radial-separated spatially.
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Abstract
The out-of-equilibrium dynamics of quantum systems is one of the most fascinating
problems in physics, with outstanding open questions on issues such as relaxation to
equilibrium. An area of particular interest concerns few-body systems, where quantum and thermal fluctuations are expected to be especially relevant. In this contribution, we present numerical results demonstrating the impact of conserved quantities (or
‘charges’) in the outcomes of out-of-equilibrium measurements starting from realistic
equilibrium states on a few-body system implementing the Dicke model.
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Introduction

Understanding how a generic (many-body) physical system evolves in time from an arbitrary
initial state and relaxes (or not) to an equilibrium state is a fundamental problem underlying
questions from the cooling of neutron stars [1,2] to the design of materials that quickly remove
excess heat from computing chips in cell phones [3, 4].
In classical physics, conservation laws (e.g., on energy, momentum, angular momentum)
can severely constrain the phase space available to the system, thus enabling to make precise
predictions on some of these questions. In quantum physics, conservation laws play a similarly
strong role. This was strikingly demonstrated in the quantum Newton’s cradle experiment [5].
In this experiment, a one-dimensional (1D) gas of strongly-interacting bosons in a harmonic
trap was initialized in a highly-non-equilibrium state, and observed not to relax even after a
long time evolution (hundreds of trap periods, which sets the natural timescale of the problem
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and imply thousands of atomic collisions). This behaviour is understood by noting that the
systems, in the limit of infinitely-strong interactions, is best described as a Tonks-Girardeau
gas [6, 7], which is an an integrable model, i.e., it features an extensive number of conserved
charges. These are operators, M̂k , that commute with the system’s Hamiltonian, [Ĥ, M̂k ] = 0
(k = 1, . . . , Ncons ). In this limit of strong interactions, one can calcualte the expectation values
of few-body observables after relaxation by describing the relaxed state of the system by a
generalization of the Gibbs ensemble (GGE) [8], see Eq. (1). In the conditions of isolation in
which the experiment occurs, the system is unable to change the value of these charges, which
effectively precludes relaxation to a Gibbs equilibrium state [5, 8].
More recently, Schmiedmayer et al. have presented a series of experiments on similar 1D
Bose gases [9–12] (see also [13,14]). By subjecting the system to quenches, they explored the
emergence, at long but intermediate timescales, of a (pre-)thermalised state, which is determined by the values of the conserved charges at the start of the evolution. These experiments
brought to light the need to include information on the charges in the description of the equilibrium state of a quantum many-body system, when the system’s Hamiltonian supports them.
These findings are in agreement with very general theoretical principles from quantum thermodynamics [8, 15, 16], that demand that the equilibrium state of such a system be described
by a density matrix of the form of the generalised Gibbs ensemble (GGE), namely


X
ρGGE = exp −β Ĥ −
βk M̂k /ZGGE ,
(1)
k





ZGGE ≡ ZGGE (Ĥ, β, { M̂k , βk }) = tr exp −β Ĥ −

X


βk M̂k

.

(2)

k

Here, β is the usual inverse temperature, while {βk }(k = 1, . . . , Ncons ) are called generalised
inverse temperatures.
The fact that the equilibrium state is of the GGE form has implications for the expectation
values of measurements done on the system in equilibrium, as has been extensively analysed
with numerical simulations on a range of models [8, 17–21]. It is more difficult to make
generic statements on the implications of the charges on non-equilibrium measurements of a
quantum many-body system. A milestone result in classical non-equilibrium thermodynamics
is the discovery of exact relations between equilibrium and non-equilibrium measurements,
starting with the theorems on the large fluctuations of entropy production in fluids under shear
stress [22–24], and including the Jarzynski equation between work and free energy [25].
Several authors have derived analogous relations, dubbed quantum fluctuations relations
(QFRs), for closed quantum systems, assuming their state at the start of the process is of the
standard Gibbs form:



ρGibbs = exp −β Ĥ /Z, Z ≡ Z(Ĥ, β) = tr exp −β Ĥ .
(3)
More recently, the present authors have generalised these QFRs to the case that the equilibrium
state is of the GGE form and for an arbitrary number of charges for the initial and final states,
thus notably expanding the rage of non-equilibrium problems that can be tackled [26]. In
particular, our formalism is explicitly able to deal with processes where the number of charges
of the initial and final Hamiltonians differ (cf. [27]), and thus enables one to address fundamental open questions on the thermalization of integrable systems when perturbed away from
integrability [5, 9, 11, 28, 29].
An important question that remained unanswered in [26] was: how sensitive are the generalised QFRs to the initial state not being a perfect GGE? In other words: if we have a system
with charges, and can only generate an imperfect equilibrium state that is only approximately
given by Eq. (1), will non-equilibrium measurements be able to distinguish this from a ‘simple’
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Gibbs state (3)? In this contribution, we provide numerical evidence supporting an affirmative
answer to this question.

2

Review of generalized quantum fluctuation relations

We start by briefly reviewing the main results in Ref. [26], in particular the generalised versions of the quantum Jarzynski [30–32] and Tasaki-Crooks [33] relations. In analogy to the
derivations of the standard QFRs [30–33], we consider an initial equilibrium state. In agreement with Jaynes’ information-theory formulation of statistical mechanics, if the Hamiltonian
features some charges M̂k , this initial equilibrium state will be of the GGE form (1), with the set
of generalised inverse temperatures β~ = {β, {βk }} determined by requiring that the following
equalities on expectation values are satisfied:


~ Ĥ = E
tr ρGGE (β)
(4)


~ M̂k = Mk , k = 1, . . . , Ncons .
tr ρGGE (β)
(5)
Here, E is the energy of the initial state, and Mk the expectation value of operator M̂k in the
initial state.
We then submit the system to an out-of-equilibrium process by changing its Hamiltonian
from the initial value Ĥ to some new final Hamiltonian Ĥ 0 . In general, we expect the set of
operators that commute with Ĥ 0 to be different from that of charges of Ĥ, and we label the
0
latter M̂k0 , [Ĥ 0 , M̂k0 ] = 0 (k = 1, . . . , Ncons
).
To quantify the amount of energy, and the energy fluctuations, imparted on the system
by this process, we consider a generalised version of the two-energy-projection measurement
(TPM) protocol [34], as introduced in [26]:
1. At time t = 0, we project the initial state onto the basis of eigenstates of the initial Hamiltonian, n, i1 , . . . , iNcons , with the spectral decomposition of the Hamiltonian
=
En n, i1 , . . . , iNcons ,
and that for the charges,
Ĥ n, i1 , . . . , iNcons
M̂k n, i1 , . . . , iNcons = Mk,ik n, i1 , . . . , iNcons . In other words, n stands for the quantum
number that identifies the energy eigenvalue, En , while ik is the quantum number labelling the eigenvalues, Mk,ik , of the charge operator M̂k . We obtain a definite value for
the energy, Eini ∈ {En }, and the other charges, µk,ini ∈ {Mk,ik } (k = 1, . . . , Ncons ).
2. Next, we drive the system out of equilibrium by steering its Hamiltonian, Ĥ 7→ Ĥ(t), for
times 0 < t < t fin . We impose no limitation in the form of the time dependence. This
driving defines a unitary time-evolution operator U(t) that is the solution of
iħ
h∂ t U(t) = Ĥ(t)U(t), with U(0) = I, the identity operator in the system’s Hilbert space.
3. Finally, at time t = t fin , we project the system on the eigenbasis of the final Hamil¶
¶
¶
0
tonian, Ĥ 0 = Ĥ(t fin ), m0 , i10 , . . . , iN0 0 , with Ĥ 0 m0 , i10 , . . . , iN0
= Em
m0 , i10 , . . . , iN0
,
cons
cons
cons
¶
¶
0
and the corresponding charges, M̂k0 m0 , i10 , . . . , iN0
= Mk,i
m0 , i10 , . . . , iN0
. This gives
cons

k

cons

0
0
definite values for the final energy, Efin ∈ {Em
}, and the other charges, µk,fin ∈ {Mk,i
}
k
0
(k = 1, . . . , Ncons ).

Together with this ‘forward’ (FW) protocol, we consider a twin protocol, that starts at time
t = 0 with the system in the GGE equilibrium state of the Hamiltonian Ĥ 0 and changes it
into Ĥ following the time-reversed evolution, i.e., with the unitary U −1 (t). Note that the
initial state of this ‘backward’ (BW) protocol will have associated in general a different set of
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generalised inverse temperatures, β~0 = {β 0 , {βk0 }}. We define the work, w, and generalised
work, W , done on the system after a single run of these protocols as:
w = Efin − Eini ,

 

X
X
0
0
W = β Efin +
βk µk,fin − β Eini +
βk µk,ini .
k

(6)
(7)

k

These are stochastic quantities, as they depend on the result of projective measurements at
the start and end of the process. The Tasaki-Crooks relation [33] is the following relationship
between the probability distribution functions (PDFs) of the variable w in the FW and BW
processes:
PFW (w) −β w Z(Ĥ 0 , β 0 )
e
=
≡ exp(−β∆F ) ,
PBW (−w)
Z(Ĥ 0 , β)

(8)

where ∆F = Z(Ĥ 0 , β)/Z(Ĥ, β) is the difference in free energies between the two equilibrium
states, with the partition functions defined as in Eq. (3). By multiplying both sides of (8) by
PBW (−w) and integrating over w one retrieves the quantum Jarzynski equality [30–32]:
〈exp(−β w)〉 = exp(−β∆F ),

(9)

where 〈·〉 stands for an average over many runs of the protocol. Eqs. (8) and (9) hold when
the initial state is of the form of a Gibbs state, Eq. (3).
In Ref. [26] we have shown that when the initial state is of the form of the GGE form,
Eq. (3), the PDF of of generalised work, W , satisfies instead a generalised Tasaki-Crooks relation that reads:
ZGGE (Ĥ 0 , β 0 , M̂k0 , βk0 )
PFW (W ) −W
e
=
≡ exp(−∆F ) ,
PBW (−W )
ZGGE (Ĥ, β, M̂k , βk )

(10)

with the partition functions in the GGE, ZGGE , defined in (1), and ∆F = F 0 − F the differ0
ence in generalised (dimensionless) free energy functions, F = − ln ZGGE and F 0 = − ln ZGGE
.
Analogously to above, if we multiply both sides of Eq. (10) by PBW (−W ) and integrate over
W , we obtain the following equality:
〈exp(−W )〉 = exp(−∆F ) .

(11)

This is the generalised quantum Jarzynski equality [26].

3
3.1

Testing the generalized QFRs with an imperfect GGE
Dicke model

In Ref. [26] we presented extensive numerical results testing both the standard, Eqs. (8)
and (9), and generalised QFRS, Eqs. (10) and (11). We found that when the initial state
of either one or both initial equilibrium states in the FW and BW processes is not of the Gibbs
form but a GGE, the standard relations fail, while the generalised ones are satisfied perfectly.
Here, we consider a more general question, which is to what extent it is necessary for the
system to be in a perfect GGE equilibrium state for the generalised QFRs to provide a good
prediction for the statistics of generalised work in out-of-equilibrium processes.
To this end, following Ref. [26], we consider a system composed of N two-level systems,
with energy splitting ωat , coupled with equal strength g to a bosonic field of frequency ωb ,
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i.e., the N -particle Dicke model [35–37]. We write the Hamiltonian describing this system in
the form [38–41]:


2g 
hωat Ĵz + p (1 − α) Ĵ+ b̂ + Ĵ− b̂† + α Ĵ+ b̂† + Ĵ− b̂ ,
H =ħ
hωb b̂† b̂ + ħ
N

(12)

where b̂† and b̂ are the operators creating and annihilating excitations in the bosonic field,
and Ĵs (s = z, +, −) are Schwinger spin operators describing the collective internal state of the
two-level systems, with J = N /2. This model was introduced to describe the coupling of atoms
to light fields [35]. More recently, it has been implemented in systems of trapped ions [41].
In Eq. (12) we have introduced g, the coupling strength between two-level systems and
the boson field, and the parameter 0 ≤ α ≤ 1. When α = 0 or α = 1, the Dicke Hamiltonian
reduces to the Tavis-Cummings model, which is integrable and has an additional conserved
quantity, the total number of excitations in the system, M̂ = Ĵ + Ĵz + b̂† b̂; otherwise, for
0 < α < 1, the model is in the chaotic regime [26, 38–40, 42]. Thus, we can analyse the
behaviour of this system in the integrable and non-integrable limits simply by considering
cases with α ∈ {0, 1} and α 6∈ {0, 1}, respectively. In Ref. [26] we have discussed how this
tuning can be accomplished in trapped-ion setups by controlling the intensity of the light fields
implementing the red- and blue-sideband transitions with respect to the centre-of-mass mode,
that plays the role of the bosonic field, b̂.

3.2

Numerical results

Our numerical studies testing the standard and generalised QFRS in Ref. [26] were obtained
assuming that the system is initially equilibrated, and hence perfectly described by either a
Gibbs, with inverse temperature β, or a GGE density matrix, with two generalised temperatures, β and β M . A recent work by one of us [42] shows that the usual concept of thermalisation —the equivalence between microcanonical ensemble and long-time averages of physical
observables— is not always enough to guarantee the applicability of standard quantum fluctuation relations. Here, we show that our generalised QFRs are robust and provide a good
description of non-equilibrium processes starting from real equilibrium states in integrable
systems.
To tackle this question we design the following protocol:
1. We start from a thermal Gibbs state, with β = 0.02, in a chaotic configuration of the
Dicke model, with α = 1/2 and g = ε0 , being ε0 the energy scale of the problem.1
2. We perform the forward protocol directly quenching the system onto an integrable configuration, with α = 0 and g = 6ε0 , i.e., the time-dependence of the Hamiltonian parameters reads


1/2 t < 0
ε0 t < 0
α(t) =
,
and
g(t) =
.
0
t ≥0
6ε0 t ≥ 0
We emphasize that our generalised QFRs do not depend on this specific choice of time
dependence, and we have chosen it for computational convenience. Other variations of
(α, g) with the same initial and final values would render the same results on the leftand right-hand sides of Eqs. (10) and (11), see [26].
1
In our numerical calculations, we set N = 7, ħ
hωb = 3ε0 , ħ
hωat = 10ε0 , and include up to n = 800 in the
bosonic field. As the dimension of the bosonic Hilbert space is actually infinite, this high number has been chosen
to guarantee that all the Fock states with non-zero occupation probability are included in our simulations. In an
experimental implementation of the Dicke model with trapped ions [26, 41, 43], the energy scale can be fixed to
be of the order of the trapping frequency, ε0 = h × 1 MHz (with h Planck’s constant) [41, 43–45].
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3. We perform the backward protocol from the resulting state2 .
We calculate statistics of work for the forward process —i.e., the PDFs PFW (w) and PFW (W )—
from steps 1-2, and for the backward process from steps 2-3. We compare these statistics of
work with two reference distributions: a GGE with the values β and β M obtained from leastsquare fits of the actual time-evolved state after step 2 to the expected values of 〈Ĥ〉 and 〈 M̂ 〉;
and a standard Gibbs ensemble, with β obtained from a least-square fit to the expected value
of 〈Ĥ〉.
It is worth noting that this protocol challenges our QFRs in the most demanding scenario.
When describing the initial equilibrium state by means of a GGE, both the number of conserved
charges and the values of the generalised temperatures are different from the ones in the state
from which the forward protocol starts. In the other case, when a standard Gibbs ensemble is
taken as a reference, the number of charges is the same —just the Hamiltonian itself—, but
the values of the temperatures are different.
Results are summarized in Fig. 1. Panels (a) and (c) show that the equilibrium state after
the forward protocol is pretty well described by means of a GGE with β = 2.76 · 10−3 and
β M = 1.41 · 10−1 (see the caption for more details), and poorly described by means of a standard Gibbs ensemble with β = 6.02 · 10−3 . As the quench ends in an integrable configuration,
the role of the conserved charge M̂ is essential to properly describe the equilibrium state.
Fig. 1(b) and (d) summarize the results testing the Tasaki-Crooks relation and its generalised version. Fig. 1(b) shows that the generalised version, Eq. (10), accounts for the statistics
of the generalised work, W , with high precision. Only two points around W ≈ 1.2 are overestimated by the formula. This reinforces the former conclusion stating that the GGE provides
a very accurate picture of the state after the forward part of the protocol. Our results point
out that this is true, not only for expectation values of physical observables in equilibrium, but
also for the statistics of work and other conserved charges in non-equilibrium processes.
In contrast to this, Fig. 1(d) clearly shows that the standard version of the Tasaki-Crooks
relation, Eq. (8), fails to account for the statistics of work. This fact is directly linked to the
results shown in Fig. 1(c): As the occupation probabilities after the forward part of the protocol
are not well described by a standard Gibbs ensemble, the statistics of work resulting from such
a state does not follow the standard Tasaki-Crooks relation.

4

Conclusion

In summary, we have presented generalized versions of the Tasaki-Crooks and Jarzynski quantum fluctuation relations, that are suitable to study the out-of-equilibrium dynamics of systems
with an arbitrary, possibly time-dependent, number of charges [26]. These exact relations assume that the state of the quantum system at the start of the out-of-equilibrium process is
of the form of the generalized Gibbs ensemble, in accordance with very general principles of
quantum statistical mechanics.
In this contribution, we have tested the validity of our generalised QFRs [26] to a more
stringent test by considering a more realistic situation, in which the system is not allowed an
infinite time to relax to its equilibrium state in contact to baths. Our robust numerical calculations support that, when the Hamiltonian describing the system has conserved charges,
To be sure that we start from an equilibrium state, we must let the system relax in the final Hamiltonian, α = 0
and g = 6ε0 , before starting the backward part of the protocol. However, this relaxation time is irrelevant for
our numerical simulation. All our results are based on the
P two-projective measurement scheme. Hence, if the
actual state of the system at a certain time t is |Ψ(t)〉 = n Cn (t) |Φn 〉, where |Φn 〉 are the eigenfunction of the
Hamiltonian, only the square moduli of the coefficents, |Cn |2 , are relevant. Therefore, the dephasing introduced
by the relaxation procedure does not play any role in the results.
2
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Figure 1: Panels (a) and (c) compare the numerical results for the occupation numbers in the state after the forward quench (solid histograms) with the reference
distributions (diamonds). In panel (a), the reference distribution is a GGE with
β = 2.76 · 10−3 and β M = 1.41 · 10−1 (values obtained from a least-square fit to the
values of 〈Ĥ〉 and 〈 M̂ 〉). In panel (c), the reference distribution is a standard Gibbs
with β = 6.02·10−3 (value obtained from a least-square fit to the value of 〈Ĥ〉). Panels (b) and (d) show the results for the (generalised version of) the Tasaki-Crooks
theorem. Results for the forward distributions are displayed with solid histograms,
and results for the backwards, together with the factors eW −∆F or eβ(w−∆F ) , with
diamonds. Panel (b) refers to the GGE case, and panel (d) to the standard Gibbs
ensemble.

the statistics of work produced by a non-equilibrium process that starts from such a realistic
equilibrium state cannot be described by using the standard QFRs (which disregard the effect of charges). On the contrary, work statistics is accurately described by our generalised
QFRs, Eqs. (10)-(11). This points to the importance of the role of charges in realistic nonequilibrium processes, such as equilibration in quasi-integrable systems [28], and dissipation
and relaxation in driven systems with conservation laws [46, 47]. A case of particular theoretical interest for future exploration arises when the charges supported by the Hamiltonian do
not commute with each other [29, 48–51]. Our results also call attention to the relevance of
charges in the work statistics of realistic cyclic processes where the system is driven to an intermediate state with charges, an issue that may be exploited to design more efficient quantum
engines [52–55].
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Abstract
No published Λn scattering data exist. A relativistic heavy-ion experiment has suggested
that a Λnn bound state was seen. However, several theoretical analyses have cast serious doubt on the bound-state assertion. Nevertheless, there could exist a three-body
Λnn resonance. Such a resonance could be used to constrain the Λn interaction. We discuss Λnn calculations using nn and Λn pairwise interactions of rank-one, separable form
that fit effective range parameters of the nn system and those hypothesized for the as
yet unobserved Λn system based upon four different ΛN potentials. The use of rank-one
separable potentials allows one to analytically continue the Λnn Faddeev equations onto
the second complex energy plane in search of resonance poles, by examining the eigenvalue spectrum of the kernel of the Faddeev equations. Although each of the potential
models predicts a Λnn sub-threshold resonance pole, scaling of the Λn interaction by as
little as ∼5% does produce a physical resonance. This suggests that one may use photo(electro-)production of the Λnn system from tritium as a tool to examine the strength of
the Λn interaction.
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1

Introduction

Unfortunately for hypernuclear physics there exist no published Λn scattering data. This reflects the absence of neutron and Λ targets or beams. Attempts have been made to infer
estimates from Λp scattering data combined with the binding energies of few-body Λ hypernuclei. In particular, one utilizes the binding energy difference between the ground states of
the mirror hypernuclei 4Λ H and 4Λ He to infer charge symmetry breaking in the ΛN interaction.
However, recent publications have questioned the existing value of the Λ-separation energy of
4
4
Λ H [1] as well as the γ transition in Λ He [2]. Moreover, we know not whether the observed
A = 4 charge symmetry breaking arises from the fundamental two-body ΛN interaction or
from a possible ΛNN three-body force.
In a relativistic heavy-ion experiment performed by the HypHi collaboration [3], observation of a 3Λ n bound state was reported. Specifically, a measurement was reported of the
invariant mass of π− + d and π− + t in the scattering of 6 Li on graphite, i.e.,

· · · + π− + d
6
Li + C →
,
(1)
· · · + π− + t
in which a 3Λ n bound state was possibly observed. We note that the peak in the π− + d and
π− + t invariant mass is approximately at mΛ + mn and mΛ + 2mn , respectively. This suggests
a Λnn structure that could be associated with a bound state, because the measured lifetime of
this state is comparable to the lifetime of a free Λ:

π− + d
 181+30
−24 ps
190+47
π− + t .
(2)
Lifetime =
−35 ps
 263.2
± 2.0 ps free Λ
Such a 3Λ n would be the lightest neutron-rich hypernucleus known. If such a bound state were
to exist, our knowledge of the neutron-neutron (nn) interaction would allow us to place strong
constraints upon the Λn interaction. Moreover, JLab would be an ideal facility to explore such a
bound system, using the 3 H(e,e0 K+ )3Λ n electro-production reaction, although a weakly bound
system would imply the need to measure a small cross section. [Alternative reactions at JPARC would be 3 H(K− , π0 )3Λ n and 3 He(K− , π+ )3Λ n; the latter being a double-charge-exchange
reaction suggests that the cross section would be very small.]
The possible existence of such a bound state was investigated theoretically by a number
of groups [4–10] using a variety of few-body methods. The consistent result of these investigations was that there is no 3Λ n bound state. To understand this, one need only recall that the
hypertriton, a T = 0 state, is only barely bound having a Λ separation energy of
BΛ (3Λ H) = 0.13 ± 0.05 MeV .

(3)

This amounts to a system in which the Λ is very loosely bound to a deuteron. In comparing 3Λ H
with 3Λ n, one is replacing the np interaction that supports a bound state (the deuteron) by an
nn interaction that produces a di-neutron that is unbound. In fact, a simple estimate is that a
Λnn state should be about 2.224 MeV (the binding energy of the deuteron) above the ground
state of the ΛNN system, and therefore would be unbound. In this analysis, it is assumed that:
(i) charge symmetry holds; i.e., the Λn interaction is the same as the Λp interaction; (ii) there
are no three-body forces acting, other than an effective three-body force that results from the
coupling between the ΛN and ΣN channels in the hyperon-nucleon interaction.
Even if there is no 3Λ n bound state, there might exist a Λnn resonance. Moreover, such
a resonance could be used to constrain the Λn interaction. For that reason, we explore the
possible existence of a Λnn resonance even though the underlying nn and Λn interactions are
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predominantly s-wave and support no two-body bound state. To accomplish this we consider a
model in which the pairwise interactions are represented by rank-one separable potentials that
reproduce the effective range parameters (scattering length and effective range) of 1) the nn
system and 2) those predicted for the yet to be observed Λn system by five different Nijmegen
one-boson-exchange potentials [11–15] and the Juelich one-boson-exchange potential [16],
and a chiral ΛN potential [17]. All of the potential models are based upon the existing Λp
scattering data. The use of rank-one separable potentials makes it possible for us to easily
analytically continue the relevant Faddeev equations for the Λnn system onto the second complex energy plane in order to search for resonance poles. We perform the search by examining
the eigenvalue spectrum of the kernel of the Faddeev equations. We previously employed this
method in our investigation of possible resonances in Λd scattering [18].
In the A = 4 Λ-hypernuclei a larger charge symmetry breaking has been observed in the
ground states than in the bound excited states:

0.233 ± 0.092 MeV for the 0+ g.s.
4
4
∆CSB ≡ B(Λ He) − B(Λ H) =
.
(4)
−0.083 ± 0.094 MeV for the 1+ excited state
This is significantly larger than the charge symmetry breaking that is observed in the A = 3
nuclear system of ∼0.07 MeV, where app − ann ≈ 1.5 ± 0.5 fm [19]. This would suggest
that there could be a substantial difference between the Λp and Λn scattering lengths. To
examine this possible difference we consider the Nijmegen potentials: Model D [11], model
NSC89 [12], model NSC97f [13], model ESC08c [14], and model ESC16 [15]. The values
shown in Table 1 imply that the difference between the Λp and the Λn scattering lengths in
the singlet and triplet channels quite likely requires further investigation, if we are to resolve
any charge symmetry breaking at the two-body level.
Table 1: The Λn and Λp singlet and triplet scattering lengths (in fm) for five Nijmegen
potentials. The charge symmetry breaking difference is ∆aCSB = aΛp − aΛn .
ΛN Potential
Model D
NSC89
NSC97f
ESC08c
ESC16

aΛp
-1.77
-2.73
-2.51
-2.46
-1.88

Singlet
aΛn
-2.03
-2.86
-2.68
-2.62
-1.96

∆aCSB
0.26
0.13
0.17
0.16
0.08

aΛp
-2.06
-1.48
-1.75
-1.73
-1.86

Triplet
aΛn
-1.84
-1.24
-1.66
-1.72
-1.84

∆aCSB
-0.22
-0.24
-0.09
-0.01
-0.02

We would like to suggest the thesis that if one observes a Λnn resonance, then the energy
and width of such a resonance might be used to place some constraint on the Λn scattering
lengths, to complement the experimental Λp scattering data.

2

The Λnn Model

The 3Λ H hypernucleus is just bound. The hypertriton can be considered to be a Λ loosely bound
to the deuteron core by about 0.13 MeV. The small binding suggests that the Λ resides at a
considerable distance from the core deuteron. In fact, model calculations show that the rms
radius of the Λ is some 6 times the rms radius of the deuteron. Thus, the hypertriton is a true
“halo” Λ hypernucleus. Therefore, we can infer that the most important feature of the ΛN
interaction for the study of the ΛNN system is the long range component of the interaction (in
r-space); this corresponds to the low energy ΛN amplitude. Such a situation can be described
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in an S-wave effective range approximation; i.e., we can write the amplitude in the well known
form
1
f0 (k) = e−iδ0 sin δ0 =
= −πµkt 0 (k) ,
(5)
cot δ0 − i
in which µ is the reduced mass of the ΛN , and
1 1
k cot δ0 ≈ − + r k2 ,
a 2

(6)

is the familiar effective range expansion written in terms of the scattering length a and the
effective range r.

2.1

The two-body interaction

The effective range parameters (a, r), which parameterize the ΛN amplitude at low energies,
can be used to define a rank one Yamaguchi separable potential [20]. To ensure that the reader
can reproduce our numerical results, we repeat here the well known Yamaguchi potential
formalism:
1
V (k, k0 ) = g(k) C g(k0 ) with g(k) = 2
.
(7)
k + β2
The parameters of the potential, C and β, can be expressed in terms of the effective range
parameters [21] as:
s


1
r
3 + 9 − 16
β=
2r
a

and

C=

4 β3
.
πµ(1 − β r)

(8)

The corresponding off-shell t-matrix, t 0 (k, k0 ; E), has the familiar separable form
t 0 (k, k0 ; E + ) = g(k) τ(E + ) g(k0 ) .

(9)

Here τ(E + ) is the quasiparticle propagator that can be expressed in terms of the potential form
factor g(k) and the strength C as follows:

τ(E + ) =




C −1 −



Z∞

d k k2

0

[g(k)]
E+ −

2

k2
2µ

−1


.

(10)



Thus, we are able to construct a ΛN amplitude that satisfies i) two-body unitarity and ii) is
uniquely determined by the effective range parameters a and r. This amplitude can be utilized
in the three-body Faddeev equations for the ΛNN system in order to determine the low energy
spectrum (both bound states and resonances).
One can show that an alternative way of determining the parameters of the rank one
separable potential in the effective range approximation (Eq. (6)) is to note that, because
k cot δ0 is a quadratic in k, the S-wave amplitude t 0 (k) has two poles residing at k1 and k2 .
The effective range parameters can be expressed in terms of k1 and k2 as
a=

i (k1 + k2 )
k1 k2

and

r=

2i
.
k1 + k2

(11)

Thus, the ΛN amplitude can be written: i) in terms of the effective range parameters, or ii)
in terms of the poles of the amplitude. The question we address below is whether the Λnn
resonance parameters might be more usefully represented in terms of i) the effective range
parameters or ii) the poles of the two-body amplitude.
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2.2

The separable potential ΛNN equations

It is necessary to utilize a three-body formalism that encompasses both bound states and scattering states including three-body resonances in order to investigate the low energy spectrum
of the ΛNN system. The Faddeev formalism [22–25] is optimum for this purpose, because it
treats bound states and resonances on equal footing. This allows one to follow the poles of
the S-matrix, as the parameters of the input two-body amplitude are varied in a continuous
manner, from bound state to resonant state.
It is convenient to consider the AGS [26] form of the Faddeev equations for, e.g., Λd scattering, employing only pairwise interactions [18]:
X
X α,β (E) = δ̄αβ G0 (E) +
δ̄αγ G0 (E) t γ (E) X γβ (E) .
(12)
γ

Here E is the total energy, G0 (E) is the free three-body Green’s function, α, β, and γ label the
three-body channels, δ̄αβ = 1 − δαβ , and t γ (E) is the two-body amplitude for the interacting pair (βα) in the three-body Hilbert space. The solution to this integral equation can be
constructed in terms of the eigenfunctions and eigenvalues of the kernel as [18, 27]

∗
X
λ̃n (E ∗ )
|φn,α (E)〉
X αβ (E) =
〈φ̃n,β (E ∗ )| .
(13)
1
−
λ
(E)
n
n
Here |φn,α (E)〉 and λn (E) are the familiar eigenfunctions and eigenvalues of the homogenous
AGS integral equation
X
δ̄αβ G0 (E) t β (E) |φn,β (E)〉 ,
(14)
λn (E) |φn,α (E)〉 =
β

whereas |φ̃n,β 〉 and λ̃n are the eigenfunctions and eigenvalues of the corresponding adjoint
kernel of the integral equation. For all energies at which λn (E) = 1 in Eq. (13) the scattering
amplitude has a pole. When E is real and negative, this pole corresponds to a bound state.
When E is complex with ℑ[E] < 0 and ℜ[E] > 0 and it lies on the second Riemann energy
sheet, then the pole corresponds to a physical resonance. In this way one has the ability to
explore the trajectory of the pole as one modifies the parameters of the two-body interaction.
This approach has been used to explore the trajectory of three- [28,29] and four-neutron [30]
resonances on the basis of realistic nucleon-nucleon interactions, which illustrates how one
can study bound states and resonances within such a unified scheme.
When investigating a two-body system with a Hermitian Hamiltonian, the LippmannSchwinger equation admits poles for real negative energies, which correspond to bound states.
The same holds true for the Faddeev equations. This is because these two- and three-body
equations are defined on the first Riemann energy sheet, and they correspond to a Hermitian
Hamiltonian. To treat bound states and resonances on equal footing, we rotate the contour
of integration to expose the region of the second energy plane where resonances reside. This
has effectively replaced a Hermitian Hamiltonian which admits S-matrix poles only on the real
negative energy axis, with a non-Hermitian Hamiltonian that can have S-matrix poles at both
real (bound state) and complex (resonance) energies.
There are no experimental data for Λn scattering. Therefore, we resort to modeling the
interaction as rank one Yamaguchi separable potentials defined by the effective range parameters predicted by meson exchange potentials. After partial wave expansion, one can write
Eq. (14) as a homogenous one dimensional integral equation of the form [21]
JT
λn (E) φn,k
(q; E) =
α

∞
X Z
kβ

JT
dq0 KkJ T,k (q, q0 ; E) φn,k
(q0 ; E) .
α

0
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The sum over kβ runs over all three-body channels for a given total angular momentum J and
isospin T . The kernel of the integral equation is
KkJ T,k (q, q0 ; E) = ZkJ T,k (q, q0 ; E) τkβ [E − εβ (q0 )] q0 2 .
α

β

α

β

(16)

Here ZkJ T,k is the Born amplitude for the exchange of particle γ, and τkβ is the quasiparticle
α

β

propagator for the pair γα defined in Eq. (10). The εβ (q0 ) is the energy of the spectator particle
β. In Eq. (15) λn (E) is the nth eigenvalue of the kernel at energy E. The largest eigenvalue
achieving a value of one at the bound state energy corresponds to the ground state of the Λnn
system.
Thus, Eq. (15) allows one to determine the bound state of the system. To search for resonances one needs to analytically continue this equation onto the second Riemann energy sheet.
To achieve this one deforms the contour of integration making certain not to cross any singularities of the kernel in the integral equation. This can be achieved here by the transformation
q → q e−iθ

q0 → q0 e−iθ

with

θ >0.

(17)

This exposes the region of the second Riemann energy sheet for which |arg E| < 2θ . To
locate resonances we require |arg E| < π2 . Because both q and q0 are rotated by the same
angle θ , the Born amplitude ZkJ T,k (q, q0 ; E) has no singularity for θ < π2 [31]. Additional
α

β

singularities of the kernel arise from τkβ [E − ε(q0 )], the nn and Λn subsystem quasiparticle
propagators. Because no nn or Λn bound states exist, the only singularity of τkβ is a branch
point at the two-body subsystem thresholds. (This leads to the three-body threshold branch
point at E = 0.) Therefore, we can analytically continue Eq. (15) to θ < π2 . This insures
that ℑ[E] < 0. In this way we are able to investigate bound states, physical resonances, and
sub-threshold resonances for the Λnn system.

3

Numerical results

The nn and Λn rank one separable potentials provide the input for Eq. (15). For the nn interaction we use the experimental spin-singlet scattering length as = −18.9±0.4 fm and effective
range rs = 2.75 ± 0.11 fm [32] to fix the parameters of the Yamaguchi potential to be
βnn = 1.1574 fm

and

Cnn = −0.37986 fm−2 .

(18)

There are no experimental data for the Λn interaction. As a theoretical model we choose the
effective range parameters for the one boson exchange model of the Nijmegen potential Model
D [11]. The theoretical Λn effective range parameters and the corresponding Yamaguchi parameters in the singlet and triplet channels are shown in Table 2.
Table 2: The Λn effective range parameters of the Nijmegen Model D [11] for the
singlet and triplet channels, plus the parameters of the corresponding Yamaguchi
potentials.
channel
Singlet
Triplet.

a fm
-2.03 ± 0.32
-1.84 ± 0.10.

r fm
3.66 ± 0.323
3.32 ± 0.11.

β fm
1.2503
1.3786

C fm−2
-0.2692
-0.3608

In order to explore the Λnn pole trajectory we scale the singlet and triplet Λn potential
strengths by the factor s; i.e, we use the transformation
Cs → s Cs

and
025.6
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Figure 1: The trajectory of the Λnn pole as one varies the scaling factor s between
1.0 and 1.4 for a Yamaguchi separable potential based upon the effective range parameters of the Nijmegen Model D.
For s = 1, the Λnn pole corresponds to a sub-threshold resonance at ER = −0.154−0.753 i MeV.
The largest eigenvalue in Eq. (15) is λ(ER ) = 1.0000 − 0.0001 i. We plot the pole trajectory
in Fig. 1 as the scaling factor s is increased from 1.0 to 1.4. By the time we reach s = 1.075 a
physical Λnn resonance has formed. At s = 1.350 a Λnn bound state has developed. The pole
has transitioned from a sub-threshold resonance, to a physical (observable) resonance, to a
bound state by simply scaling the strength of the Λn interaction. This is achieved by using the
same homogenous Faddeev integral equations, Eq. (15), after contour rotation by θ = 60o . For
Nijmegen Model D one can see that a Λn potential whose parameters lie within the uncertainty
of the experimental low energy Λp scattering parameters could generate a physical resonance
in the Λnn system.
We consider four sets of effective range parameters in constructing separable Yamaguchi
potentials to demonstrate that the trajectory for the Λnn pole is basically the same for differing
models of the Λn interaction. The potentials are: Nijmegen Model D [11] used in Fig. 1, Nijmegen NSC97f [13], the Jülich [16] and the ΛN potential based upon the Chiral Lagrangian
(Chiral (Λ = 600)) [17] reported by the Jülich group. [Note: The Jülich group reports only
the Λp effective range parameters. Therefore, we use those Λp effective range parameters for
the Jülich equivalent separable potentials. In contrast, for the Nijmegen equivalent separable
potentials we use the Λn effective range parameters.] In Fig. 2 we show the Λnn pole trajectories for these four separable potentials. Again, with an initial scaling factor s = 1.000
each of the four potentials yields a sub-threshold resonance, whereas with the scaling factor
of s = 1.400 we obtain a Λnn bound state. The scaling factors for which the poles turn into
physical resonances and then into bound states differ slightly for each of the potentials. Each
of the two Nijmegen potentials have very similar trajectories. The two Jülich potential trajectories lie almost on top of one another. However, the starting pole positions (at s = 1.000)
differ for each of the four potentials. We emphasize that in these calculations no tensor forces
nor any coupling between the ΛN and ΣN channels have been included, as this would add
more parameters to the models. One should include such additional sophistications in making
a detailed comparison with experimental data.
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Figure 2: Trajectories of the Λnn pole as one scales the Λn Yamaguchi potentials with
effective range parameters equivalent to two Nijmegen (Mod D, N SC97 f ) and two
Jülich (Jülich04, Chiral) potentials.

4

The Λn effective range parameters and Λnn resonance energy

Can one extract the Λn effective range parameters from the position of the Λnn pole? Because
we have two parameters defining the position of the Λnn pole and we have four effective range
parameters (corresponding to the singlet and triplet Λn channels), the answer is not obvious.
One might hope that the position of the Λnn pole would be less sensitive to the effective
range than the scattering length. If so, then one might extract the singlet and triplet scattering
lengths from the position of the complex Λnn pole. We illustrate the trajectory of the Λnn pole
in Fig. 3, as one varies first the singlet scattering length as (blue symbols) and then the singlet
effective range rs (red symbols). For these results a Yamaguchi separable potential was fitted
to Nijmegen Model D [11], where we scaled the strength of the potential by a factor s = 1.1
in order to generate a physical resonance. The position of the Λnn pole is more sensitive to
variation in the scattering length than to variation in the effective range. This suggests that
one might be able to use the position of the Λnn pole to place some constraint on the singlet
scattering length, as .
One obtains a similar set of trajectories for the triplet channel. The variation in the position
of the Λnn pole is more sensitive to variation in the scattering length a t than variation in the
effective range r t . In Fig. 4 we compare the trajectory of the Λnn pole as one varies the singlet
scattering length as and the triplet scattering length a t , to illustrate the relative sensitivity of
the Λnn pole to the triplet and singlet effective range parameters. Here we observe that the
position of the pole is more sensitive to variations in the triplet scattering length a t than to
variations in the singlet scattering length as . This results from the stronger coupling between
the triplet Λn three-body channel and the nn three-body channel.
Based upon the analysis of the movement in the Λnn pole position with variations in the
Λn scattering lengths and effective ranges, we surmise that the pole position can place some
constraints on the Λn effective range parameters. However, it is not possible to extract a
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Figure 3: Variation in the position of the Λnn pole as one varies either the singlet
scattering length as (fm) or the effective range rs (fm). The starting interaction is a
Yamaguchi potential based upon the Nijmegen Model D [11], with a scaling strength
factor s = 1.1.
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Figure 4: Variation in the position of the Λnn pole as one varies either the singlet
scattering length as (fm) or the triplet scattering length a t (fm). The starting interaction is a Yamaguchi potential based upon the Nijmegen Model D [11], with a
scaling strength factor s = 1.1.
definite set of, e.g., scattering lengths from the pole position. To accomplish that would require
an experiment that distinguishes between the singlet and triplet channels. Alternatively one
might introduce theoretically meaningful constraints. From the Λnn pole trajectories for the
potentials considered in Fig. 2, we infer that a Λnn resonance pole will lie close to the Λnn
threshold. Therefore, it should be primarily sensitive to the parameters of the low energy Λn
amplitudes. Scattering lengths and effective ranges (the intercept and slope of k cot δ at the
Λn threshold) are both low energy parameters. Nevertheless, the alternative parametrization
in terms of the poles of the amplitude, k1 and k2 , may provide insight into what theoretical
constraints to the parameterization of the Λn amplitude would be helpful.
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In order to gain insight into the role of the on-shell Λn amplitude poles in the effective
range approximation, we examine the analytic structure of the on-shell amplitude for a given
potential. There are two kinds of singularities in this amplitude: i) singularities that arise
from the analytic form of the potential and ii) singularities that depend on the strength of
−µr
the potential. For the Yukawa potential ( e r ) the on-shell amplitude in the k-plane exhibits a
µ
branch point at k = 2 i with the cut running to +i∞ [34]. If we consider a meson exchange
potential for the ΛN interaction, then the lightest meson exchanged is the K meson; this would
generate a branch point at k ≈ +1.2 i fm−1 . In addition to this branch point, there can exist
a pole whose position is determined by the potential strength. If the potential has sufficient
strength to support a bound state, then a simple pole lies on the positive imaginary k-axis.
However, if the strength of the potential is not sufficient to support a bound state, which is
the case for the ΛN interaction, then the pole lies on the negative imaginary k-axis. When
we replace the Yukawa potential with a separable potential, then the branch point is replaced
by poles in the upper half of the k-plane, whereas poles depending on the strength of the
interaction reside on the negative imaginary k-axis.
Consider the rank one separable Yamaguchi potential based upon the singlet Nijmegen
NSC97f. The poles lie at:
k1 = −0.266 i fm−1 ,

k2 = k3 = +1.340 i fm−1 ,

k4 = −2.414 i fm−1 .

The double pole (k2 = k3 ) lies on the positive imaginary axis and is the ‘range parameters’ β of
the separable potential (see Eq. 7). The position of the pole k1 is almost identical to that in the
effective range amplitude, while the value of k2 is of the same order as that which we see in the
effective range approximation. The pole k4 , which depends on the strength of the potential,
resides far from the threshold energy; k4 does not appear in the effective range approximation.
When we replace the on-shell amplitude of the potential by the on-shell amplitude generated
in the effective range approximation (Eq. 6), then there exist only two poles. One pole lies on
the negative imaginary axis near threshold, which we label as k1 , and the second lies on the
positive imaginary axis, labeled as k2 .
Table 3: The variation in the position of the poles k1 and k2 of the effective range
approximation for the Nijmegen NSC97 potentials [13, 33] with changes in αm
V . Also
included for comparison are the values of k1 and k2 for the Jülich04 [16] and Jülich
chiral potential with Λ = 600, [17].
Model
NSC97a
NSC97b
NSC97c
NSC97d
NSC97e
NSC97f
Jülich04
chiral (Λ = 600)

αm
V
0.4447
0.4247
0.4047
0.3847
0.3747
0.3647
–
–

as (fm)
-0.77
-0.97
-1.28
-1.82
-2.24
-2.68
-2.56
-2.91

rs (fm)
6.09
5.09
4.22
3.52
3.24
3.07
2.74
2.78

k1 (fm−1 )
-0.509 i
-0.470 i
-0.4126 i
-0.343 i
-0.300 i
-0.265 i
-0.282 i
-0.254 i

k2 (fm−1 )
0.838 i
0.863 i
0.890 i
0.911 i
0.918 i
0.917 i
1.012 i
0.973 i

As explicit examples, we consider the set of Nijmegen potentials NSC97 [13, 33], in which
the strength parameter αm
V was varied to generate potentials with different Λn singlet effective range parameters. In Table 3 we list for each NSC97 potential the value of αm
V , the singlet
scattering length and effective range, and the values of k1 and k2 , the positions of the singlet
Λn poles. For comparison, we have also included in Table 3 the scattering length and effective range as well as the position of the poles k1 and k2 for the meson exchange potential
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Figure 5: Variation in the position of the Λnn pole as one varies separately the singlet
Λn pole positions in the effective range amplitude k1 (fm−1 ) or k2 (fm−1 ). Also
included in the figure are the singlet effective range parameters as (fm) and rs (fm)
corresponding the the values of k1 and k2 . The starting interaction is a Yamaguchi
potential based upon the Nijmegen Model D [11], with scaling strength factor s = 1.1.
Jülich04 [16] and the Jülich chiral potential with a cut-off Λ = 600 [17]. We point out that k1
lies on the negative imaginary k-axis and is close to threshold, whereas k2 lies on the positive
imaginary k-axis and farther from threshold (i.e., a higher energy parameter). Moreover, as
the strength of the Nijmegen potential is varied due to changes in αm
V , the pole at k1 varies by
as much as a factor of two, while k2 varies only by ∼10%. This strongly implies that k1 is more
dependent on the strength of the interaction, whereas k2 plays a role similar to the ‘range’ of
the interaction. Comparing results for the Nijmegen potentials with those of the Jülich potentials, we find that the values of k1 and k2 are qualitatively similar. It would appear that one can
make use of the ‘range’ of the theoretical Λn potential in the singlet and triplet cases to reduce
the number of parameters from four to two. That is, one could fix singlet and triplet values
of k2 from a theoretical model and then adjust the values of k1 to reproduce the position of
the Λnn resonance. This would then provide a reasonable estimate of the singlet and triplet
effective range parameters.
In Fig. 5 we plot the trajectory of the Λnn pole as one varies the position of pole of the Λn
singlet amplitude in the effective range approximation with changes in k1 (blue symbols) or
k2 (red symbols). As expected the Λnn pole is more sensitive to variation in k1 than k2 . This
also suggests that one will need additional constraints to fix the effective range parameters.
Based on the observation from Table 3, it would appear that we may estimate the position of
the k2 pole based on the theoretical range of the Λn potential, and then determine k1 from
the position of the Λnn pole.

5

Conclusions

We have investigated extracting an experimental constraint upon the Λn interaction from data
that may be obtained in an experimental measurement of a Λnn resonance. Our analysis is
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based on the assumption that states of the ΛNN system, which are close to the three-body
threshold, are dominated by the effective range parameters of the pairwise interactions (nn,
Λn) governing the Λnn system. This hypothesis enables us to generate rank one Yamaguchi
potentials that represent the pairwise interactions. The separable potentials reduce the ΛNN
Faddeev equations to a set of coupled one dimensional integral equations that we can analytically continue onto the second complex energy plane where resonances reside. This procedure
places bound states and resonance poles on equal footing. After applying a coordinate rotation to expose the second complex energy plane, we are able to follow the trajectory of the
S-matrix poles as the strength of the potentials is varied in a continuous manner. If the Λnn
system supports a resonance, then the invariant mass of the Λnn system resulting from the
reaction 3 H(e, e0 K+ )X can be written as the sum of a Breit-Wigner form plus a smooth background. This suggests that we can extract two parameters from the invariant mass spectrum.
These parameters may be used to place constraints on the Λn effective range parameters. We
find that such a procedure might be best implemented based upon the poles of the Λn amplitude in the effective range approximation, with some assistance from theory (i.e., existing
meson exchange potential models) in terms of providing an estimate of the ‘range’ of the interaction.
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Abstract
A novel approach that allows access to long-sought information on the Hyperon-Nucleon
(YN) interaction was developed by producing a hyperon beam within a few-body nuclear
system, and studying final-state interactions. The determination of polarisation observables, and specifically the beam spin asymmetry, in exclusive reactions allows a detailed
study of the various final-state interactions and provides us with the tools needed to
isolate kinematic regimes where the YN interaction dominates. High-statistics data collected using the CLAS detector housed in Hall-B of the Thomas Jefferson laboratory allows us to obtain a large set of polarisation observables and place stringent constraints
on the underlying dynamics of the YN interaction.
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Introduction

One of the main goal of nuclear physics is to obtain a comprehensive picture of the strong interaction, which can be accessed by introducing the strangeness degree of freedom in the, now
well-understood, nucleon-nucleon (N N ) interaction. The N N interaction has a long history of
detailed studies, and currently phenomenological approaches can describe observed phenomena with high accuracy. On the other hand, the interaction between Hyperons (hadrons with
one or more strange quarks) and Nucleons (Y N ) is very poorly constrained, mainly due to difficulties associated with performing high-precision scattering experiments involving short-lived
hyperon beams. Because of these difficulties, complimentary approaches, including studies of
hypernuclei and final-state interaction (FSI), have been developed to provide indirect access
to information on the hyperon-nucleon interaction. Final state interactions in exclusive hyperon photoproduction reactions off deuterium impart an excellent tool to study the bare Y N
interaction in an approach that is free from medium modifications and many-body effects.
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Figure 1: Four main mechanisms that contribute to the reaction γd → K + Λn according to theoretical models [1, 2]: (a) quasi-free ΛK + photoproduction on the proton;
(b) pion mediated production; (c) K + rescattering off the spectator neutron; (d) Λ
rescattering off the spectator neutron.
Available models [1, 2] indicate that four mechanisms contribute in the exclusive reaction γd → K + Λn (see Fig. 1): (1) the quasi-free mechanism, which dominates the reaction
cross section, (2) the pion mediated mechanism, (3) the kaon rescattering, and (4) the hyperon rescattering mechanism. The exclusivity of the reaction allows us to place kinematical
constraints that minimise contributions from the quasi-free reaction, enabling detailed investigation of FSI. Linearly and circularly polarised photon beams in combination with the selfanalyticity of hyperons give access to a large set of polarisation observables that are crucial for
constraining the dynamics of the Y N interaction. This is illustrated by the most comprehensive
model for this reaction, which uses two Y N potentials (Nijmegen NSC89 and NSC97f – both of
which correctly predict the hypertrition binding energy) [3] and provides calculations of the
polarised differential cross section, allowing predictions for a set of polarisation observables.
These calculations predict a strong sensitivity between the two main potentials, indicating
that polarisation observables are crucial in our current understanding of the Y N interaction.
A determination of a large set of polarisation observables will allow a model-dependent interpretation of the data, in which various FSI contribute. The beam-spin asymmetry, Σ, is a
critical observable that allows direct insight on contributions from the different FSI.

2

Experimental setup

Recent developments in accelerator and detector technologies, allowed the collection of a large
data sample of the exclusive reaction γ
~d → K + Λn utilising the CEBAF [4] Large Acceptance
Spectrometer (CLAS) [5] and the tagger spectrometer housed in Hall-B of the Thomas Jefferson Laboratory (JLab). The CLAS detector, which is comprised of a time-of-flight detector
system, drift chambers, a superconducting magnet that produced a toroidal magnetic field,
and electromagnetic calorimeters, provided us with an efficient detection of charged particles
over a large fraction of the full solid angle. A schematic of the CLAS detector is shown in the
left panel of Fig. 2.
Data for this analysis were collected from one of the largest photoproduction experiments
conducted during the CLAS6 era (experiment E06-103 [6]), utilising both linearly and a circularly polarised tagged photon beams incident on a 40 cm long deuterium target. The tagger
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between the target and the pair spectrometer,
caused pair rates that were too high and made the
monitoring unstable. In addition, a sizable correction had to be applied to account for the photons
lost in these pair production processes. More
recently, a pair spectrometer has been installed in
front of the CLAS target. By operating the entire
system in vacuum, and by using a thin pairconversion foil that removes less than 1% of the
photons from the beam, it is possible to monitor
the photon flux even at high flux rates.
A second method that uses out-of-time events
allows the monitoring of any changes in the flux
distribution of electrons associated with the
production of tagged photons. Each time a
photon-generated event is detected in CLAS, a
TDC window, 200-ns long, is opened for each of
the 64 timing detectors in the tagger hodoscope.

6. Operating conditions
6.1. Targets

spectrometer (right panel of Fig. 2) allowed the tagging of photons with energies
between 20
Hall B experiments are grouped into running
periods according to beam type and target. A
and 95% of the incident electron energy. A linearly polarised photon beam
between
0.7 and
variety of targets have been used to date, with
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2.3 GeV produced via the coherent bremsstrahlung technique (electrons incident
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either electron or photon running. The most
common target used has been liquid H : However,
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and
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which
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scheme for
targets
observables C x and Cz . Equation (1) shows how the cross section of theinsertion
reaction
γd
→inside
K +CLAS,
Λntogether
with the supporting equipment, is shown for the
depends on the set of polarisation observables this work focuses on:


dσ
dσ
=
[1 − Pl in Σ cos 2φ + α cos θ x (−Plin Ox sin 2φ − Pcir c C x )
dΩ
dΩ 0
−α cos θ y (−P y + Plin T cos 2φ) − α cos θz (Plin Oz sin 2φ + Pcir c Cz )],
(1)
2

2

3

4

12

3

2

3

where φ is the azimuthal angle of the kaon, and Plin and Pcir c is the degree of linear and circular
polarisation respectively, and α is the self-analsing power of the Λ hyperon equal to 0.75 [7].
Figure 3 shows the frame definition used to determine all relevant polarisation observables.

3

Analysis

The reaction γd → K + Λn was fully reconstructed with the detection of all charged-tracks in
the final state, utilising the large branching ratio of Λ → pπ− (63.9%). Particle identification
was done based on time-of-flight and drift chamber information, and misidentified kaons were
discarded with a requirement on the proton-pion invariant mass. Finally, the missing neutron
was identified utilising the tagged photon-beam by constructing the missing-mass, MX , of the
reaction γd → K + ΛX . Background contributions, mainly from Σ0 (which decays into a Λ and
a γ), were accounted for using a comprehensive event generator and a realistic detector simulation based on the GEANT package [8]. The left panel of Fig. 4 shows an example of the
missing-mass distribution for a specific kinematic bin, indicating the various background contributions. Quasi-free and FSI-dominated samples were determined by selecting events with
neutron momenta (reconstructed from the missing-momentum of the reaction γd → K + ΛX )
below and above 200 MeV/c, as indicated in the right panel of Fig. 4. The polarisation observables were determined using the maximum likelihood technique. Specifically, the likelihood
function was established from the cross section of the reaction (see Eq. (1)). This allowed for
a simultaneous extraction of a set of polarisation observables by maximising the log-likelihood
calculated using the linearly and circularly polarised data.
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expected to be consistent with zero, where the neutron beam-spin asymmetry, Σn , is expected
to be consistent with the well-known pion beam-spin asymmetries of the reactions γn → π0 n or
γp → π+ n. For a kaon-rescattering dominated sample, the neutron beam-spin asymmetry, Σn ,
is expected to be consistent with zero, where the hyperon beam-spin asymmetry, ΣΛ is expected
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Figure 6: Beam spin asymmetries as a function of the photon energy of real data. The
1 using the azimuthal distribution
different points show the asymmetries determined
of the various particles as indicated in the caption. Specifically, the black points show
the beam-spin asymmetry of kaons using a QF-dominated
sample (Px < 200 MeV/c),
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where as the red blue and cyan points show the beam-spin asymmetries determined
using the kaon, hyperon, and neutron azimuthal distribution of an FSI-dominated
0
data sample (Px > 200 MeV/c)).
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specific particles for each mechanism follows the predicted trend as discussed above. Furthermore, the dilutions are enhanced at missing momenta PX , and a selection of data with
−1
missing momenta above 200 MeV/c is expected to reflect
well such dilutions with respect to
data with momenta below 200 MeV/c. Detailed studies
of
simulated
1
1.2
1.4 data
1.6 (generated
1.8
2 using
2.2
2.4
E
(GeV)
γ
measurements of the polarised cross section) are well underway to establish the kinematical
dependence of the dilutions of the beam-spin asymmetry. This allow us to obtain the relative
ratios of the various FSI mechanisms to the quasi-free production from analysed data from the
Figure 44: Polarisation observables as a function of photon energy. The points show
E06-103 experiment, using determined dilutions from our generated samples. Figure 6 shows
squares) and FSI results determined using K (red squares), ⇤ (blue up-triangles), an
the beam-spin asymmetry of real data using a QF-dominated sample
(black points) and FSI
triangles).
dominated samples
using the azimuthal distributions of kaon, hyperons and neutrons (red,
blue and cyan respectively). It is evident that the pion mediated reaction, which results in
large Σn is not a major contributing mechanism in the FSI dominated sample. In addition, the
photon energy regimes 1.1 – 1.5 GeV and 2 – 2.3 GeV are dominated by the Y N mechanism
since ΣK + is consistent with its QF value and ΣΛ significantly diluted. Many-fold differential results in these regimes will allows us to place stringent constraints on the underlying dynamics
of the YN interaction.
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Abstract
Hyperons provide new insights into two of the most challenging problems in contemporary physics: a coherent and quantitative description of the strong interaction, and the
matter-antimatter asymmetry of the Universe. In these proceedings, I will demonstrate
the merits of hyperons as a diagnostic tool using two recent measurements by the BESIII experiment as an illustrative example. Furthermore, I will highlight the prospect of
future hyperon studies with the next-generation experiment PANDA at FAIR.
Copyright K. Schönning et al.
This work is licensed under the Creative Commons
Attribution 4.0 International License.
Published by the SciPost Foundation.

Received 28-11-2019
Accepted 27-01-2020
Check for
updates
Published 25-02-2020
doi:10.21468/SciPostPhysProc.3.027

Contents
1 Introduction

2

2 Hyperons

3

3 Hyperon Structure
3.1 Previous measurements
3.2 New hyperon structure measurement with BESIII
3.2.1 The BESIII experiment
3.2.2 Analysis and formalism
3.2.3 Results
3.3 Future prospects

4
5
6
6
6
6
7

4 Hyperon Decays
4.1 CP test with BESIII
4.1.1 Formalism
4.1.2 Recent measurement of Λ decays
4.1.3 Future measurements with BESIII

7
8
8
8
9

5 Future hyperon physics with PANDA
5.1 The PANDA experiment

9
9
027.1

SciPost Phys. Proc. 3, 027 (2020)

5.2

Prospects for hyperon physics with PANDA

10

6 Conclusion

11

References

11

1

Introduction

If I were to summarise the diversity of topics and discussions at the Few Body Conference
with one over-arching theme, it would be nucleons. A large part of the community take an
interest in how nucleons form bound systems and how they interact with other nucleons,
either when being brought to collide in experiments, or in macroscopic objects such as stars.
The hadron oriented community explore its building blocks, the quarks, and their interactions.
Constituting the major part of the visible mass of Universe, nucleons earned their place in the
spotlight a century after its discovery 1 . In fact, many of the most challenging questions in
contemporary physics manifest themselves in our difficulties in understanding the nucleon
features from first principles.
• Abundance: There is much more matter (nucleons) than anti-matter (anti-nucleons) in
the Universe. If this was not fine-tuned at the Big Bang, then this asymmetry must be of
dynamical origin [1].
• Spin: The sum of the measured valence quarks’ contribution to the nucleon spin is only
about half of the total spin [2].
• Mass: The nucleon mass is dynamically generated by the strong interaction and described in terms of effective degrees of freedom [3].
• Structure: The neutron has an intriguing charge distribution: negative in the centre and
at the rim, positive in between [4]. For a ground-state wave function, this kind of wiggles
is surprising.
• Size: The electric radius of the proton has been determined from electron-proton scattering, from the spectrum of electronic hydrogen and from the spectrum of muonic hydrogen. Until recently, most measurements using electrons resulted in a larger proton
radius than the results obtained with muons [5, 6].
The abundance relates to the origin of the Universe and searches for physics beyond the Standard Model at the Precision Frontier. The spin, mass and structure are consequences of the
non-perturbative nature of the strong interaction. In this sense, the study of these features
approaches the Standard Model at the Low Energy Frontier. The proton radius puzzle has put
lepton universality into question. However, in a recent measurement of electronic hydrogen, a
smaller radius was obtained that was in agreement with measurements with muons [7]. The
internal disagreements of the electron data remain to be understood. This is also discussed in
other contributions to this conference, for example Ref. [8].
An often successful approach in physics to obtain clues about an enigmatic system is to
make a change to the system and see how it reacts. For instance, one can [9]:
1

Here, I refer to the discovery of the proton in 1919 by Rutherford - the neutron was discovered in 1932 by
Chadwick.
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Figure 1: The Y → BM decay, with the spin direction of Y along the y-axis.
1. Scatter on it
2. Excite it
3. Replace one of the building blocks
Starting with nucleons, we obtain hyperons through the third item: replacing a light quark by
a strange, charm or bottom quark. In these proceedings, I will outline how different hyperon
physics topics emerge from this approach and how they relate to the underlying, fundamental
questions. Furthermore, I will discuss how these topics can be studied at existing facilities, e.g.
BESIII, and future facilities, e.g. PANDA.

2

Hyperons

Hyperons are suitable for studying the strong interaction at the scale where quarks form
hadrons. The minimum scale probed in a given reaction depends on the mass of the interacting entities. For strange hyperons, the scale is governed by the mass of the strange quark,
ms ≈ 95 MeV/c 2 . This is close to the cut-off ΛQC D ≈ 200 MeV/c2 , defining the scale where
quarks are confined into hadrons. As a consequence, the relevant degrees of freedom of such
processes are unclear: quarks and gluons, or hadrons? Strange hyperons therefore probe the
confinement domain of the strong interaction. This is in stark contrast to the more than ten
times heavier charm quark (mc ≈ 1275 MeV/c 2 ), that probes the scale where perturbative
QCD breaks down. Processes involving charmed hyperons can be used to bridge the transition
region between perturbative and non-perturbative QCD.
Hyperons have an advantage compared to nucleons: their spin is traceable through their
self-analysing decays. Weak decay amplitudes can have a parity conserving and a parity violating part. As a consequence, the daughter particles from a hyperon decay are emitted according
to the direction of the spin of the mother hyperon. Figure 1 illustrates the two-body decay
Y → BM , where a spin 1/2 hyperon Y decays into a spin 1/2 baryon B and a pseudo-scalar
meson M . The angular distribution W (cos θB ) of B in the rest system of Y can be expressed in
terms of the polarisation P y (cos θY ) with respect to some reference axis ~y as a function of the
Y scattering angle θY [10, 11]
W (cos θB ) =

1
(1 + αP y (cos θY ) cos θB ).
4π
027.3
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P y carries information about the production process and depends on the energy. The decay
asymmetry α is independent of the production mechanism and instead related to the interference between the parity violating and the parity conserving decay amplitudes, Ts and Tp [12].
Equation 1 shows how parameters with physical meaning can be extracted from measurable
quantities and demonstrates the unique potential of the hyperon as a diagnostic tool.
In Figure 2, we illustrate how hyperons connect two fundamental questions, resulting in
four emerging research topics. In these proceedings, we will focus on hyperon structure and
hyperon decays.

Fundamental Question

Research topic
Hyperon Production

Strong Interaction
and Confinement
Hyperons as
diagnostic
tool

Hyperon Spectroscopy
Hyperon Structure
Hyperon Decays

Matter-Antimatter
Asymmetry
Figure 2: Conceptual map of hyperon physics topics, showing how the two overarching fundamental questions (left) can be approached by a common diagnostic
tool, i.e. hyperons (middle). From this, the different subtopics emerge (right). The
colour-coding indicates which questions are related to which research and the dashed
rectangle marks the focus of these proceedings.

3

Hyperon Structure

The electromagnetic structure of hadrons is probed in interactions between hadrons and virtual photons. ElectroMagnetic Form Factors (EMFFs) describe the inner, dynamical structure
and quantify the deviation from a point-like state. EMFFs are functions of the momentum
transfer squared, q2 , carried by the virtual photon. As fundamental observables of the strong
interaction, theoretical predictions of EMFFs can be made using e.g. Chiral Perturbation Theory [13, 14] or Lattice QCD [15–17].
EMFF’s can be space-like (q2 < 0, to the left in Fig. 3), studied in elastic electron-hadron
scattering, or time-like (q2 > 0, to the right of the y-axis in Fig. 3). The electric and the
magnetic form factors in the space-like region have an intuitive interpretation since, in the
so-called Breit frame, they are the Fourier transforms of the charge and magnetisation densities [4, 18]. Unfortunately, the space-like region is difficult to access experimentally for the
unstable hyperons, since they are unfeasible as beams or targets in electron-hyperon scattering
experiments. Instead, time-like form factors constitute the most viable structure observables
for hyperons [19].
In the time-like region, the EMFFs can be complex with a relative phase. This phase reflects the fluctuation of the virtual photon into intermediate hadron-antihadron states whose
amplitudes interfere. A non-zero phase polarises effect on the final state hyperons, even if the
027.4

SciPost Phys. Proc. 3, 027 (2020)

initial state is unpolarised [20].
From the experimentally accessible time-like form factors, the more intuitive space-like
form factors can be calculated using dispersion relations. For example, the asymptotic behavior
of the time-like EMFFs as q2 → ∞ can be obtained from the corresponding space-like region
as a consequence of the Phragmén-Lindelöf theorem [21]. Above a certain scale where q2
is large, the space-like and the time-like form factors should approach the same value. For
nucleons, being accessible in the space-like as well as in the time-like region, the onset of
this scale is straight-forward to test. For hyperons, we must proceed differently. Since we
know that in the space-like region, EMFFs are real, we infer that the same must be true in
the time-like region when q2 → ∞. This means that the phase must be an integer multiple
of π, depending on the q2 -power-law behaviour [22, 23] and the possible presence of spacelike zeros [19]. However, for intermediate q2 , the phase can be non-zero, which results in
polarised hyperons and antihyperons in the final state. Thanks to the self-analysing decays
of hyperons, the polarisation is experimentally accessible. Hence, polarised hyperons offer an
alternative way to study the asymptotic behaviour of hyperon form factors: by measuring the
phase at different q2 , the onset of the scale at which the hyperon time-like EMFFs approach
the space-like can be established.
The time-like region can be further divided into two distinct parts with respect to the
momentum transfer squared, q2 :
• The high-q2 part, explored when an e+ e− pair annihilates to form a hyperon-antihyperon
pair (e+ e− → Y1 Ȳ2 , see Figure 2 a). This region covers momentum transfers larger than
the sum of the masses of the produced hyperons (q2 > (mY1 + mY2 )2 ).
• The low-q2 part, probed in hyperon Dalitz decays (Y1 → Y2 e+ e− , see Figure 2 b) and covering momentum transfers below the difference in mass between the hyperons
(q2 < (mY1 − mY2 )2 ).
𝑒−
π0

𝑝ҧ

𝑒+
𝑝ҧ

𝑒+

𝑝

𝑒−

Space-like
𝑒 −𝐵 → 𝑒 −𝐵
(JLAB)
-Q2 = q2 < 0

unphysical region

Low-q2
𝐵1 → 𝐵2 𝑒 + 𝑒 −
(PANDA Phase 0)
q2 = 0

q2

𝑝𝑝
ҧ → 𝑒 +𝑒 −𝜋 0

(PANDA)

High-q2
𝑒 + 𝑒 − → 𝐵 𝐵ത
(BESIII, Belle-II)

𝑝𝑝
ҧ → 𝑒+𝑒−
(PANDA)

= (mB1–mB2

𝐵1 → 𝐵2 𝛾

)2

q2

q2 = (mB1+mB2)2
1

Figure 3: Processes for extracting EMFF in the space-like (left) and time-like (right)
region. The low-q2 (4m2e < q2 < (MB1 − MB2 )2 ) part of the time-like region is studied
by Dalitz decays, the unphysical region (4m2e < q2 < (MB1 + MB2 )2 ) by p̄p → `+ `− π0
and the high-q2 region (q2 > (MB1 + MB2 )2 ) by B B̄ ↔ e+ e− . Note that the unphysical
region is only accessible for protons.
The different q2 regions with their corresponding form factors and the processes where they
are accessed, are shown in Fig. 3.

3.1

Previous measurements

So far, only a few measurements of hyperon form factors exist and they are all in the highq2 region. Cross section measurements of the e+ e− → Y Ȳ process were studied for different
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hyperons by BaBar [24], CLEO-c [25,26] and BESIII [27] but the data samples were too small
to separate the electric and the magnetic form factor with any conclusive precision. Some
information about the structure of Λ+
c has been obtained by measurement by Belle [28] and
BESIII [29].

3.2
3.2.1

New hyperon structure measurement with BESIII
The BESIII experiment

The Beijing Spectrometer (BESIII) experiment has recently carried out the first complete measurement of the time-like structure of any baryon. The BESIII detector is an integrated part of
the Beijing Electron Positron Collider (BEPC-II) [30] and has a geometrical acceptance of 93%
of the solid angle. BESIII comprises a small-cell, helium-based main drift chamber (MDC),
a time-of-flight system (TOF) based on plastic scintillators, an electromagnetic calorimeter
(EMC) made of CsI(Tl) crystals, a muon counter (MUC) made of resistive plate chambers, and
a superconducting solenoid magnet with a central field of 1.0 Tesla. A detailed description of
the detector and its performance can be found in Ref. [31].
3.2.2

Analysis and formalism

¯ + ) has been studied. A dedicated
In this work, the reaction e+ e− → ΛΛ̄, (Λ → pπ− , Λ̄ → pπ
data sample corresponding to an integrated luminosity of 66.9 pb−1 was collected for this
purpose at a CMS energy of q = 2.396 GeV. The analysis, including event selection, efficiency
correction and background treatment, follows common standards and is outlined in Ref. [32].
A complete decomposition of the complex form factors G E and G M requires a
multi-dimensional analysis of the reaction and the subsequent decays. In Refs. [33, 34], the
joint angular distribution of e+ e− → ΛΛ̄, (Λ → pπ− , Λ̄ → p̄π+ ) was derived in terms of the
phase ∆Φ and the angular distribution parameter η = (τ − R2 )/(τ + R2 ), where τ = q2 /(4m2Y )
and R = |G E /G M |. The differential cross section of the full process depends on five angles. In
particular, the transverse polarisation of Λ, P y , can be expressed in terms of the phase ∆Φ and
the Λ scattering angle:
p
1 − η2 sin θ cos θ
Py =
sin(∆Φ).
(2)
1 + η cos2 θ
3.2.3

Results

The phase ∆Φ and the angular distribution parameter η were estimated by fitting the fivedimensional angular distribution from Ref. [34] to the data using a Maximum Log Likelihood
fit. From this, the form factor ratio could be estimated to be R = 0.96 ± 0.14 ± 0.02, and
the phase to be ∆Φ = 37o ± 12o ± 6o . The first uncertainty is statistical and the second
is systematic. The latter is estimated from a thorough investigation of possible sources, where
the uncertainties from luminosity, tracking and background are found to be negligible. Nonnegligible contributions arise from the fit range and selection criteria. We find that the total
systematic uncertainty is about seven times smaller than the statistical for R and about two
times smaller for ∆Φ. The correlation coefficient between η and ∆Φ is 0.17.
The non-zero value of the relative phase implies that the imaginary part of the electric
and the magnetic form factors are different. Equivalently, this means that not only the s-wave
but also the d-wave amplitude contribute to the production and their interference results in a
polarised final state.
In addition, the cross section was obtained to be σ = 118.7±5.3 (stat.)±5.1 (sys.) pb. From
this, the effective form factor could be extracted to be |G| = 0.123±0.003 (stat.)±0.003 (sys.).
This is about one half of that of the proton at the corresponding excess energy [35].
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From our measurements, we can also learn about the ΛΛ̄ interaction close to threshold. In a
recent theory paper [36], predictions were made using Final State Interaction (FSI) potentials
[37] from fits to PS185 data from the p̄p → ΛΛ̄ reaction [38]. In their work, the sensitivity of
R and ∆Φ to the FSI potential was found to be much more pronounced than that of the total
cross section. Our measurement slightly favors the Model I or Model II potential of Ref. [37].

3.3

Future prospects

This first complete hyperon EMFF measurement is a milestone in the study of hyperon structure, where the long-term goal is to describe charge and magnetization densities for hyperons
in the same way as for nucleons [4]. In order to achieve this, similar measurements must be
carried out at several energies. For this purpose, the methods developed for this study can be
applied at other energies, provided the data sample at each energy is large enough. Further
measurements can be performed by BESIII (strange and single charm hyperons) and Belle II
(primarily charmed hyperons).
In the near future, it will also be possible to carry out pioneering measurements in the low2
q region from hyperon Dalitz decays with the HADES-PANDA setup. This effort, that combines
the excellent di-electron detection capability of HADES with the tracking of hyperon decay
products with forward tracker planes from PANDA, is a part of the FAIR Phase 0 campaign [39].

4

Hyperon Decays

According to today’s paradigm, equal amounts of matter and antimatter were created in the
Big Bang. However, from observations we know that the visible Universe consists of matter, not
antimatter. Where did the antimatter go? The dynamical enrichment of matter with respect
to antimatter is called Baryogenesis [1]. It is only possible if the following criteria are fulfilled:
• Processes exist which violate baryon number conservation.
• Processes exist which violate charge conjugation (C) and charge conjugation and parity
(CP) symmetry.
• The processes above have occurred outside thermal equilibrium.
CP violation is possible in weak interactions by the Cabibbo-Kobayashi-Maskawa mechanism
[40, 41], now an inherent part of the SM. Numerous CP violating effects in K0 and B meson
decays have been found by BaBar, Belle and at Fermilab and CERN [42]. Very recently, the
LHCb collaboration reported the first evidence of CP violation in decays of the charmed D
meson [43]. However, since our visible Universe consists largely of spin carrying baryons, it
is of highest relevance to look for CP violation also in baryon decays. The only indication
of CP violating baryon decay observed so far was seen in the four-body decay of the bottom
Λ b hyperon in LHCb [44]. The deviation is consistent with the SM. In total, no CP violating
effects beyond the SM have ever been seen, neither in the meson nor in the baryon sector.
Furthermore, all deviations are too small to explain the observed matter-antimatter asymmetry
of the Universe. Indeed, Baryogenesis requires physics beyond the SM [45].
In the strange baryon sector, predictions from SuperSymmetry (SuSy) [46] indicate CP
violating effects that are up to two orders of magnitude larger than in the SM [47]. Precise
measurements of hyperon decays can therefore put SM and beyond SM predictions to the
test. Strange hyperons also have the advantage that they predominantly decay into two-body
states for which CP-odd observables are straight-forward to define. CP conservation means
that particles and antiparticles have the same decay pattern. Hence for a weak, two-body
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hyperon decay, the asymmetry parameter α in Eq. 1 should be the same as the −ᾱ of the
corresponding antihyperon. Then one can define
AC P =

α + ᾱ
,
α − ᾱ

(3)

for which a non-zero value indicates CP violation [10].
In the case of multi-strange hyperons, e.g. the Ξ− , the sequential weak decays provide access to the additional decay asymmetry parameters β and φ. From β and β̄, the asymmetries
BC P , BC0 P and ∆φ can be defined in a similar manner as for AC P in Eq. 3. These are more
sensitive to CP violation by a factor of 100 and 10, respectively [48]. The most precise experimental CP test for strange baryons so far is provided by the HyperCP experiment at Fermilab
and concerns the sequential decay of the double-strange Ξ− hyperon [49].

4.1

CP test with BESIII

In BESIII, hyperon decays can be studied in processes like e+ e− → J/Ψ → Y Ȳ , Y → BM ,
Ȳ → B̄M . Thanks to the relatively large branching fractions of J/Ψ decays into single- and
double hyperon-antihyperon pairs (BR ≈ 10−3 ), we can benefit from the large J/Ψ samples
collected by BESIII (1.2 · 109 in 2012 and 1010 in 2018).
4.1.1

Formalism

Most experiments with hadronic probes apply a formalism that only considers the decays, not
pinning down the production process. In such an approach, one integrates over all possible
spin directions. This simplifies the formulas but leads to loss of information and hence worse
precision. In particular, the detector efficiency, typically evaluated from Monte Carlo simulations, is model dependent since it depends on the angular distributions of the generated particles. This introduces a systematic bias for any non-ideal detector that does not cover 100% of
the full 4π solid angle. Hyperon-antihyperon production in e+ e− colliders have the advantage
that the production is dominated by photon or vector meson exchange. Therefore, in the production of spin 12 hyperons, only s and d partial waves are expected to contribute. This means
that the full production and decay process of weakly decaying, single-strange hyperons can be
parameterised in terms of two production parameters, e.g. the angular distribution parameter
η and the phase ∆Φ, and two decay parameters αY and ᾱȲ . The multi-dimensional formalism
outlined in Refs. [33, 34] provides a model-independent approach since the only assumption
is that the process is dominated by vector exchange. Since the full production and decay process is parameterised, the use of measured information is maximised. As a consequence, the
precision for a given sample size is increased.
4.1.2

Recent measurement of Λ decays

The method was implemented in the analysis of J/Ψ → ΛΛ̄(Λ → pπ− , Λ̄ → p̄π+ /Λ̄ → n̄π0 ),
described in detail in Ref. [50]. The purely charged mode (pπ− p̄π+ final state) comprised
420000 fully reconstructed events and the charged-neutral (pπ− n̄π0 final state) 47000 events.
The phase ∆Φ was extracted from the two modes simultaneously and was found to be
∆Φ = 42.4o ± 0.6o ± 0.05o . The decay asymmetry α− for the Λ → pπ− decay was obtained
to be 0.750 ± 0.009 ± 0.004. This is 17± 3 % larger than the previously established value of
0.642 ± 0.013 obtained from a series of experiments in the 1960s and 1970s [51–55]. In these
experiments, a different method was used: instead of extracting the decay asymmetry from
the Λ decay distribution, it was obtained from the the measured polarisation of the daughter
proton. It is difficult to explain the discrepancy in the results since the older papers discuss
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systematics only briefly. It is also noteworthy that the data samples in previous measurements
were about 40 times smaller compared to the recent BESIII sample. The new value, obtained
by BESIII, has been accepted by the Particle Data Group in the 2019 update of Ref. [11]. The
revision has a large impact on the field of hyperon polarisation physics as a whole. In most
experiments, the measured quantity is the product α− P y rather than the polarisation P y . The
latter is instead calculated from the product using the PDG value of α− as input. The updated
α− means that all measured values of the polarisation so far must be downscaled by 17%.
In addition to the α− measurement, α+ was measured to be -0.758 ± 0.010 ± 0.007 and α0
of the Λ̄ → n̄π0 decay to be -0.692 ± 0.016 ± 0.006. From α− and α+ , the CP odd asymmetry
AC P , defined in Eq. 3, was calculated to be -0.006 ± 0.012 ± 0.007. This is the most precise
CP test of the Λ hyperon decay so far.
4.1.3

Future measurements with BESIII

The world-record sample of 1010 J/Ψ events collected in 2018 by BESIII opens up unprecedented possibilities. In particular, hitherto unexplored aspects of sequentially decaying Σ0 , Ξ−
and Ξ0 can be studied. The formalism for decays of charged and neutral Ξ have been outlined
in Ref. [56] and that of Σ0 in Ref. [57]. The latter is an electromagnetic decay and is therefore
very unlikely to violate CP symmetry [58]. However, this means that even small signals would
indicate new physics.

5

Future hyperon physics with PANDA

The recent, ongoing and future CP tests with BESIII are important milestones in the search for
CP violation and thereby gain insights about the matter-antimatter asymmetry of the Universe.
However, the data samples that can be achieved will only provide a precision of at most 10−3 .
To test predictions of the SM and beyond, the precision needs to be improved by at least two
orders of magnitude. Among the currently operating or planned facilities world-wide, the
anti-Proton ANnihiltions in DArmstadt (PANDA), at the future Facility for Antiproton and Ion
Research, is the most suitable for this task.

5.1

The PANDA experiment

In PANDA, hyperon-antihyperon pairs will be produced in antiproton-proton annihilations.
The antiprotons will be delivered from the High Energy Storage Ring (HESR) within a momentum range from 1.5 GeV/c up to 15 GeV/c. During the start-up, referred to as Phase One,
the HESR will be able to accumulate up to 1010 antiprotons within a time span of 1000 s. In
a final stage, Phase Three, the dedicated Recuperated Experimental Storage Ring (RESR) will
allow up to 1011 antiprotons to be injected and stored in the HESR. In the HESR, the beam will
be stochastically cooled which will enable a beam momentum spread of better than 5 · 10−5 .
The antiproton beam will impinge on a hydrogen cluster jet or pellet target. During Phase
One, the HESR will provide a luminosity of ≈ 1031 cm2 s−1 whilst the design luminosity of
≈ 2 ∗ 1032 cm2 s−1 will be achieved during Phase Three.
The near 4π solid angle coverage of the PANDA detector will provide exclusive reconstruction of the final state particles, minimising systematic effects from e.g. efficiency. PANDA will
consist of a target spectrometer part (TS) and a forward spectrometer part (FS). The TS provides precise vertex tracking by the micro vertex detector (MVD), straw tube trackers (STT)
and gas electron multiplier detectors (GEM). Time-of-flight detectors (TOF) and detection of
internally reflected Cherenkov light (DIRC) offer particle identification and an electromagnetic
calorimeter (EMC) will measure energies. The trajectories in the TS are bent by the field of a
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solenoid magnet providing a field of 2.0 T. The FS consists of straw tube stations for tracking,
a dipole magnet, a ring imaging Cherenkov counter (RICH) detector and a TOF for particle
identification and a Shashlyk electromagnetic calorimeter. The PANDA detector is described
in further detail in Ref. [59].

5.2

Prospects for hyperon physics with PANDA

The fact that hyperons and antihyperons can be produced in two-body reactions is an advantage compared to meson or photon probes, where strangeness conservation requires that
the hyperon is produced with the corresponding number of associated kaons. Such manybody final states are difficult to parameterise in terms of partial waves and hence a modelindependent approach, such as the one outlined in Section 3.2.2, is no longer possible. The
two-body, particle-antiparticle symmetric final state in PANDA is more straight-forward to parameterise. Therefore it provides excellent conditions for the planned hyperon physics programme that includes hyperon production, hyperon structure, hyperon spectroscopy and, in
Phase Three, CP tests in hyperon decays.
The main advantage compared to e+ e− colliders are the large cross sections for hyperonantihyperon pair production. Existing data from single- and double-strange hyperons [60]
indicate cross sections within and above the microbarn range, as shown in Figure 4.
1000
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Figure 4: The cross sections of various hyperon-antihyperon pairs produced in
antiproton-proton annihilations. The data are primarily from the PS185 experiment
at LEAR and compiled in Ref. [60].
In order to investigate the prospects of hyperon physics with PANDA in more detail, simulation
studies have been performed in a recent campaign. The following processes were studied:
• pp → ΛΛ, Λ̄ → p̄π+ , Λ → pπ− at p p̄ = 1.64 GeV/c [61],
0

• pp → Σ Λ, Σ̄0 → Λ̄γ, Λ̄ → p̄π+ , Λ → pπ− at p p̄ = 1.77 and 6.0 GeV/c [62],
+

• pp → Ξ Ξ− , Ξ̄+ → Λ̄π+ , Ξ− → Λπ− at p p̄ = 4.6 and 7.0 GeV/c [61].
The simulations were performed using the PandaROOT framework [63], with ideal pattern
recognition and particle identification. Additional selection criteria were applied that mimic
the effects from a full, realistic implementation. The resulting signal efficiencies are given in
Table 1 and show that the exclusive hyperon reconstruction rates will be high. Combined with
the low background level, this demonstrates the potential of PANDA as a hyperon factory.
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Table 1: Results from simulation studies of the various production reactions of ground
state hyperons [61, 62]. The efficiencies are for exclusive reconstruction, i.e. considering all final state particles. The S/B denotes signal-to-background ratio and the
asterisk * the upper limit of a 90% confidence interval.

64.0 [38]

15.7 [61]

Λ → pπ−

114 [61]

Rate (s−1 )
at 1031
cm−2 s−1
44

0

10.9 [38]

5.3 [62]

Σ → Λγ

> 11∗ [62]

2.4

48

0

20.0 [64]

6.1 [62]

Σ → Λγ

p p (GeV/c)

Reaction

σ (µb)

Eff (%)

Decay

S/B

1.64

pp → ΛΛ
pp → Σ Λ

1.77

pp → Σ Λ

6.0

+ −

pp → Ξ Ξ

4.6

+ −

pp → Ξ Ξ

7.0

6

1.0 [65]
0.3 [65]

8.2 [61]
7.9 [61]

0

Rate (s−1 )
at 2 · 1032
cm−2 s−1
880

21 [62]

5.0

100

−

−

274 [61]

0.3

6

−

−

165 [61]

0.1

2

0

Ξ → Λπ
Ξ → Λπ

Conclusion

Hyperons provide a powerful diagnostic tool that sheds light on two of the most challenging
problems in contemporary physics: the strong interaction in the confinement domain and the
matter-antimatter asymmetry of the Universe. In particular, its experimentally accessible spin
properties provide new insights into hyperon structure as well as clean tests of CP violation
in hyperon decays. New measurements from BESIII provide important milestones in understanding hyperon structure and decay. The future PANDA experiment at FAIR will be a veritable
hyperon factory, where many aspects of hyperon physics can be studied with unprecedented
precision. Already in 2020-2021, it will be possible to perform pioneering measurements of
the low-energy structure of hyperons through the FAIR Phase 0 initiative HADES/PANDA.
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1

Introduction

Since the discovery of the "proton radius puzzle", light muonic atoms have attracted a lot of
attention. Hydrogen-like systems, where a muon orbits a proton or a nucleus, are key tools
for precision measurements relevant to atomic and nuclear physics.
Traditionally, the size of a proton was measured either with electron scattering experiments
or with atomic spectroscopy. The CODATA 2010 evaluation, compiling data from both these
sources, provided a value of the proton charge radius of r p = 0.8775(51) fm [1]. In contrast,
the Charge Radius Experiment with Muonic Atoms (CREMA) collaboration measured the proton radius via laser spectroscopy of the Lamb shift [2] — the 2S-2P 1 atomic transition — in
2
muonic hydrogen (µ-H) — a system in which a muon orbits a proton. The first results were
published in 2010 [3] and later confirmed in 2013 [4]. The proton radius was found to be
r p = 0.84087(39) fm [4], an order of magnitude more precise, but surprisingly in disagreement with the accepted CODATA value. Subsequently the CODATA 2014 compilation updated
their proton radius value to r p = 0.8751(61) fm, holding still a substantial disagreement of
5.6 standard deviations (σ) [5].
Seeking an explanation to the proton radius puzzle, different interpretations of the discrepancy have been suggested, such as systematic re-examinations of electron scattering data [6,7],
novel aspects of hadron structure [8,9] and beyond standard-model theories leading to lepton
universality violation, see, e.g., the review of Ref. [10]. New experiments were performed
or are being performed. These account for precise measurements of electron-proton at low
momentum transfer, e.g., muon-proton scattering experiment (MUSE) being commissioned
at PSI [11] and the Proton Radius (PRad) experiment at JLab [12], that recently measured
a small radius, consistent with the muonic atom results. Furthermore, new electron scattering investigations at low-momentum transfer where obtained using the initial state radiation
(ISR) method [13] in Mainz, but unfortunately they suffer from rather large uncertainties.
Interestingly, three new spectroscopy measurements in regular Hydrogen have recently been
published. The 2S-4P measurement from Garching [14] and the Lamb shift measurement from
York [15] obtain a small radius in agreement with the muonic hydrogen results, while the Paris
measurement of the 1S-3S transition [16] extracted a large radius. The present situation with
all the above mentioned results is depicted in Figure 1.
On a different front, the CREMA collaboration aims at extracting charge radii from Lamb
shift measurements on other light muonic atoms, to see whether disagreements persist or not
in systems with a different number of protons or neutrons [19]. Recent laser spectroscopy
experiments in muonic deuterium (µ-2 H) led to the discovery of the "deuteron radius puzzle" [20], which is rather similar to, but not independent from, the proton radius puzzle.
Results on Helium isotopes will be released in the near future and laser spectroscopy experiments on muonic Lithium and Beryllium are being planned [21]. For these experiments to be
successful, accurate theoretical information on the nuclear structure corrections to the Lamb
shift is needed. This motivates the work of this paper.
In Lamb shift experiments the charge radius is extracted from the following equation (in
unit of ħ
h = c = 1) [22]
δLS = δQED + AOPE rc2 + δTPE .
While δLS is the measured Lamb shift and rc2 is the radius one wants to extract, the other
terms must be provided by theory. The first term, δQED , accounts for quantum electrodynamic
corrections, while the other two terms are nuclear structure corrections. The term AOPE rc2
enters at order (Zα)4 and is the energy shift resulting from the finite size of the nucleus. The
second term, δTPE — arising from order (Zα)5 — is the energy shift resulting from the two028.2
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Figure 1: Compilations of proton charge radius determinations. Most recent results
are shown as dashed lines, green results stand for muonic spectroscopy while blue
results (dashed and continuous lines) are from experiments with the electron-proton
system: PRad at JLab 2019 [12], York [15], Mainz ISR [13], Paris [16], Garching [14], CODATA 2014 and H world data [5], µ-H 2013 [4], µ-H 2010 [3], and
electron scattering data from JLab [17] and Mainz [18]. Colored bands indicate the
uncertainty of the CODATA 2014 and µ-H 2013 data to guide the eye towards the
original 5.6 σ puzzle. See text for details.

photon exchange interaction. Although this last term accounts for the smallest correction to the
Lamb shift, of the order of one percent, it is the largest source of uncertainties. The uncertainty
related to this terms limits the precision of the charge radius extraction from laser spectroscopy
in light muonic atoms. Nuclear structure corrections have been studied by various groups, see,
e.g., Refs. [23–26].

2

Comparison of uncertainties

To evaluate the energy corrections due to the two-photon exchange (TPE) diagram, one needs
information on the electromagnetic excitation of the nucleus. In the early times this was provided either by photo-absorption cross section data [27,28] or by theoretical calculations with
simple models [29]. These approaches however lack accuracy. Theoretical calculation using
state-of-art nuclear potentials [22,23,30–33] have significantly improved the accuracy, in some
cases also by a factor of 3. To appreciate this, in Table 1 we compare the relative uncertainties
in the TPE term obtained with state-of-art nuclear potentials to previous TPE estimates, and
display them against to the experimental precision accessible by laser spectroscopy in muonic
atoms.
In muonic Lithium atoms — systems where a muon orbits a 6,7 Li nucleus — only estimates based on experimental data are available for the TPE correction. These are plagued by
large uncertainties which makes it impossible to get the best out of the experimental precision. Given that few-body calculations have succeeded in obtaining a sizable reduction of the
uncertainties, we expect that also in the case of Lithium atoms calculations using state-of-art
nuclear potentials will be able to reduce the uncertainty. Here, we set the first steps towards
028.3
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Table 1: Uncertainty bars in meV of the experimental Lamb shift measurements
(Exp), in comparison to the uncertainties of estimates prior to the discovery of the
proton-radius puzzle (Estim) and recent few-body calculations with nuclear potentials (Ab initio).
Atom

Exp

Estim

Ab initio

µ2 H
µ3 He+
µ4 He+
µ6 Li2+
µ7 Li2+

0.0034 [20]
0.08 [34]
0.06 [34]
0.7 [35]
0.7 [35]

0.03 [30]
1.0 [28]
0.6 [27]
4 [28]
4 [28]

0.02 [31]
0.3 [32]
0.4 [33]
//
//

this goal.

3

TPE Corrections

The TPE contribution in muonic atoms contains corrections from the A-nucleon dynamics and
the intrinsic nucleon structure term δN1 . The A-nucleons part — the subject of this work —
is further separated into an elastic component (Zemach contribution) and an inelastic part
(polarizability), so that one obtains
A
A
+ δN .
+ δpol
δTPE = δZem

(1)

The Zemach and polarizability corrections are usually separated into different contributions
(0)

(0)

(0)

(0)

(0)

(1)

(1)

(1)

(2)

(2)

(2)

(2)

(1)
−δZ3

(1)
− δZ1 .

(1)

A
= δD1 + δC + δL + δT + δM + δZ1 + δZ3 +
δpol

+ δR1 + δR3 + δNS + δR2 + δQ + δD1D3 ,
A
δZem
=

(2)
(3)
(4)


(0)
The above terms are all of order (Zα)5 , but the Coulomb term δC which is logarithmically enhanced to (Zα)6 log(Zα). We include it in our δTPE , consistently with Ref [22], where
it is also possible to find a full compilation and derivation of these expressions.
The numerical
Æ
superscript stands for the order of an expansion over a parameter η ∼ m r /m p ' 0.33. In this
formalism the expansion is necessary for obtaining closed forms of the energy corrections. Recently a new formalism has been developed which makes it possible to compute the TPE energy
corrections without this expansion [36], but it has so far only be applied to muonic deuterium.
(0)

(0)

(0)

(0)

Part of the leading order contributions δD1 + δC + δL + δT
1

Expressions of δN can be found in Eq. (3a), (105) and (106) of Ref. [22].
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are expressed in terms of
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the dipole response function SD1 (ω) as
(0)
δD1

16π2
= −
(Zα)2 φ 2 (0)
9
= −

(0)

=

(0)

=

δL

δT

∞

dω

v
t 2m
ω

0
Z∞

r

SD1 (ω),

(5)

2(Zα)2 m r
m
16π2
(Zα)3 φ 2 (0)
SD1 (ω),
dω r ln
9
ω
ω
0
v
Z∞

t 2m 
32π
π
r
2 2
(Zα) φ (0)
SD1 (ω),
dω FL (ω/m r ) +
9
2
ω
0
Z∞
16π
2 2
(Zα) φ (0)
dωFT (ω/m r )SD1 (ω),
9
0

(0)

δC

Z

(6)
(7)
(8)

where m r is the nucleus-muon reduced mass and φ 2 (0) = (m r Zα)3 /8π is the squared muonic
2S-state wave function. The functions FL/T are defined as

FL (ω/m r ) =
FT (ω/m r ) =

v
t ω − 2m

r

arctanh

v
t ω − 2m

r

−

v
t ω + 2m

ω
ω


ω
ω
ω
ω 2
+
ln 2
+
FL (ω/m r ),
mr mr
mr
mr

r

ω

arctanh

v
t

ω
ω + 2m r

(9)
(10)

respectively. The dipole response function SD1 (ω) can be related to the photo-absorption cross
section σγ (ω) using the following relation
9

SD1 (ω) =

16π3 αωZ 2

σγ (ω).

(11)


(1)
(1)
The next-to-leading order Zemach terms δZ1 , δZ3 can be computed from the proton
p
ρ0 (R) and neutron ρ0n (R) ground state density functions as
(1)
δZ1
(1)

δZ3

2

2

= 8πm r (Zα) φ (0)
=

π
m r (Zα)2 φ 2 (0)
3

Z

Z

∞Z ∞

0
0
∞Z ∞

0


 2 p
p
d 3 Rd 3 R0 |R − R0 |ρ0 (R) 2 ρ0 (R0 ) − λρ0n (R0 ) , (12)
β
p

p

d 3 Rd 3 R0 |R − R0 |3 ρ0 (R)ρ0 (R0 ).

(13)

0

Finally, one of the next-to-next-to-leading order term is obtained as

Z ∞
v
t ω
128π2 m2r
2
(2)
2 2
δNS = −
(Zα) φ (0) 2 + λ
dω
SD1 (ω),
9
β
2m r
0

(14)

q
where β = 12/rp2 and λ = −rn2 /6 with rn , rp denoting the neutron and proton charge
radius. In essence, each of these energy corrections involves either an integration of nuclear
electromagnetic response functions over energy or an integration of proton/neutron densities
over distance.

4

Results

In this work we set the first steps towards an ab initio computation of δTPE for muonic Lithium
atoms. For the terms related to SD1 (ω) we start from photo-absorption cross sections calculated for 6 Li and 7 Li in Refs. [37–39] using hyperspherical harmonics expansions with the
AV4’ [40] potential.
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Cumulative behavior: D ,

C
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Figure 2: The δD1 and δC contributions to the Lamb shift in µ-6 Li2+ and µ-7 Li2+
atoms as a function of the energy cut-off in the photo-absorption cross section. The
latter has been computed using the AV4’ interaction.

(0)

(0)

In Figure 2 we show our analysis of the δD1 and δC contributions to δTPE in µ-6 Li2+ and µ7 2+
Li atoms. The photo-absorption cross section σγ (ω), and consequently SD1 (ω), have been
calculated only for energies up to 100 MeV. At this energy, the integrals determining the nuclear
structure corrections might not yet be fully converged. We estimated the truncation errors due
to the cut-off in the integration upper limit by taking half of the relative difference between
computations with cuts at 80 MeV and 100 MeV, respectively. From Figure 2 it is clear that
(0)
(0)
for δD1 and δC convergence in the upper integration limit has been reached and accordingly
the uncertainties are small compared to the strength of the corrections. However we found
(0)
(0)
(2)
(2)
that, for δL , δT and δNS , the convergence is slower, with δNS being the slowest. Although
this is taken into account by the larger relative uncertainties, a further analysis extending the
calculation of the photo-absorption cross sections to higher energies will be performed in the
future.

(1)
(1)
In order to compute the Zemach terms δZ1 , δZ3 we made use of densities calculated
with variational Monte Carlo algorithms, which used the AV18+UX potential [41, 42]. The
computational procedure involves an interpolation over the density-data points followed by
a numerical integration of Eq. (12) and Eq. (13). The densities are provided up to large
distance, so that the convergence of these integrals is not an issue. However, given that the
data points have a statistical uncertainty, to estimate how these uncertainties propagates into
the Zemach corrections we made use of a Monte Carlo statistical simulation. We generated
new density-data points following the original distributions — with every point subject to a
Gaussian distribution with mean and standard deviations corresponding to the central value
and standard deviations of each point of Ref. [41]. For every simulation we interpolated and
computed the relative integral, maintaining the normalization of the density. We thus obtain a
(1)
(1)
distribution of δZ1 and δZ3 from which we extracted mean and standard deviation, the latter
being the statistical uncertainty. Figure 3 shows the statistical distribution of the so obtained
(1)
(1)
δZ1 and δZ3 correction in µ-6 Li2+ . Similar plots are obtained for µ-7 Li2+ . From Eq. (1) it
(1)

(1)

is clear that δZ1 and δZ3 cancel out when considering the total TPE correction, however we
still compute them with the purpose of comparing to Ref. [28], who has estimated only the
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inelastic part of δTPE .
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Figure 3: Distribution of the δZ1 and δZ3 for 6 Li obtained from the Monte-Carlo
analysis.

We summarize these results showing a compilation of the computed terms in Table 2,
where we show the uncertainty associated to each term computed as explained above.
Table 2: Nuclear structure corrections to µ-6 Li2+ and µ-7 Li2+ atoms. The uncertain(1)
(1)
ties reported for δZ1 and δZ3 are statistical and are obtained with a Monte Carlo
analysis, while the uncertainties in all the other dipole-like terms are systematic and
due to the truncation on the upper limit of the energy integration.

Atoms

(1)

δZ1

(1)

δZ3

(0)

δD1

(0)

δC

(0)

δL

(0)

δT

(2)

δNS

µ-6 Li2+ 23.47(1) 165.4(2) −41.0(2) 7.85(3) 1.66(3) −0.75(1) −1.41(3)
µ-7 Li2+ 22.03(1) 126.5(2) −51.0(3) 9.89(4) 2.04(4) −0.92(2) −1.75(4)
(1)

(1)

The terms δR1 and δR3 cannot be computed yet, as one needs the off diagonal protonproton density distribution, which is not available in Ref. [41]. They are expected to be large
(1)
(1)
and with absolute values of the same order of δZ1 and δZ3 . With the goal of comparing our
numbers with previous studies by Drake et al. [28], we thus estimate these terms assuming
(1)
(1)
(1)
(1)
the ratio δZ1 /δR1 and δZ3 /δR3 behave as observed in µ-3 He+ and µ-4 He+ .
In Figure 4 we show all the terms together, the calculated ones and the estimated ones, in
a graphical way. Even though we still miss a few terms to compose the total TPE, we estimate
their effect to be only at the level of a few percent, based on observations made on other muonic
atoms. When we sum all our terms we obtain preliminary values which are of the same order
of magnitude as the estimates provided by Drake et al. In particular, for µ-6 Li2+ while Ref. [28]
quoted −15±4 meV we get −11.8 meV with a lower bound uncertainty of 0.3 meV, whereas for
µ-7 Li2+ Ref. [28] obtained −21±4, while we get −22.2 meV, with a lower bound uncertainty of
0.4 meV. The given uncertainties are quadrature sums of the uncertainties reported in Table 2
for each term. We stress that this lower bound uncertainty is coming only from the numerical
source of error and all the other uncertainty sources still need to be studied. We expect the
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potential model dependences to be the largest source of error. Further investigation is needed
to include all missing terms and to assess an overall solid error bar.
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Figure 4: Graphical representation of preliminary nuclear structure corrections to
µ-6 Li2+ and µ-7 Li2+ atoms in meV.

5

Conclusion

We computed the dipole and Zemach terms contributing to the TPE correction to muonic
Lithium atoms. Dipole terms are obtained starting from an ab initio photo-absorption calculation performed with the AV4’ potential. The Zemach terms are obtained from an integration
of the variational Monte Carlo computation of the 6,7 Li2+ charge density distributions using
the AV18+UX interaction. While the calculations are obtained with different interactions,
our results constitute the first steps towards a microscopic computation of the TPE corrections in muonic Lithium atoms. In particular, we are missing a computation of the monopole,
quadrupole, magnetic-dipole and the D1 D3 response functions, as well as a rigorous evaluation
(1)
(1)
of the important δR3 and δR1 corrections [22]. To compare with previous results, we estimate
these latter terms from the scaling observed in other muonic atoms, and show that our results
are consistent with previous literature.
Future work will be devoted to a complete and consistent evaluation of these terms using
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realistic nucleon-nucleon and three body forces.
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Introduction

One of the main interest in nuclear physics is to understand the forces acting between nuclear
constituents. A hot topic in the study of nuclear forces is to clarify the roles of three-nucleon
forces (3NFs) that appear when more than two nucleons (A ≥ 3) interact, and to describe various phenomena of nuclei by explicitly taking into account nucleon–nucleon (NN) interactions
combined with 3NFs. The 3NFs arise naturally in the standard meson-exchange picture [1]
as well as in the framework of chiral effective field theory (χEFT) which has a link to QCD
[2, 3].
Few–nucleon scattering offers a good opportunity to study dynamical aspects of 3NFs,
which are momentum, spin and isospin dependent. It provides not only cross sections but
also a variety of spin observables at different incident nucleon energies. Direct comparison
between the experimental data and the rigorous numerical calculations in terms of Faddeev
theory based on the realistic bare nuclear potentials provides information on 3NFs. An indication of 3NF in few-nucleon scattering was first pointed out in the cross section minima for
nucleon–deuteron (N d) elastic scattering at intermediate energies (E/A ¦ 60 MeV) [4]. Since
then experimental studies of higher-energy proton–deuteron (pd) and neutron–deuteron (nd)
elastic scattering covering incident energies of up to ∼ 300 MeV have been performed at the
facilities, e.g. RIKEN, RCNP, KVI, and IUCF, providing precise data of the cross sections as well
as various types of the spin observables [5]. Compilations of recent experiments for pd and
nd elastic scattering at intermediate energies are shown in Fig.1.
The four-nucleon (4N ) systems could also play an important role for the study of 3NFs.
3NF effects are expected to be sizable in the 4N system. In addition, tests of the iso-spin
029.1
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Figure 1: Compilations of recent experiments of pd and nd elastic scattering at 65–
400 MeV/nucleon. Solid circles denote pd experiments and open circles denote nd
experiments. The measurements with large circles cover the wide angular range,
while those with small circles cover the limited angular range.
T = 3/2 channel in any 3NFs can be performed in a 4N system such as proton–3 He scattering,
while the N d scattering is essentially a pure isospin T = 1/2 state. In recent years, remarkable
theoretical work in solving the 4N scattering problem with realistic Hamiltonian has been
reported even above four-nucleon breakup threshold energies [8–10], which opens up new
possibilities to study properties of 3NFs.
With the aim of pinning down detailed properties of the 3NFs, experimental programs
of deuteron–proton (d p) scattering as well as proton–3 He (p+3 He) scattering are ongoing at
RIKEN, RCNP Osaka University, and CYRIC Tohoku University, in Japan. In this contribution
we introduce recently conducted experiments and present the results of comparison between
the experimental data and the theoretical predictions based on the realistic bare nuclear potentials.
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2

Experiments and Results of elastic d p scattering at RIKEN

The experiments of d p elastic scattering at RIKEN Accelerator Facility was conduced using
vector and tensor polarized deuteron beams at 70, 100, and 135 MeV/nucleon [11] in conjunction with the magnetic spectrometer SMART [12]. Measured observables are the cross
section, all deuteron analyzing powers (i T11 , T20 , T21 , and T22 ), and deuteron to proton poy0
y0
y0
y0
larization transfer coefficients (K y , K y y , K x x , and K xz ) [13, 14]. Later, the experiments were
extended to the RIKEN RI Beam Factory (RIBF). All deuteron analyzing powers were obtained
at 190, 250, 294 MeV/nucleon [15, 16].
In Fig. 2 some representative results reported in Refs. [13–16] are shown in Fig. 2. The
experimental data are compared with the Faddeev calculations with and w/o 3NFs. The red
(blue) bands are the calculations with (without) Tucson-Melbourne99 (TM99) 3NF [17] based
on the modern NN potentials, i.e. CD Bonn [18], AV18 [19], Nijmegen I and II [20]. The solid
lines are the calculations based on the AV18 potential with including the Urbana IX 3NF [21].
The 3NFs considered here are 2π–exchange types. For most of the observables shown in
the figure large differences are found between the data and the calculations based on NN
forces only at the backward angles. These discrepancies become larger with increasing an
incident energy. For the cross section the 3NFs remove the discrepancies at lower energies.
At higher energies the differences still remain even including the 3NF potentials at the angles
θc.m. ¦ 120◦ , which lie to the very backward angles θc.m. ∼ 180◦ at 250 MeV/nucleon. For the
vector analyzing power i T11 the results of comparison are quite similar to those for the cross
section. However for the tensor analyzing power T22 the different features are found. The
calculations taking into account the 3NFs do not explain at the lower two energies.
The results of comparison between the data and the calculations based on the above phenomenological nuclear potentials have been pushing us into more detailed study of threenucleon scattering based on the χEFT nuclear potential. Figure 4 shows the recent calculations based on the locally regularized (regulator R = 0.9 fm) N4 LO χEFT NN potential [22].
The N4 LO chiral potential predictions are close to those based on the semi-phenomenological
NN potentials shown in Fig. 2. In order to see how χEFT 3NFs describe the data, theoretical
treatments are now in progress [23].

3

Experiments and Results of elastic p+3 He scattering

Following the experiments of d p scattering we proceed to the experiments of the p+3 He scattering at incident nucleon energies above ∼ 65 MeV. The experiments were conducted at the
two cyclotron facilities, RCNP, Osaka University, and CYRIC, Tohoku University. The measured
observables are the cross section, the proton analyzing power A y (p), the 3 He analyzing power
A y (3 He) as well as the spin correlation coefficient C y, y . Detailed descriptions of the experiments are reported in Refs. [26–28].
In Fig. 4 parts of the data are are shown in Fig. 4. In the conference the data were compared
with rigorous numerical four-nucleon calculations based on the Alt, Grassberger, and Sandhas
equation and modern NN potentials (CD Bonn [18], AV18 [19], INOY04 [30], and SMS51
and SMS53 (semilocal momentum–space regularized chiral N N potentials) [29]) [31]. The
calculations are not shown here. For the cross section the data are about 35% larger than the
theoretical predictions at the angles θc.m. = 80◦ –140◦ where the cross section takes minimum.
It should be noted that the difference found in the cross section is about twice large as that for
the pd elastic scattering at 65 MeV [4]. As for the spin observables, the 3 He analyzing power
A y (3 He) as well as the spin correlation coefficient C y, y large differences are found between the
data and the calculations at the backward angles θc.m. ≥ 80◦ , while the proton analyzing power
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Figure 2: Differential cross section and deuteron analyzing powers i T11 , T22 for elastic d p scattering. Data shown in blue are taken from Refs. [24, 25]. See text for
descriptions for the theoretical calculations.
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Figure 3: Differential cross section and deuteron analyzing powers i T11 , T22 for elastic d p scattering. The bands in the figure are the calculations based on the locally
regularized (regulator R = 0.9 fm) N4 LO χEFT NN potential.
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p + 3He Elastic Scattering
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at 65 MeV
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Figure 4: Cross section, proton analyzing power A y (p), 3 He analyzing power
A y (3 He), and spin correlation coefficient C y, y for p+3 He elastic scattering.
A y (p) data are well reproduced by the theoretical predictions. The data were also compared
with the calculations with the ∆-isobar excitations combined with the CD Bonn potential. One
could infer the effects of three-nucleon forces, mainly the Fujita–Miyazawa type 3NFs. The
∆–isobar effects are very small for the cross section and the 3 He analyzing power A y (3 He), and
then they do not remedy the difference between the data and the calculations based on the NN
potentials. Meanwhile sizable effects are found for the spin correlation coefficient C y, y . The
results of comparison indicate that p+3 He elastic scattering at these energies could provide a
rich source for 3NFs, and their effects are expected to be larger than those for the N d elastic
scattering.

4

Summary and Outlook

Few-nucleon scattering provides rich sources to explore the properties of 3NFs that are momentum, spin and iso-spin dependent. To study the detailed properties of the 3NFs, experimental
programs of deuteron–proton (d p) scattering as well as proton–3 He (p+3 He) scattering using
the polarized beam and target systems are ongoing at RIKEN, RCNP Osaka University, and
CYRIC Tohoku University, in Japan.
In this contribution, the experimental results obtained with polarized deuteron beams at
RIKEN are presented. The data for the d p elastic scattering are compared with the rigorous
numerical calculations based on the phenomenological NN potentials combined with the twoπ exchange 3NFs as well as the χEFT NN potential. The energy and angular dependent results
of the cross sections as well as the deuteron analyzing powers show that one needs to take
into account chiral 3NFs in future calculations.
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The 3NF effects could also be sizable in the four-nucleon scattering systems in which tests
of the isospin T = 3/2 channel in 3NFs can be performed. As the first step we conducted
experiments of p+3 He elastic scattering at around 65 MeV using the polarized proton beam
and the polarized 3 He target. For almost the all measured observables large differences are
found between the data and the theoretical calculations based on the various NN potentials at
the angles around the cross minimum. These features are similar to those obtained in the N d
elastic scattering.
As the next step we are planning the following experiments; i) measurements of p+3 He
scattering at 65–200 MeV, and ii) measurements of spin-correlation coefficients for d p scattering at 65–200 MeV. These data would provide a valuable source to test nuclear potentials
including 3NFs and/or to determine the low-energy constants of the chiral EFT nuclear potentials. Such theoretical work is now in progress [23].
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Abstract
The 12 C Hoyle state is a candidate for α-condensation, due to its large volume and αcluster structure. This paper discusses precision break-up measurements and how they
can elucidate α-condensate structures. Two experiments are discussed in detail, firstly
concerning the break-up of 12 C and then the decays of heavier nuclei. With more theoretical input, and increasingly complex detector setups, precision break-up measurements
can, in principle, provide insight into the structures of states in α-conjugate nuclei. At
present, such searches have not delivered evidence for α-condensation in 12 C or 16 O.
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1

Introduction

The Hoyle state in carbon-12 is considered royalty in the world of nuclear physics. This prestige
originates from the crucial role it plays during helium burning, facilitating the production
of 12 C through the triple-α process [1]. The Hoyle state has been studied extensively both
experimentally and theoretically. The resonance parameters, such as Γrad. and Γα , are now
mainly well constrained and its role in stellar nucleosynthesis well understood.
Despite this, the structure of the Hoyle state is still hotly debated. Owing to its astrophysical
role, it is intuitive to think that this particular state in 12 C could, to some level, consist of αparticle clusters, whereby the important degrees of freedom are those of α-particles, rather
than individual nucleons. This is now generally accepted to be the case, however, the exact
details of the α interactions and the extent to which their underlying fermion structures play
a role is not yet fully understood.
The proposed structure of the Hoyle state has had input from other areas of Physics. Since
the discovery of atomic Bose-Einstein condensation in 1995 [2], there has been much speculation about whether similar phenomena may occur in atomic nuclei. The possibility of α-particle
condensation in infinite matter has previously been theoretically investigated [3] and it was
found to be possible at low densities (below a fifth of the nuclear saturation density). The
case of finite nuclear systems was approached in a flagship 2001 paper by Tohsaki, Horiuchi,
Schuck and Röpke (THSR) [4], who concluded that such a condensate state could exist in
light α-conjugate nuclei at energies around the α-decay threshold. This theoretical approach
has played a leading role in the description of near-threshold states in α-conjugate nuclei for
nearly 20 years. However, despite overwhelming theoretical backing, experimental evidence
for α-particle condensation is lacking.
This paper reviews two experimental studies, utilising precision break-up measurements,
to examine evidence for α-condensates in a range of nuclei. Experimental and theoretical
difficulties in performing the measurements and interpreting the results are covered.

2

The THSR wave function

The relatively simple Alpha Cluster Model of Brink [5–7] was refined in 2001 by Tohsaki, Horiuchi, Schuck and Röpke (THSR) [4]. They concluded that for states in 12 C with large radii,
corresponding to large average α-α separations, the α-particles may retain their bosonic identities and produce the equivalent of a Bose-Einstein condensate. The form factor for inelastic
electron scattering from 12 C has indicated that the volume of the Hoyle state may be up to
four times larger than the ground state [8–11]. Under these conditions, the antisymmetrisation of the wave function will have a weaker effect than on the more compact ground state.
In this case, there is a possibility that the larger system could be described, to a good approximation, as a system of three bosons. The THSR wave function explores this possibility and is
constructed as an antisymmetrised product of α-particle wave functions as

Φ3α = A

3
Y

φαi ( r~1i , r~2i , r~3i , r~4i ).

(1)

i=1

The above construction is for 12 nucleons grouped into three quartets described by φαi . The
variables r~1i etc. denote the coordinates for each nucleon in the i th quartet. The wave functions
of each α-particle are given as
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Figure 1: Contour map of the energy surface E3α (B, b) for 12 C. The colour map and
contour lines denote the binding energies. Data and formulation were obtained from
reference [4]. The circle represents the minimum in the energy surface and the triangle marks a saddle point.

φαi ( r~1 , r~2 , r~3 , r~4 ) = e

~2
−R
B2


−[ r~1 − r~2 , r~1 − r~3 ...]2
exp
,
b2


(2)

~ represents the centre-of-mass coordinate for the quartet. As can be seen, the wave
where R
~2 2
function of each quartet is simply a Gaussian wave packet, spatially modulated by the exp−R /B
term. The parameter, b, controls the size of each quartet, as in the Brink Alpha Cluster Model,
but B is an additional parameter that controls the size of the common Gaussian distribution
of the whole nuclear wave function. In the limit that B → ∞ then the antisymmetrisation A
has no effect and equation 2 simply becomes the product of Gaussians wave packets − a gas
of free α-particles.
Possible structures of the nucleus are explored by performing a variational calculation,
over the b and B parameters. The energy surface in this two parameter space is evaluated as
〈Φ3α |Ĥ|Φ3α 〉, where the Hamiltonian consists of the kinetic energy, Coulomb energy, and an
effective nuclear interaction potential. Various potentials have been used, which give broadly
the same features in the energy surfaces. Potentials are chosen that well-reproduce the binding
energy and radius of the α-particle and the α-α scattering phase shifts. The resulting energy
surface for 12 C, calculated with the F1 nuclear interaction [12], is given in figure 1. Equivalent
surfaces have been determined for other α-conjugate nuclei, 8 Be, 16 O and 20 Ne.
In the case of 12 C, the minimum in the potential energy surface, denoted by the circle in
figure 1, corresponds closely to the ground state binding energy. The corresponding b and
B values at this minimum reproduce the size of the α-particle and the compact ground state
of 12 C. From the minimum, a ridge is seen extending out towards large values of B. The
ridge has a saddle point at (b ≈ 1.4 fm, B ≈ 14 fm) and has an energy approaching that
of the 3α threshold. It is thought that this saddle point, indicated by the triangle in figure
1, helps to stabilise a state in 12 C at much larger B values than the ground state. This point
could be identified as the Hoyle state given its energy and known large volume compared with
the ground state of 12 C. Similar features are seen for other α-conjugate nuclei. Therefore,
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the existence of excited states in these nuclei, with very large volumes compared with the
ground states, has been postulated. Given their large volumes, it was proposed that these
could correspond to α-condensate-type states, with structures well approximated as gases of
free α-particles.
One way to explore the possibility of an α-condensate-type state arising from the THSR
approach is to decompose the calculated Hoyle-state wave function into the single α-particle
orbitals. In agreement with the α-condensate picture, the α-particle occupation probabilities
for the ground and Hoyle state are very different [13]. There is a 70% overlap of the Hoyle
state THSR wave function with three α-particles in the lowest 0s-orbital, meaning that the
Hoyle state is well approximated by the ideal Bose gas picture. Conversely, the ground-state
of 12 C is strongly fragmented across s, d and g levels, consistent with the shell model. It
should be reiterated here that the THSR approach does not advocate that the Hoyle state is a
pure α-condensate; the fact that there is a 30% contribution from other orbitals than the 0s
indicates that the Pauli Exclusion Principle still plays a significant role.

3

Precision break-up measurements

One commonly quoted way to experimentally probe the structure of the Hoyle state is to
measure the charge distribution through inelastic electron scattering [8–11]. As mentioned in
section 2, a key prediction of the THSR model is that an α-condensate-type state only occurs for
volumes much larger than that of the ground state. Therefore, measuring the overlap between
the ground and Hoyle states should be a sensitive probe of their structures. Based its excellent
fit to the experimental data, it appears that the THSR model well describes the structures of
the ground and Hoyle states of 12 C. Remarkably, this excellent fit is obtained with no tuneable
parameters. However, only so much weight can be given to a single observable.
Precision break-up measurements of the Hoyle state into three α-particles should provide a
complimentary way to determine the nature of this state. In 2006, Tz. Kokalova and colleagues
[14] concluded that the branching ratios for various decay channels of a nuclear state could
provide direct signatures for α-condensation. The decay of a possible α-condensed state will
consist of a variety of decay modes. Heavier nuclei have more open channels, but for the Hoyle
state, this is limited to:
12

C0+
2

→

8

→

8

Be0+ + α

(3)

Be2+ + α

(4)

→ α + α + α.

(5)

1

1

If the decaying nuclear state is an α-condensed state, all of the α-clusters occupy the same
0s orbit. This means that any partitioning of the nucleus into subsystems, which are also
α-condensed states, is possible, and should be equally probable. Therefore, in the case of
12
C, channels (3) and (5) should be equally probable, since the 8 Be0+ is thought to be an α1
condensate. This means that the experimentally measured channel widths/branching ratios
will be determined only by the phase space available for each decay and the penetrability
through the Coulomb barrier.

3.1

Carbon-12

Much experimental effort has been devoted to measuring the 3α direct decay width of the
Hoyle state in recent years [15–18]. The current section focuses on the data of reference [16],
first published as a letter in 2017. A major issue in determining the 3α direct decay width is
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Figure 2: Hoyle state decay data from references [16] and [26]. Right panel: Histograms of α-particle fractional energies. Left panel: α-particle fractional energies
plotted as a Dalitz plot.
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that the phase space for direct decay (5) is so much smaller than for the sequential decay (3).
The phase spaces are calculable using the Fermi breakup model [19] and the direct decay is
suppressed by a factor of 103 relative to the sequential decay. At present, an upper limit of
0.0019% has been placed on the 3α direct decay branching ratio, utilising around 2 × 104
Hoyle state decay events [18].
In such experiments, a beam of particles, such as α-particles, inelastically scatter from a
12
C target, populating the Hoyle state in the recoiling carbon nucleus. Transfer reactions have
also been used [17]. The excited 12 C then decays into three α-particles, which hit positionsensitive silicon strip detectors. For this type of experiment, the sequential and direct decay
channels are separated by examining the relative energies of the three α-particles in the final
state. To further complicate the problem, since the Hoyle state is only 380 keV above the 3α
threshold, after the decay, these three α-particles have very similar energies. Silicon chargedparticle detectors typically have an absolute energy resolution of 30−50 keV, meaning that
differentiating between the three α-particles using such detectors can be difficult. An alternative approach is to measure the decay of the Hoyle state in a Time Projection Chamber (TPC)
such as those in references [20–22]. In these cases, the relative angles between the three αparticles could be used to differentiate the two decay channels. Experimental work using this
approach is ongoing.
In the typical analysis approach, the relative energies of the three α-particles are examined
using a Dalitz plot. In the centre-of-mass of the decaying 12 C, the fractional energies of the
α-particles, εαi = Eαi /E t ot , should all sum to unity. This restriction on the sum of the three
fractional energies allows them to be plotted on a two-dimensional symmetric Dalitz plot [23].
The construction of a symmetric Dalitz plot is described in detail in reference [24]. For the
decay of the Hoyle state, the decay kinematics dictate that the first emitted α-particle carries
away a fixed amount of energy (around 1/2 of the total available) and the remaining energy
is shared between the other two α-particles. This means that sequential decays appear as a
triangle on the Dalitz plot. A subset of the experimental data from reference [16] are shown
in figure 2. The right panel shows three 1D histograms of α-particle fractional energies and
the left panel shows the same data plotted as a Dalitz plot.
Higher-dimensional Dalitz plots are also possible, in order to examine the N α decays of
16
O and heavier nuclei, although such analyses have not yet been performed. However, a
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three-dimensional Dalitz plot has previously been used in atomic physics to understand 4body atomic break-up processes [25].
As can be seen in the left panel of figure 2, the vast majority of data lie on a triangle,
indicating a dominant sequential decay, as expected from the relative phase spaces. A small
number of counts beyond this triangle can be seen, which could correspond to direct decays.
Other alternatives are experimental backgrounds, such as event mixing or mis-assigning hit
positions of the α-particles on the detectors. To explore the relative amounts of sequential and
direct decay, high statistics Monte-Carlo simulations of the experiment were performed, which
included background effects. Each decay type − sequential and direct − were simulated, and
the resulting Dalitz plot distributions were compared with the experimental data, as a function
of the direct decay branching ratio.
The extracted branching ratio from this analysis is clearly sensitive to the exact direct
decay model that was simulated, and this will be discussed more later. However, the standard
approach is to model an equal probabilities decay to anywhere in the available phase space.
This decay type is typically denoted as DDΦ. Such a decay corresponds to a flat distribution of
points inside the kinematically allowed circular region of the Dalitz plot (indicated in figure
2). The theoretical distributions, simulated through Monte-Carlo, were fit to the data using
a frequentist approach and further details are given in references [16] and [26]. With a 3α
direct decay branching ratio of 0%, a χ 2 /dof value of 1.08 was obtained, close to the 50%
confidence level (C.L.). The branching ratio was increased and the χ 2 value moved beyond
the 95% (2σ) C.L. at a value of 0.0470%. The upper limit for the direct decay branching ratio
was thus placed at 0.0470% (4.70 × 10−4 ). This information is captured by the blue likelihood
distribution in the left panel of figure 3. The vertical black line indicates the 2σ C.L.
A complementary Bayesian approach was also used to extract an upper limit for the branching ratio. The Bayesian approach rightly asserts that we should not treat the direct 3α decay
branching ratio of the Hoyle state as a completely unknown parameter, since a measurement
previous to the experiment in question had set an upper limit for direct decay of 0.2%, at the
95% C.L. [15]. Therefore, we know with 95% confidence that the branching ratio is less that
0.2%. The idea behind the Bayesian analysis was to combine the previous results with the latest experimental measurements in order to better constrain the direct decay branching ratio.
This is achieved by defining a prior likelihood distribution for the branching ratio that satisfies
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Table 1: Branching ratio upper limits for various direct decay mechanisms. Uncertainties are due to the choice of prior distribution in the Bayesian analysis.

DDΦ
DDE/DDP2
DDL

95% C.L.

99.5% C.L.

4.7 × 10−4
2.57 × 10−4
3.8 × 10−5

5.8 × 10−4
3.2 × 10−4
6.4 × 10−5

95% C.L.
(Bayesian)
(4.65 ± 0.05) × 10−4
−
−

99.5% C.L.
(Bayesian)
(5.67 ± 0.1) × 10−4
−
−

the statistical analysis of reference [15]. Specifying the prior distribution is a controversial
topic, due to the obvious influence it has on the result. However, in this work, the result was
seen to be fairly insensitive to the choice of prior distribution. The prior distributions used in
this analysis are shown in the right panel of figure 3. The Bayesian analysis is built on Baye’s
Theorem, which states, in the context of this work

P(BR|X ) =

P(X |BR)P(BR)
.
P(X )

(6)

Here, the desired quantity, P(BR|X ), represents the probability of a particular branching ratio,
BR, given the data, X . The P(X |BR) represents the probability of obtaining data, X , given a
certain value of the BR, which may be identified as the standard likelihood distribution, shown
in the left panel of figure 3. The P(BR) is the aforementioned prior likelihood distribution
for the branching ratio. The P(X ) factor is adjusted such that the distribution P(BR|X ) is
normalised to unity. Utilising this method, a slightly lower branching ratio of 0.0465% (4.65 ×
10−4 ), was obtained. We advocate that future experimental analyses utilise a similar Bayesian
approach.
As previously mentioned, the result is highly sensitive to the simulated direct decay model.
An equal probabilities decay to the phase space is typically utilised, but other models do exist.
One is the DDE direct decay model, where the α-particles are emitted with equal energies.
This corresponds to the point at the centre of the Dalitz plot. We have previously argued that
this cannot always be the case [26]; due to the finite size of the decaying Hoyle state, Heisenberg’s position-momentum uncertainty principle will smear the kinetic energies of the emitted
α-particles. Another direct decay type is the DDL model. Time-dependent Hartree-Fock calculations [27] have demonstrated that a linear chain state of three α-particles in 12 C can be
produced through the triple-α process. However, a stable configuration only occurs if the third
α strikes the 8 Be with a small impact parameter along the direction of 8 Be deformation. It is
natural then to conclude that during the decay of the Hoyle state, if it is indeed a linear chain
of α-particles, that they would be emitted from the nucleus in a collinear way. This type of
decay corresponds to points on the outer edge of the Dalitz plot. A final model, developed
in references [16] and [28], is called DDP2 (Direct Decay Phase space + Penetrability). This
model accounts for the changing 3α decay penetrability depending on the relative energies
and directions of the α-particles as they tunnel from the nucleus. Its similarity in results to an
R-matrix model of the direct decay have previously been noted [29]. In this model, it is calculated that the Coulomb barrier for an equal energies DDE decay is significantly lower than for
a collinear DDL decay. Therefore, the phase space distribution of α-particle energies should
be non-uniform and peaked towards the centre of the Dalitz plot. Upper limits on the direct
decay BR for each model are summarised in table 1.
Surprisingly, there are very few theoretical predictions of the direct decay branching that
can be compared with the experimental data. In 2014, Ishikawa utilised a full three-body quantum mechanical formulation to study the decay of the Hoyle state [30]. In that work, the Hoyle
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point charges, the dashed line shows the potential quoted in references [32,33], and
the solid line shows the full calculation. Right panel: The transmission probability as
a function of r1 , the inner separation at which the 8 Be + α tunnel from. Calculations
by J. Hirst.
state was treated as a system of three bosonic α-particles, thus reflecting an α-condensate-type
structure. Ishikawa concluded that the direct decay contributes at a level lower than 0.1%. The
latest experimental measurements [18] reject a direct decay contribution > 0.019%, which is
an order of magnitude lower than this prediction.
A simple approach to theoretically determining the BR is to evaluate the relative sequential
and direct decay widths using tunnelling calculations. References [16] and [28] present WKB
calculations for the 2-body and 3-body decays, which calculate the BR to be around 0.06%.
This is higher than the current experimental upper limit. In this model, the Coulomb barrier is
treated as that of point charges that tunnel out from the channel radius. This method utilises
the PeTA WKB code [31], which Monte-Carlo samples the allowed phase space to calculate an
average Coulomb penetration factor.
In a similar approach, Zheng et al. [32] performed WKB calculations of tunnelling through
a Coulomb potential. However, they used the Gamow prescription, which neglected the nuclear potential. Inclusion of a nuclear interaction would modify the results, as this strongly
influences the barrier shape. A branching ratio of 0.0036% was calculated; considerably below current experimental limits. However, in their paper, they only consider DDE-type decays
because “We expect a change less than a factor of 2 [by] adding more configurations". In contrast
to this, the 3α phase space distributions calculated in references [29] and [28] demonstrate a
large dependence of the barrier transmission probability on the relative energies/orientations
of the three α-particles. Furthermore, the Coulomb interaction chosen by Zheng et al. was
modified to reflect the potential energy of two overlapping, uniformly charged spheres, parameterised for a 2-body decay as

U(R) =
=



Za Z b e 2
R2
3−
(R ≤ R a + R b )
2(R a + R b )
(R a + R b )2

(7)

Za Z b e 2
R

(8)

(R > R a + R b ),

where Zi and R i are the charges and radii of each fragment, and R is the separation between
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their centres. This is a commonly used potential and can also be found quoted in reference
[33]. However, we demonstrate that this is incorrect. The left panel of figure 4 shows this
potential as a green dashed line, for the decay of 12 C into 8 Be + α. The solid blue line shows
the correct potential for the system, determined computationally by integrating over the charge
distributions of two overlapping spheres. The difference between the two models is small at the
channel radius, but becomes more significant as the two objects overlap. Due to this difference,
the barrier transmission probabilities, calculated with WKB, vary significantly as shown in the
right panel of figure 4. The difference is largest as the inner tunnelling point tends to zero
(Gamow limit). We therefore encourage the calculations of [32] to be performed with the
correct potential, although this will probably give a small correction to the result.
In summary, experiments to measure a 3α direct decay width of the 12 C Hoyle state are
reaching the limits of what is feasible with current technologies. At present, the only way
to improve the situation is by running longer experiments and gaining higher statistics. Experiments utilising TPC detectors, rather than silicons, are underway, but the same problem
remains. Additionally, in these systems, scattering of the very low-energy α-particles in the
gas is an issue. At the same time, theoretical descriptions of the break-up process require further work. We have highlighted issues with the simplistic tunnelling models currently used
to evaluate the approximate branching ratio. The THSR and FMD models accurately predict
some experimental observables. Can they predict the direct decay branching ratio?

3.2

Oxygen-16

As stated earlier, theoretical investigations of the Hoyle state in 12 C have established that it
is well approximated as a dilute gas-like state of three α-particles. Subsequently, there is no
reason why there should not exist a whole family of Hoyle analogue states in heavier nuclei.
Thankfully, much like the British royal family, such states have a rather small gene pool; they
are restricted to α-conjugate nuclei such as 16 O, 20 Ne, 24 Mg etc. and have been predicted to
have a maximum mass corresponding to 40 Ca [34].
For heavier Nα systems, one can again look to break-up measurements as signatures of αcondensation. Of particular interest is the 15.1 MeV 0+
state in 16 O, which has previously been
6
measured in the α0 and α1 channels [35]. However, the contribution from other states around
this energy region is still not well understood and this state has not yet been conclusively
demonstrated to correspond to a clustered state. An ideal demonstration of the clustered nature, and in particular of the α-condensate nature would be to observe an enhanced sequential
α-particle emission from one α-condensate state to another. To do this, a high-energy compound nucleus reaction 12 C(16 O, 28 Si? ) was employed at beam energies of 160, 280 and 400
MeV, to populate a wide range of states in 8 Be to 28 Si [36]. By looking at the complete decay to
a 7 α-particle final state, a direct search for Nα condensate states was performed by examining
their complete dissociation into an Nα-particle final state.
It was demonstrated that due to the effect of the Coulomb barrier in the decay of 16 O? → 4α,
this decay mode is suppressed up until ∼ 18 MeV (in agreement with previous experiments
[37–41]). This means that even with the reduced Coulomb barrier from a dilute 0+
state, the
6
decay of this state into 4α is heavily suppressed. As such, this characteristic decay mode cannot be identified [42]. There was no evidence of a state at 15.1 MeV in the 4α channel (see
figure 5), in agreement with some previous results [43] and disagreeing with others [44]. In
the previous study that claimed to find the state [44], no evidence of the effect of the Coulomb
barrier was seen in the excitation function, which suggests that mismatched α-particles, poor
energy resolution and low statistics may be responsible for the observed yield. Additionally, a
second measurement at lower energy did not see a peak in the same location.
In the 12 C(16 O, 28 Si? ) study [36], to overcome the limitations of the 4α penetrability,
16 ?
populating this state in the 12 C(16 O, 12 C(0+
2 )) O reaction was attempted, by reconstruct030.9
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Figure 5: Left panel: 16 O excitation energy reconstructed from 4 α-particles in the
C(16 O, 4α) channel, with a beam energy of 160 MeV. The data (red) are compared
to the mixed events (blue) [45]. The mixed events describe the data down to 15
MeV very well. The small number of counts observed around 15 MeV can therefore
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plot on the left where the ratio of the data to the event mixed data are taken. Any
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channel.
12

ing the 16 O? from measuring the 12 C(0+
2 ). From the compound nucleus, if one decay product
+
12
( C(02 )) is produced which is heavily clustered, one would expect the other decay product
to also be preferentially populated by heavily-clustered states. There was no evidence of the
population of a state around 15 MeV using this technique.
As discussed above in section 3.1, one may also identify an α-condensate state by verifying
the equivalency of all the α-condensate decay modes. To test for evidence of α-condensates
at higher energies in 28 Si, the Fermi breakup model was used to calculate the expected yields
of 8 different partitions to α-condensate states. While this model ignores the penetrability,
which has a small effect due to the large relative energy above the barrier, it was shown that
the seen experimental yields were not commensurate with an α-condensate. Additionally, the
Fermi breakup results were used in conjunction with an extended Hauser Feshbach calculation
to investigate the role of sequential decay against multi-particle decay. Previous experiments
[46] have claimed that a larger-than-expected α-multiplicity from the compound nucleus is
indicative of α-condensation in much heavier systems (56 Ni).
It was demonstrated that while the predicted α-particle multiplicities from the Hauser
Feshbach calculation cannot explain the experimentally observed yields at the three different
energies, the Fermi breakup model calculations also incorrectly predicted a peak α-particle
multiplicity of 4-6 as the beam energy increased. The results of this work therefore do not
see any signatures of α-condensates and also highlight the importance of understanding the
reaction mechanisms involved. The Coulomb barrier suppression is very restrictive for the
nuclei studied. Moving to heavier systems where such an α-condensate is lightly bound (e.g.
40
Ca), observing the complete dissociation in a “Coulomb explosion” may present the clearest
observable of α-condensation in heavy systems [34].
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4

Conclusions and outlook

Theoretical investigations have established that the Hoyle state is well approximated as a dilute
gas-like α-condensate. The appropriateness of the THSR approach in describing the Hoyle
state is demonstrated by how well the inelastic form factor for transitions between the ground
and Hoyle is reproduced compared with the experimental data. This is a clear indication
that the Hoyle state has a large volume, approaching the conditions required for α-particle
condensation.
A complementary way to probe the state’s α-condensate nature is to show the equivalence
between decays to other condensate states; the decay widths for a condensate state should
depend entirely on the phase space and Coulomb barrier penetrability for each channel. An
upper limit on the direct 3α decay branching ratio of 0.019% has recently been experimentally
measured but further theoretical work is needed in order to interpret this result. In 16 O, the
state has not been meaform factor for transitions from the ground state to the 15.1 MeV 0+
6
sured. This measurement is needed since break-up measurements through the characteristic
4α final state [36, 43, 44] are inconclusive. Beyond oxygen, a high-multiplicity study into the
decay of high energy states in 28 Si [36] assessed the equivalency of all the α-condensate decay
modes. The results of this work did not provide signatures of α-condensate states.
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Abstract
For several decades there has been an interest in studying neutrino scattering on light
nuclei, with the hope of increasing knowledge about the theory of weak interactions and
electroweak unification. A study of several neutrino induced reactions on light nuclei
(2 H, 3 H and 3 He) is presented here. The cross section for these reactions is evaluated
using the nuclear response functions, which holds the information about the nuclear
interactions and structure. This approach has been tested for break-up reactions on the
deuteron before and is now extended to three-nucleon break-up reactions.
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Introduction

The interest in neutrino reactions on nuclei lies not only in nuclear physics, but also in other
fields such as astrophysics and particle physics. Moreover, the construction of neutrino detectors requires knowledge about these types of reactions [1, 2]. Calculations performed in
both coordinate and momentum space have given equivalent results, suggesting that at low
energies the theoretical uncertainty may be small. These studies were performed by adopting
semi-phenomenological potentials as well as ones based on chiral effective field theory [3],
and the related single and two nucleon current operators.
Here we present a new contribution to this field. The ingredients of this study are the
semi-phenomenological potential AV18 [4] and the single nucleon current.
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2

The differential cross section

The differential cross section depends on the transition matrix element of the process M f i . It
appears in its quadratic form, i.e.
Mf i

2

2

= Lλ N λ ,

(1)

where the Lλ (Nλ ) are the transition matrix elements for the leptonic (hadronic) current.
By calling k (k0 ) the initial (final) lepton momentum, and by choosing a reference frame in
which the transferred momentum Q = k − k0 is parallel to the z-axis we can identify the parts
in |M f i |2 which contribute in the case of inclusive reactions, where only the final lepton is
detected and write Eq. (1) as
Mf i

2

= V00 N 0

2

+ VP P |N+1 |2 + VM M |N−1 |2 + VZ Z |Nz |2 + VZ0 Re(2N 0 Nz ∗ ).

Here the Vi j functions are combinations of the Lλ Lλ0 ∗ functions [5].
The inclusive response functions are defined as
X Z
d f δ(EC M − E f ) Ψ f j A Ψi

Rinc
AB =

Ψi j B Ψ f ,

(2)

(3)

mi m f

where |Ψi 〉 ( Ψ f ) is the initial (final) nuclear state and j A(B) are single-nucleon hadronic
current operators. By defining
N A ≡ Ψ f j A Ψi ,
(4)
we can express the differential cross section for this kind of reactions as [5]

0 
G F2 cos2 θC
d 3σ
0 k
=
F (Z, E )
V00 R00 + VP P R P P + VM M R M M + VZ Z R Z Z + VZ0 R Z0 , (5)
d E 0 dΩ0
(2π)2
8E
where G F is the Fermi constant, θC is the Cabbibo angle, k0 (E 0 ) is the final lepton momentum
magnitude (energy), E is the initial lepton energy, Z is the final charge of the hadronic state
and F (Z, E 0 ) is the Fermi function which takes into account the Coulomb distortion of the final
electron wave function. For neutral current reactions cos θC and F (Z, E 0 ) are substituted by 1.
The Fermi function is defined as
F (Z, E 0 ) = 2 (γ + 1) (2k0 )2γ−2
with γ and y as
γ=

p
1 − Zα

Γ (γ − i y)
Γ (1 + 2γ)

y = Zα

E0
,
k0

2

,

(6)

(7)

where α is the fine structure constant.
In order to evaluate the differential cross section in Eq. (5), it is therefore necessary to calculate
the previously defined response functions. These functions depend only on the transferred
momentum Q and on the final internal hadronic kinetic energy EC M .

3

Results

We tested the response function method by comparing the results obtained for the deuteron
break-up reactions with direct calculations. We found less than one percent deviations between
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Figure 1: The response functions for the charged current reactions on 3 He as a function of the internal hadronic energy in for the 3N system E3N and the transferred
momentum Q. The figure has been taken from Ref. [6].
the two methods and then proceeded to investigate 3N break-up reactions using the response
function scheme.
We evaluated the response functions for these reactions in four grids, each of them containing
circa 2000 points in the (EC M , Q) space. The results for the antineutrino break-up on 3 He are
shown in Fig. 1. Similar results were obtained for the other three grids.
Having these functions it is then possible to calculate the differential cross section and the total
cross section at a given energy,
σ(E) =

Z

π

0

0

dθ sin θ

0

Z

2π

dφ

0

Z

dE 0

0

d 2σ
.
d E 0 dΩ0

(8)

The results for the total cross section are shown in Fig. 2.

4

Conclusions

We performed a study of the differential and total cross sections for several (anti) neutrino
break-up reactions on 3 H and 3 He. The method used has been tested in the simpler break-up
reaction on 2 H, for which we could adopt a direct method to check the convergence of the
results.
This study has been performed by using the simple single-nucleon current operator and can
be improved by adding many-nucleon currents.
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Abstract
The JISP16 nucleon-nucleon potential has been applied to investigations of the nucleon
induced deuteron breakup reaction at the incoming nucleon laboratory energies E = 13
MeV and E = 65 MeV. We have found that for the studied process the JISP16 force gives a
description of the exclusive cross section, which is generally similar to the ones obtained
with the standard realistic nucleon-nucleon AV18 interaction. However, there are some
regions of the phase space where the differential cross sections predicted by the JISP16
and AV18 models, differ by more than 100 %. These special kinematical configurations
may possibly be useful to refit the JISP16 force parameters.
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Introduction

The JISP16 potential [1] is a model of the nucleon-nucleon (NN) interaction derived within
the inverse scattering method. Its free parameters have been fixed by fitting to the NN phase
shifts, as well as to the energies of bound and excited states of nuclei up to 16 O. This method of
fixing parameters was introduced to study many-nucleon systems without using many-nucleon
interactions. The JISP16 model works well in the nuclear structure calculations [2], but it
was shown in [3] that it leads to disagreements with data and theoretical predictions based on
standard nuclear forces when applied to the photoabsorbtion processes on light nuclei. Also
recently Ref. [4] has shown that the JISP16 potential fails in the description of some observables in the elastic nucleon-deuteron scattering process. The reason for such behaviour was
traced back to the P-wave components of the JISP16 model. In this contribution we investigate usefulness of the nucleon-deuteron breakup reaction in improving the JISP16 potential.
The results for the AV18 force are used as reference values. The expected three-nucleon force
effects at the incoming nucleon energy E=13 MeV are negligible and at E=65 MeV remains
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below approx. 5% at the most of the phase space, reaching approx. 20% only for some specific
configurations [5].
The final kinematical configuration for the studied n + d → n + n + p reaction is specified
by five variables. We have chosen the following variables: the polar and azimuthal angles of
the momentum vector of nucleon 1 (θ1 ,ϕ1 ) and the momentum vector of nucleon 2 (θ2 ,ϕ2 )
as well as the energy of nucleon 1 (E1 ). In some cases this set gives two physical solutions for
the energy of nucleon 2 (E2 ), so the arc length S for the kinematical locus in the E1 − E2 plane
is used instead of E1 to assure a unique definition of the three-body kinematics. We choose
nucleons 1 and 2 to be neutrons.
The fact that the phase space is spanned by the (θ1 , ϕ1 , θ2 , ϕ2 , S) set of variables allows
us to study various dynamical and kinematical aspects of the three-nucleon (3N) observables
[5, 6]. This, in turn, gives a possibility of a more systematic and detailed analysis of the
nucleon-nucleon interaction than is available e.g. in elastic nucleon-deuteron scattering [7].

2

Formalism and methods

The Faddeev equation has been used to compute the transition amplitude and, finally, the differential cross section for the nucleon-deuteron breakup process. Neglecting the 3N interaction
the Faddeev equation for an auxiliary state T |φ〉 reads [8]:
T |φ〉 = t P|φ〉 + t P G0 T |φ〉 ,

(1)

where the initial state |φ〉 consists of a deuteron and a relative momentum eigenstate of the
projectile nucleon, P is a permutation operator, G0 is the free 3N propagator and t is the
solution of the Lippmann-Schwinger equation for the two-nucleon t-matrix which depends on
the NN interaction model used.
We chose the incoming nucleon energies to be E = 13 MeV and 65 MeV. Firstly, for each
energy, we solve Eq.(1) twice, using the JISP16 and the AV18 potentials [9]. Next we scan
the whole phase space with a grid of 45 points for the θ1 and θ2 polar angles in the range (0◦ ,
180◦ ), 45 points for the relative azimuthal angle ϕ12 =|ϕ2 -ϕ1 | in the range (0◦ , 180◦ ) a fine
step of 0.1 MeV along the arc length S for the unpolarized cross section calculations.
This scanning with a subsequent extraction of exclusive observables is done separately for
the JISP16 and the AV18 NN potentials.
In order to quantify the discrepancy between the predictions based on the two different
models of the NN interaction, we calculate ∆S I GS - a maximum of relative difference for the
cross sections over ϕ12 and S for fixed (θ1 ,θ2 ):


O bsJ ISP16 − O bsAV 18
∆S I GS ≡ ∆S I GS(θ1 , θ2 ) = max 1
,
(2)
2 (O bsJ ISP16 + O bsAV 18 ) {ϕ ,S}
12

d5σ
dΩ1 dΩ2 dS (θ1 , φ1 , θ2 , φ2 , S).

where O bs =
In our calculations we apply also additional threshold cuts to avoid kinematical configurations with very low E1 or E2 nucleon energies or with the cross section values unmeasurable
in practice.

3

Results

In order to present results of scanning the five-dimensional space in a convenient way we
prepared a set of three-dimensional maps. Maps show a dependence ∆SIGS, ϕ12 and E1 on
the polar scattering angles θ1 and θ2 .
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Figure 1: The distribution of ∆SIGS for the deuteron breakup at E= 13 MeV.
The map given in Fig. 1 shows a dependence of a maximal relative difference of the cross
sections ∆SIGS on the scattering angles θ1 and θ2 . It allows us to identify phase space regions
with a strong deviation between cross sections based on the JISP16 and the AV18 models. In
order to determine the remaining kinematical variables for configurations where the maximal
∆SIGS over ϕ12 and S is observed, we prepared additional maps (Figs. 2 and 3) for the dependence of the relative azimuthal angles ϕ12 and energy E1 of outgoing nucleon on the polar
scattering angles θ1 and θ2 . We present here only a map for the energy of outgoing nucleon
1, because an energy for the nucleon 2 is asymmetrical with respect to the diagonal. It can be
seen, that at initial energy E=13 MeV, in some regions of the phase space the exclusive differential cross section predicted by the AV18 model is bigger than the one based on the JISP16
potential by more than 100%.
The map for the ∆SIGS at 65 MeV in Fig. 4 shows, compared to Fig. 1, fewer discriminative
regions allowed by 3N kinematics and the additional energy cuts, but there are also areas
where the difference between the cross section values calculated with the JISP16 and the
AV18 potentials exceed 50%. It can bee seen in Fig. 5, that these interesting configurations
are mostly related to small relative azimuthal angles. The map in Fig. 6 delivers information
about corresponding energy of the outgoing nucleon and includes many measurable cases
among the interesting configurations.

4

Conclusion

In this study, we have found kinematical configurations for the nucleon-deuteron breakup reaction for which the difference between predictions for the exclusive cross section obtained with
the JISP16 and with the AV18 force amounts up to 100% (50%) at incoming nucleon energy
13 MeV (65 MeV) . The kinematical variables defining these interesting configurations can
be identified with the presented maps. Many such configurations seem to be experimentally
accessible.
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Figure 2: The distribution of the relative azimuthal angle ϕ12 for configurations corresponding to the maximal ∆SIGS in the cross section distribution (see Fig. 1) for
the deuteron breakup process at E= 13 MeV.
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the deuteron breakup process at E= 13 MeV.
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Abstract
The Trojan Horse Method is an indirect method to measure reaction cross sections at
energies of interest for nuclear astrophysics, exploiting the nuclei clustering properties.
Here it is presented with its general features and detailed for the case of the 2 H(d,p)3 H
and 2 H(d,n)3 He measurements, where interesting results for astrophysics and energy
fusion power plants have been obtained.
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Introduction

The Trojan Horse Method (THM) is a well established indirect technique introduced to study
charged particles nuclear reactions taking place in astrophysical environments. First introduced by Baur [1], it was experimentally realized and worked out by the AsFiN group at the
Laboratori Nazionali del Sud in Italy, taking advantage of the experience on quasi-free (QF)
reaction mechanism developed in the previous decades in that Laboratory.
The THM allows to extract the cross section of a two-body process x +a → b+B, at very low
energy (Ecm down to zero MeV) performing the measurement of a suitable three-body reaction
a + A → b + B + s in the quasi-free kinematic regime. Fig. 1 shows a diagram describing the
process.
The nucleus A, named TH nucleus, is a two-body system selected for its high probability for
a cluster configuration x ⊕ s. The beam energy is fixed such that a + A interaction takes place
above the a−A Coulomb barrier. In this condition the TH nucleus breaks up in the nuclear field
of a. The cluster x interacts with a inducing the two-body process of interest, while cluster
s, the so-called spectator, flies away without interfering with the x − a interaction. In a more
detailed description it has to be taken into account that x is a virtual particle, consequently its
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Figure 1: Diagram describing the TH reaction a + A → b + B + s. The upper vertex
describes the x + a → b + B two-body process of interest, while the lower one the
virtual decaying of A as x⊕s.

energy does not follow the mass-shell equation E x 6= p2x /2m x . For this reason the x +A → b+B
two-body cross section extracted from the TH reaction is Half-Off-Energy-Shell, because at the
same time it is true that all the outcoming particles can be detected.
Saying that cluster s remains spectator to the two-body process means that in the final
state it should keep the same momentum it had inside A. If we take into account TH nuclei
with l = 0 inter-cluster motion, the QF mechanism gives the maximum contribution when the
relative x − s momentum p xs is zero. This condition implies that the x − s relative distance is
very large justifying the spectator role of the s cluster.
The THM is an indirect method that can be applied to get the cross section for non-resonant
as well as resonant binary processes. The relative theory of THM is extensively described in [2],
as an example. For the simplest non-resonant case we can use many theoretical approaches,
but describing both entrance and exit channel in terms of plane waves and using impulse
approximation the three-body cross section (measured with the TH experiments) can be easily
factorized as:

HOES
d 3σ
2 dσ x a→bB
∝ KF|φ(p xs )|
,
d Ecm dΩ b dΩB
dΩ

(1)

where the first term K F is the kinematical factor, function of the masses, momenta and angles
of the outgoing particles, representing the phase space, while |φ(p xs )|2 is the momentum
distribution given by the square modulus of the Fourier transform of the radial wave function
describing the x − s relative motion inside nucleus A. Typically 2 H, 3 He and 6 Li are used as
TH nucleus, respectively as proton/neutron, deuteron, α virtual sources, where |φ(p xs )|2 is
described in terms of Húlten, Hänkel and Eckart functions respectively.
Finally, the last factor is the differential cross section for the two-body process in the center
of mass (cm) system. Energy in the cm system Ecm is calculated following the post-collision
prescription [2]:
Ecm = E bB − Q 2b ,
(2)
where E bB is the b − B relative energy and Q 2b is the Q-value of the two-body subprocess. The
superscript HOES in eq. 1 underlines that x + a → b + B is Half-Off-Energy-Shell, due to the
virtuality of the transferred particle x.
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2

THM for nuclear astrophysics

The possibility to extract the cross section of a binary process at sub-Coulomb energies settles
THM as a powerful experimental technique to study nuclear reactions of astrophysical interest.
In astrophysical environments, nuclear reactions take place at very low energy of the order of
keV’s. For reactions between charged particles, this means that their interaction takes place
at energies well below their Coulomb barrier, that is of the order of MeV’s. Consequently,
the cross section σ b (E) drops exponentially with decreasing energy and reaches values of the
order of 10−9 − 10−12 barn (subscript b is used to indicate the bare nuclei cross section). In
these conditions, the experimental evaluation of the cross section is severely hindered and in
some cases even beyond the technical possibilities. Extrapolation from data at higher energies
represents a possible solution but the exponential decreasing of the cross section could be
source of important systematic errors. The astrophysical S(E) factor
S(E) = Eσ b (E)e x p(2πη)

(3)

is introduced to better look at the data available in literature with a much weaker energy dependence, since the Gamow factor e x p(2πη) compensates for the exponential decreasing of
σ b (E) (here η is the Sommerfeld parameter). Even if the introduction of S(E) facilitates the
extrapolation procedure, uncertainties can arise due to the contribution of tails of possible
sub-threshold resonances [3]. The experimental studies that have been able to perform measurements within the energy range of astrophysical interest have highlighted an unexpected
effect, named electron screening, due to the atomic electrons surrounding both projectile and
target nuclei [4], which screens the Coulomb barrier and produces, at ultra-low energies, an
enhancement of the cross section with respect to the bare nucleus case. The enhancement
factor f l a b (E) is given by the following equation:

 
σs (E)
Ue
f l a b (E) =
∼ exp πη
,
(4)
σ b (E)
E
where Ue is the electron screening potential (subscript s refers to screened cross section).
Since the plasma condition of the matter within stars leads to a different value of the enhancement factor with respect to the laboratory case, the bare nucleus cross section σ b (E) is the
required experimental value. The only way to get σ b (E) is still with an extrapolation procedure even when experimental data are available down to the astrophysical energy range. In
this framework many indirect methods have been developed with the aim to extract the bare
nucleus cross section for reactions of astrophysical interest, avoiding experimental problems
due to Coulomb suppression and electron screening effect and among them an important role
is played by the Trojan Horse Method [2]. As an example of its impact, a recent outstanding
study on Carbon burning in stars has been published [5].

3

The d+d reactions studied via the THM

A great experimental effort has been devoted to the study of p -3 H and n-3 H e channels of the
d+d reaction, because of their crucial role at low energies for astrophysics and for applied
physics. Indeed, 2 H(d,p)3 H and 2 H(d,n)3 He reactions are in the network of the twelve most
influent Standard Big Bang Nucleosynthesis (SBBN) reactions, being strongly influential for
all the primordial abundances [6], and are among the deuterium burning channels in the Pre
Main Sequence (PMS) stars [3]. Moreover, these reactions are among the few possible cases
to be used in the future fusion power plants [7] [8]. About the former topic, the energy range
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of interest spans from 0 to 1.5 MeV (in order to have an accurate reaction rate calculation),
while in the latter from 0 to 30 keV.
The first attempt of the THM application to d + d interaction has focused on the 2 H(d,p)3 H
channel. The selected TH reaction was 2 H(6 Li,pt)4 He. The experiment was performed using
a 14 MeV 6 Li beam on a CD2 target (thickness 174 µg/cm2 ). In this case, the TH nucleus was
6
Li, where the participant cluster was a deuteron, whereas the α particle was the spectator
one. Details of this experiment can be found in [9], where it is shown how results coming
from this run were affected by the presence of a sequential decay (SD) reaction mechanism.
For this reason, a substantial cut on available data was required, leading to a S(E) poor in
resolution.
That is why other two experimental runs were necessary to improve the result, using 3 He
as TH nucleus. The THM was applied to 2 H(3 He,p3 H)H and 2 H(3 He,n3 He)H three-body processes induced by a 3 He beam (with 17 and 18 MeV energies) impinging on CD2 target (with
thickness 150 µg/cm2 ). In order to avoid the SD contamination, 3 He (whose internal structure has been deeply studied theoretically [10]) was used as TH nucleus, as a source of virtual
deuteron, the proton being the spectator particle. Details for these runs can be found in [11].
The first run was devoted exclusively to the p -3 H measurement (see [12]), looking for
an improvement of statistics and, as further discussed, to test the effects of a different TH
nucleus. With the second run, we reached the desired S(E) for both channels, and particularly
in the case of n-3 He channel it has been very advantageous to detect the spectator proton, to
get over the troubles related to the neutrons detection. This very useful spectator detection is
possible because it is necessary to detect just two of the three outcoming particles in any TH
experiment, being the third particle energy and angle reconstructed by energy and momentum
conservation laws.
Using a more sophisticated analysis, that made use of MPWBA (Modified Plane Wave Born
Approximation) [13] [14], results have a substantial improvement with respect to the previous run. The desired two-body cross sections can be considered as made of two non-resonant
components for the l = 0, 1 partial waves. Their energy dependence is described by their penetrability factors [15], so that, writing the two channels p-3 H and n-3 He as C+c, one obtains:
dσ
1 X
=
Cl Pl2 kdd RTl (kdd R),
d EdΩ (d+d→C+c) Edd l=0,1

(5)

where the relative energy Ed d is connected to the momentum kdd , to the reduced mass µdd
ħ
hk2

and to the binding energy Bd p of 3 He by the relation Edd = 2µdd
− Bd p . Moreover, Cl are the
dd
scaling factors and Pl the penetrability factors related to the two partial waves considered.
To apply this MPWBA approach has been necessary to know the values of the scaling factors
Cl=0,1 , thus eq. 5 entered in eq. 1 to fit the experimental three-body coincidence yield, using
Cl and the channel radius R as free parameters, and values obtained are reported in [11].
Besides widely energy extended S(E) (from 0 to 1.5 MeV), other results obtained have
been significative, meaning a very precise reaction rate evaluation throughout the region of
interest for astrophysical scenarios (with less than 5% error), differing up to 20% with respect
to previous calculations [15] [16] [17], whose effects are considered in all the SBBN model
with proper calculations [18].
Furthermore, the result of the electron screening potential estimate is significant. As mentioned before, nuclear reactions performed in the laboratory are affected by a different screening than in plasma [19]. Morevover, for the present case it is particularly important to measure
the bare nucleus cross section to avoid critical errors in the fusion power prototype plants.
That is why it is not sufficient, as usual, a simple extrapolation of available unscreened data at
higher energy, due to the uncertainty that this procedure implies. A careful analysis of these
results is summarized in [11].
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S [MeV⋅mb]

It is also worth noticing the nice concordance of results in [9] and [11] for the 2 H(d,p)3 H
S(E), recalling here that the first case has been obtained using 6 Li and the second using 3 He
as deuteron inducer. The comparison, shown in fig. 2, clearly makes evidence of the method
independence from the TH-nucleus used, as claimed in [20], but it is also outstanding the
agreement with polynomial fits by [17] and [16], as well as the ab initio calculation from [21],
adding a further validity test for the method itself.
This result also resembles what obtained for the cases of 7 Li(p,α)α and 6 Li(d,α)α, where
similarly different TH nuclei have been used obtaining the same trend for S(E) [22] and definitely in [23].
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Figure 2: Bare nucleus TH S(E) for p -3 H channel obtained by the 6 Li break-up [9]
(as green diamonds) and by the 3 He break-up [11] (as red dots). The red and blue
lines are the polynomial fit by [17] and [16], while the green line is the ab initio
calculation by [21].

4

Conclusions

Considering what mentioned in the previous section and that in recent years THM has been
extended to neutron induced and radioactive beams induced reactions, succesfully in both
cases (as examples [24], [25] and references therein), it has been finally proved that this
method is a valid help for nuclear measurements also in such complex experimental contexts.
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We study the 9 Be ground-state energy with non-local αn and αα potentials derived from
Cluster Effective Field Theory. The short-distance dependence of the interaction is regulated with a momentum cutoff. The potential parameters are fitted to reproduce the
scattering length and effective range. We implement such potential models in a NonSymmetrized Hyperspherical Harmonics (NSHH) code in momentum space. In addition
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Introduction

The idea of alpha clustering has a long history, that goes back to the 1930s [1]. By observing alpha decay from nuclei, physicists speculated that they are made up of alpha particles.
Nowadays there is much experimental evidence for alpha clustering in nuclei. We mention for
example, the 8 Be decay in two alpha particles, the observation of 12 C Hoyle state as well as
the observation of other systems [1] predicted by the Ikeda diagram. Furthermore some of
the recent experimental studies strongly support the alpha cluster structure in 56 Ni [2] and in
the ground state of 40 Ca [3].
In this context our purpose is to describe these cluster nuclei and some reactions of astrophysical interest, specializing in low energies, where clusters of nucleons behave coherently.
In this work we focus on the Borromean system provided by the nucleus of 9 Be which shows
a separation of scales at low energy. For E < 20 MeV the dynamics describing the cluster
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configuration is insensitive to the internal dynamics of the α particles. Therefore, in order to
describe this system, we can use a three-body approach with interactions among nucleon and
alpha particles. The cluster approach is not new for the study of 9 Be. The same technique
of clustering was employed by Efros et al. in [4], where this nucleus is described as an ααn
system and a calculation of the ground state has been made using phenomenological local
potentials. Within the same three-body approach, another calculation by Casal et al. [5] was
performed, where also a phenomenological three-body force was introduced.
In this work instead non-local potentials derived from Cluster effective field theory [6–9], with
a more solid theoretical background, are used. The final goal of this project will be to employ
these potentials in the calculation of the photodisintegration of 9 Be by the LIT method [10].
This reaction is particularly interesting since the inverse reaction represents an alternative to
the triple alpha process in the formation of 12 C in supernovae events. This paper will be organized as follows. In Section 2 we will introduce the Cluster effective field theory and the
potentials used, in Sec. 3 we will present our results and in Sec. 4 the conclusions.

2

Cluster Effective Field Theory

In nuclear physics in general nucleons are used as effective degree of freedom, however this
is not the only possible choice. In particular, many nuclei present the peculiar property for
which the probability distribution of the valence neutrons extends well beyond that of the
core and they are called halo nuclei. Others have some parts of the system which can be seen
as separated subsystems. In this work we study the Borromean system provided by the nucleus
of 9 Be. The energy needed in order to separate the system into the three effective degrees of
freedom is ∼ 1.572 MeV, while the proton separation energy of 4 He is S p (4 He) ∼ 19.813 MeV.
Comparing these two energies values, one can already see a separation of scales, needed for
an Effective Field Theory approach [6–9]. The two types of subsystems of 9 Be are the αα pair
and the αn one. The αα interaction is dominated by the 1 S0 resonant state, while the αn
system has a resonance in the 2 P 3 partial wave at low energies.
2
Another feature required for an effective theory approach is the power counting. For the
nα case,
expect that the two scales are given by
Æ from a physical interpretation one would
Æ
Ml o = 2µαnQ αd eca y (5 He) ≈ 30 MeV, Mhi = 2µαn S p (4 He) ≈ 140 MeV. The chosen power
counting should also reproduce the known resonance of the system at low energy ∼ Mlo ,
therefore we need to keep the scattering length term and the effective range one to be of the
same order at Ml o to guarantee a resonance pole in the T-matrix. We adopt the following
power counting [9]:
1
2
∼ Mlo
Mhi , r1 ∼ Mhi ,
(1)
a1
a1 being the scattering length and r1 the effective range. Hence, using experimental values
for a1 and r1 , we get Ml o ≈ 50 MeV and Mhi ≈ 170 MeV.
Æ
In the αα case we have three different scales of interest Mlo = 2µααQ αdeca y (8 Be) ≈ 20 MeV,
Æ
Mhi = 2µαα S p (4 He) ≈ 260 MeV and the Coulomb one kC = 4αµαα . In a similar way to the
previous case, but with the following power counting [7]
a0 ∼

2
Mhi
3
Mlo

,

r0 ∼

1
1
∼
,
3kC
Mhi

(2)

and using again the experimental values, we obtain Mlo ≈ 20 MeV and Mhi ≈ 170 MeV.
Therefore, we perform
with a precision given
 M an EFT expansion up to the effective range
 M order

lo,αn
lo,αα
in the αn case by O Mhi,αn ∼ 0.3, while in the αα one has O Mhi,αα ∼ 0.1. Moreover in order
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to evaluate the range of validity of our EFT, we should also consider the breakdown scale of
ααn system. Since we consider a three-body problem we have to take the strictest constraint
Mhi = min{Mhi,αn , Mhi,αα }. With the adopted power counting, in the αn interaction case, the
scattering length a1 and the effective range r1 contribute to the leading order (LO), there are
no contributions at the next-to-leading order (NLO) and the shape parameter P1 is next-tonext-to leading order (N2LO). In the case of αα interaction a0 and r0 give contributions to the
LO, there are no contributions at the NLO and the shape parameter P0 is of a higher order.

2.1

The Potential

At low energies, one can describe the short-range interaction between two particles with a
potential in momentum space of the form,
0

V (pp , p ) =

1
X

p2i λi j p02 j ,

(3)

i, j=0

where p and p0 are the two-body relative momenta and we have introduced the matrix


λ0 λ1
λ=
.
λ1 0
One can, in general, expand a potential in partial-wave components by defining
Z1
1
0
Vl (p, p ) =
〈pp |V |pp 0 〉Pl (p̂p · p̂p 0 )d(p̂p · p̂p 0 ),
2 −1
∞
X
V (pp , p 0 ) = 〈pp |V |pp 0 〉 =
(2l + 1)Vl (p, p0 )Pl (p̂p · p̂p 0 ),

(4)

(5)
(6)

l=0

where Pl is the l-th Legendre polynomial.
In particular, for a potential dominated by a specific partial wave l one has
0

l 0l

0

V (pp , p ) = p p g(p)g(p )

1
X

p2i λi j p02 j (2l + 1)Pl (p̂p · p̂p 0 ) ,

(7)

i, j=0

where the λ matrix is defined as in (4).
The potential V (pp , p 0 ) is modified by introducing the function g(p), which regulates the shortdistance dependence of the interaction, such that g(p = 0) = 1 and g(p → ∞) = 0. The two
indices i and j, in principle, could be larger than 1, but we are limiting them in order to get
a phase shift expansion up to the effective range order. This leads for the on-shell T-matrix to
the following relation


µ
µ
k2l+1
1
1
2
2l+1
+
r
=
−
k
−
ik
+ kc H(η) + O(k3 ),
(8)
e,l
Tlon (E)
2π αl 2
π
with the scattering length αl and the effective range re,l . Above H(η) is a function which takes
into account the Coulomb effect present in the αα interaction, for real values of η =
be expressed as


2πη
i
H(η) = Re[Ψ(1 + η)] − ln η +
2η e2πη − 1

kC
k

it can
(9)

in terms of the digamma function Ψ(z) = (d/dz) ln Γ (z). The partial wave expansion shown
here is important in the study of 9 Be and 12 C nuclei since, as already mentioned, the two interactions have a dominant wave according to the used power counting. Thus one needs to
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find in both cases explicit expressions for the coefficients λ0 and λ1 in terms of the scattering length and effective range, with a dependence on the cutoff Λ necessary to take care of
the ultraviolet divergences. The coefficients for the potential were found by expanding the
Lippmann-Schwinger equation in partial waves in a similar manner to (6):
∞
X
T (pp , p ) =
(2l + 1)Tl (p, p0 )Pl (p̂p · p̂p 0 ),
0

(10)

l=0

where
Tl (p, p0 ) = p l p0l g(p)g(p0 )

1
X

p2i τi j (E)p02 j .

(11)

i, j=0

What differs between our two cases is how the Lippmann-Schwinger equation is generated.
In the αn case the Lippmann-Schwinger equation takes the form
Z
dqq
1
0
0
T (pp , p ) = V (pp , p ) +
V (pp , q )
T (qq , p 0 ) ,
(12)
2
3
q
(2π)
E−
+ iε
2µαn

where E = k2 /(2µαn ). In the αα case, instead, one has to consider also the presence of the
long range Coulomb interaction. Then the T-matrix can be separated as follows
T (pp , p 0 ) = TC (pp , p 0 ) + TSC (pp , p 0 ),

(13)

where the TC (pp , p 0 ) is the pure Coulomb one. The latter satisfies the following equation
Z
p 00 , p )
dpp 00
(−)
(−)
(−) TSC (p
0
(+)
TSC (pp , p ) = 〈ψp 0 |VS |ψp 〉 − 2µαα
〈ψ
|V
|ψ
〉
,
(14)
0
00
S
p
(2π)3 p
p2 − k2 + iε


(±)
(±)
(±)
where |ψp 〉 = 1 + GC VC |pp 〉 with GC the Coulomb Green’s function.
In a next step the partial wave decomposition as in (7) has been used in order to solve the
Lippmann-Schwinger equation. The resulting expressions are expanded in k2 /Λ2 and evaluk 2m
ated for the relevant partial waves. After the addition of the necessary cutoff, g(k) = e−( Λ ) ,
m ∈ Z , one finds in both cases quadratic equations, leading to two sets of solutions for λ0
and λ1 , one with a positive λ0 and negative λ1 and one with a negative λ0 and positive λ1 .
Later we will call the first solution λ0 repulsive and the second one λ0 attractive, it is worth
pointing out that both sets of solutions generate an attractive potential between the particles.
In the αn case we choose the set of more natural size. In the αα case, instead, both sets of
parameters are of a rather natural size and therefore we study them both.
In Fig. 1 we show the cutoff dependence for the αn phase shift. For cutoffs between
200 and 300 MeV one finds a good agreement with experimental data. In the inset of
the figure one sees that the total cross section correctly reproduces the 2 P3/2 resonance at
ER = Q αdecay (5 He) = 0.798 MeV with a width of 0.648 MeV [12].
In Figure 2 we show our results for the αα phase shift with a cutoff of 100 MeV in comparison with experimental data and with another theoretical result, where a different halo EFT
expansion has been employed [7]. One sees that our EFT expansion leads to a good description of the experimental data in the whole considered energy range, whereas the results of [7]
have a less correct energy dependence beyond 2.5 MeV. Here it is worthwhile to mention that
the phase shift results for both sets of solutions for the parameters λ0 and λ1 are practically
identical.
In addition, we would like to point out that for both αα and αn, a Wigner bound [13]
MAX
exists. It limits the cutoffs up to ΛMAX
αn = 340MeV and Λαα = 230MeV.
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Figure 1: Phase shifts δ13 (En )(l = 1, J = 3/2) with experimental data from Morgan
and Walter [14] and in the inset the cross-section σ13 (En ) obtained with Λ = 300MeV.

Figure 2: αα scattering phase shift δ0 (l = 0, j = 0) with cutoff Λ = 100 MeV in
comparison with experimental data from Azfal et al. [15] and with another Halo EFT
calculation [7] in lowest order (LO) and Next-to-leading order (NLO). Also shown
their fit using the effective range expansion formula (ERE fit).

3

Results

In order to obtain the ground state of the studied nuclei, we diagonalize the Hamiltonian on
a nonsymmetrized hyperspherical harmonics (NSHH) basis in momentum space. The NSHH
approach is based on the use of the hyperspherical harmonics basis without previous symmetrization [16–19], where the proper symmetry is then selected by means of the Casimir
operator of the group of permutations of A objects. This approach is very useful for fermion
(boson) systems with different masses as well as for mixed boson-fermion systems, due to its
extra flexibility which allows to deal with different particle systems with the same code.
Since the potentials that are used in this work are interactions born in momentum space, we
chose to work with a NSHH basis in this space. HH calculations have been already carried out
in momentum space [20], however with a symmetrized basis. Furthermore, in that work the
momentum space HH basis was obtained from a Fourier transform of the coordinate space HH
basis. Following such an approach there is an increase in complexity for the momentum space
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hyperradial part, since the Fourier transform of the Laguerre polynomial is a more complicated
hypergeometric function that requires an enormous amount of precision in the integrations as
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the required number of polynomials necessary for convergence rises. In our work, instead, a
system of coordinates that is completely born in momentum space is used. It is generated in
analogy to its coordinate space counterpart, namely by taking Laguerre polynomials for the
hypermomentum part.
In Figure 3 we show the convergence of 9 Be ground state energy as a function of the HH
quantum number K, where both cutoffs are set equal to 130 MeV. The first feature that one
notes is the rapid convergence. In fact, thanks to the softness of our Halo EFT potentials,
one reaches quite a good convergence already at K = 11. Furthermore, one sees that the
parameter set with a negative λ0 leads to about 0.5 MeV less binding. In Fig. 4 we show
the cutoff dependence of the ground-state energy choosing Λαn = Λαα . Here one needs to
take into account that the 9 Be binding energy is given by only 1.572 MeV, that is the binding
energy of the three-body ααn cluster system, or, equivalently, the 1n separation energy of 9 Be.
Therefore, to obtain the total value of the 9 Be binding energy, one has to add the binding
energies of the two α-particles. The figure shows that one obtains for some combinations
of cutoff values and λi solutions the experimental energy. Moreover, one notes that the 9 Be
ground-state energy exhibits a relatively strong variation, between 0 and -5 MeV, due to the
cutoff value. This dependence is probably caused by the lack of a three-body force.
Now we turn to the discussion of the considered α-nuclei. Also for these nuclei we find
a rather rapid HH convergence of the various ground-state energies. In Fig. 5 we show as
example 16 O.
In Fig. 6 we illustrate the cutoff dependence of the ground state energies for the α-nuclei.
Again one has quite a large variation of energies. These results further support the need for
a three-body force in our Halo EFT approach. It is interesting to notice, however, that, except
for the case of 12 C, one can find cutoff values that reproduce the experimental energy.

4

Conclusions

In this work we present a study of the ground-state energies of 9 Be and various α-nuclei with
non-local αn and αα interactions derived from Cluster Effective Field Theory [6–9]. The potentials are regularized by a Gaussian cutoff which takes care of ultraviolet divergences of
the interaction. The potential parameters are fitted in order to reproduce a correct on-shell
T -matrix up to the effective range order. The calculation of the various ground-state energies
is carried out by diagonalizing the Hamiltonian on an NSHH basis in momentum space. We
obtain in general a rather strong cutoff dependence. However, we are able to reproduce the experimental ground-state energies for selected cutoff values for all of the studied nuclei, but for
12
C. The strong cutoff dependence and the case of 12 C indicate the lack of three-body forces.
Therefore, in future, we plan to extend our Halo EFT approach by including such many-body
forces.
Another possible future project is the study of 9 Be photodisintegration. As it was stated
in the introduction, the photodisintegration of 9 Be is an interesting reaction because it is the
inverse process of α + α + n →9 Be+γ, the first step in Carbon-12 production through the
ααn chain, which could be in the event of a supernova an important contribution to carbon
nucleosynthesis. In order to study this process we plan to calculate the 9 Be photoabsorption
cross section via the Lorentz integral transform approach [10].
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Abstract
A method has been recently proposed to establish the geometry of the alpha-cluster
arrangement in 12 C making use of polarized gamma-rays. The ratio of intensities of
scattered radiation at 90 degrees along and perpendicular to the initial direction of the
electric field vector, called depolarization ratio, is a key quantity that allows to underpin
the nature of totally symmetric modes of vibrations. This allows to connect with the
underlying point-group structure and therefore to the geometric shape of the nuclear
molecule. This method is reviewed for 12 C and extended to other configurations, such
as three unequal clusters and four identical clusters (e.g. 16 O).
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Introduction

Chemical molecules are rather rigid bound quantum systems of atoms that perform vibrations
and rotations around fixed equilibrium positions and the Bohr-Oppenheimer approximation
(i.e. decoupling of electronic and nuclear motion) is valid in this context. Their geometry has
been investigated with Raman scattering, by shining electromagnetic radiation (in various frequency domains: microwaves, infrared, visible, etc.) and observing the scattered radiation at
different angles. The response of the molecule to the electromagnetic field contains information on the geometry of the molecule itself that are encoded in the measured spectra through
the polarizability tensor, α. This tensor is related to the response of a system of charges to an
external electric field and the polarizability vector is related to it as
~ = α E~ .
P

(1)

If the incoming photon beam is polarized (for the rest of the paper by polarized we mean
linearly polarized, i.e. the polarization plane is fixed in space and the direction of the electric
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field vector is constant), the outcoming radiation intensity can be passed through a polarimeter that acts as an analyzer (See Fig. 1). Usually the scattered intensity is measured along
the direction perpendicular to the incoming beam (although it is not mandatory), therefore
for the rest of the paper we will refer to that case. The peaks in the Raman spectra can be
measured with the polarimeter aligned along the initial direction of polarization and along
a perpendicular direction and a ratio of these two quantities can be derived, that is usually
called depolarization ratio, defined as:
ρ=

I⊥
.
Ik

(2)

This quantity is connected to the asymmetry, that is more commonly used in nuclear physics
[2], via the formulas:
Ik − I⊥
1−ρ
A=
=
.
(3)
Ik + I⊥
1+ρ
Several other definitions are in use that depend on the angle of scattering, but in general they
are all related. In quantum mechanics, precise relations for the intensities of light scattered
from a random sample can be found that are due to Placzek [3,4] through the so-called theory
of classical radiation scattering that makes use of the Placzek invariants. Intensities and ratios
thereof can be calculated analytically and lead to simple expressions. In particular, the value
of ρ becomes:
3γ2
ρ=
,
(4)
45a2 + 4γ2
where a, the mean polarizability, and γ, the anisotropy, are related to Placzek invariants as
follows:
3a2 = G (0)
2γ2 = 3G (2)
(5)
and these are connected to components of the polarizability tensor, αi j with i, j = {x, y, z} as
follows:
1
G (0) = |α x x + α y y + αzz |2
3

1
(2)
G = |α x y + α y x |2 + |α xz + αz x |2 + |α yz + αz y |2 +
2

1
+ |α x x − α y y |2 + |α x x − αzz |2 + |α y y − αzz |2 .
3

(6)

(7)

Many other definitions are used in different books of quantum chemistry and optics, therefore
extra care should be taken when considering these quantities. Analogous expressions can be
found for general scattering angles, that are not relevant for the scopes of the present paper
(Ref. [3] reports the most common in Appendix). Under certain circumstances, the ratio above
goes exactly to 3/4 and this forms a sort of benchmark. For all the Raman peaks that belong
to the totally symmetric representation of a given group, the following is true:
0 ≤ ρ ≤ 3/4 ,

(8)

while for all the others, i.e. those belonging to non-symmetric representations, the following
theorem holds:
ρ = 3/4 .
(9)
This is duly observed in chemistry, where it has been used to probe the geometric structure of
several molecules (Example: CCl4 as discussed during the presentation).
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Figure 1: Schematic representation of the scattering of polarized gamma rays at 90o
from a sample. The outgoing radiation is analyzed with a polarimeter.

2

Clustering in nuclei and nuclear molecules

It is well known that clusters, and especially alpha clusters, play a fundamental role in the
nuclear structure of light nuclei (for a review see [5–7]). For example, 8 Be only exists as a
resonant L = 0 state of two alpha particles that can even rotate up to L = 4 around a common
center of mass. Nuclei and the nucleons that move inside them are most certainly not rigid
systems as the chemical molecules, nonetheless it is very profitable to apply the language and
the methods of quantum chemistry to nuclear systems, because some light nuclei, or maybe
only a part of their spectrum, can be described as a sort of soft nuclear molecule, in which the
clusters (that take the place of the atoms) perform large amplitude fluctuations around the
equilibrium points, the mean value of kinetic energy of these subsystem being very large and
comparable with typical nuclear excitation energies.
Without entering into the details, one should mention that algebraic models have been
proposed for α−clustered nuclei. Notably, Iachello and Bijker have introduced the algebraic
cluster model [8,9] that has been very successful in explaining the low-energy spectrum of 12 C
and 16 O in terms of vibrations and rotations of equilateral and tetrahedral cluster structures
respectively [8, 10]. These studies have generated a large experimental interest [11, 12], of
which is impossible to give an account in these pages (see also [5–7]).
Other interesting algebraic schemes have also been proposed, such as the Semimicroscopic
Algebraic Cluster Model [13, 14], that incorporates the effects of the Pauli exclusion principle.
I will examine, in the following, the case of three alpha particles, by listing all of the
possible molecular shapes that this partition of the mass of 12 C can take. I will determine the
point-group symmetry and the character of vibrational modes of motion and I will relate this
information to the expected outcome of an experiment of Raman spectroscopy.
Ideally, one should realize a Raman experiment like the one schematically depicted in Fig.
1, in which linearly polarized gamma radiation is sent to a sample and the light emitted at
90o is measured through a polarizer. The resulting ratio of perpendicular and parallel intensities can be correlated with the appearance of totally symmetric representations of a given
group. In fact, due to the theory cited above, a depolarization ratio of three quarters will signal
non-totally symmetric modes (of any kind), while a ratio significantly different from 3/4 will
instead signal a totally symmetric mode.
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name

shape

group

Γvib

linear =

D∞h

A1g + A1u + E1u

linear 6=

C∞ν

2A1 + E1

equilateral

D3h

A′1 + E ′

isosceles

C2ν

2A1 + B1

scalene

Cs

3A′

Patterns

Figure 2: This table enumerates the possible shapes of a nuclear molecule made out of
three identical clusters, their underlying point-group symmetry, and the characters of
the normal modes of vibration (with totally symmetric modes highlighted). The last
column shows the schematic predicted patterns for depolarization ratios (Intensity vs.
Energy, not to scale). The white/black histograms represent parallel/perpendicular
intensity.

3

Three clusters

Three equal clusters (of bosonic type for the present paper) can take only 5 different spatial
configurations. They can be on a line at equal distances from each other or at different distances or they can be out of a straight line (thus lying on a plane) forming a triangle that can
be equilateral, isosceles or scalene. There are no other possibilities. The so-called bent configuration is nothing but an isosceles triangle if it has equal arms and a scalene triangle if it has
unequal arms. Each of these shapes corresponds to a precise discrete point-group symmetry
that one can find in Table 2. This is easily determined through standard group theoretical
methods (cfr. Ref. [15]). These groups are the linear centrosymmetric group, D∞h , the linear
non-centrosymmetric group, C∞ν , the full dihedral group of order 3, D3h , the cyclic pyramidal
symmetry group of order 2, C2ν and the reflection symmetry group, Cs .
The system with N = 3 particles has a total of 3N = 9 degrees of freedom and upon subtraction of 3 d.o.f. for translations and 2 or 3 (depending on the molecule being linear or not)
for rotations, one ends up with 3N − 5 = 4 or 3N − 6 = 3 vibrational degrees of freedom for
linear and planar configurations respectively. These might be singly-degenerate representations of a group (indicated with A or B) of doubly-degenerate representations (indicated with
E)1 . Now, the fourth column of Tab. 1 shows the number and type of vibrational characters
of each configuration, Γ vi b = Γ3N − Γ t r as − Γ r ot , and the totally symmetric are highlighted in
red. Notice that doubly-degenerate characters have been comprised in a single peak in the
last column. These schematic pictures should be read as follows: all the vibrational states plus
all the rotational states built on top of them (i.e. the whole rotational band, indicated with
the histograms) with totally symmetric characters will show a perpendicular intensity (black
color) that sits in between 0 and 3/4 of the parallel intensity (white color), while all the other
1

Or even triply-degenerate (indicated with T or F ), but not in the present case of three identical clusters
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D∞h

D3h
C∞ν

C2ν

Cs

Figure 3: Chains of group-subgroup relations for the present case.

D∞h
C∞ν
C2ν
Cs

A1g +
↓
A1 +
↓

A1u +
↓
A1 +
↓

A1 +
↓
A′ +

A1 +
↓
A′ +

D∞h

E1u
↓
E1
↓
z }| {
B1 + B/2
↓
A′

D3h
C2ν
Cs

A1g +
↓
A′1 +
↓
A1 +
↓
A′ +

A1u +
↓
′′
A/2 +

E1u
↓
E′
↓
z }| {
A1 + B1
↓ ↓
A′ + A′

Figure 4: Descent in symmetry: connections between the representations of the
group and those of its subgroups.
will show exactly 3/4. This is a very robust signature. Notice that, with the exception of the
second and fourth predictions, all the others are mutually exclusive. If a measurement could
be done, while scanning in energy with the gamma rays, a strong indication of the characters of each state could be reached. Ideally, by this method, it should be possible to attach a
label "totally symmetric" or "non-totally symmetric" to each feature of the spectrum, and this
information, combined with decays and theoretical interpretation should give an answer to
the question of the geometrical arrangements.
There are several factors affecting the successful outcome of this proposed experiment. The
most important is the fact that, in nuclei, many of the states of interest lie above a separation
threshold. In 12 C, only the g.s, and the first excited 2+ state have an energy lower than the
separation into 3α particles, therefore many higher lying states would prefer particle decay
to gamma decay. For example, the Hoyle state decays with branching ratio > 99.9% into the
8
Be+4 He channel, while the direct 3α decays amount to about <0.04%, leaving little space to
the 2γ decay (about 0.04%), according to recent measurements [16].
One can wonder also what happens if one state (for instance the g.s.) has one symmetry
and another has a different symmetry. In that case, the lower symmetry should be used as a
guidance and there are ways (i.e. the procedure of descent in symmetry) to relate the character
of a certain representation of the higher group with the character of representations of the
lower group, see Fig. 3 and 4. Very often the totally symmetric modes are linked and therefore
are easy to spot.

4

Some extensions

This concept can be easily adapted to other cases. The case of N = 2 clusters, either equal to
each other or different, is not very interesting as the only possible vibration is always of totally
symmetric character, as in Fig. 5. In this case, the Raman fluorescence experiment cannot be
used to discriminate among various arrangements, but anyway we might use it as a test for
clusterization, for instance I would expect the depolarization ratio to be somewhere between
0 and 3/4 for the A = 7 isobars, like 7 Li and 7 Be, that are known to possess a pronounced α+ t
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name

shape

group

Γvib

linear AA

D∞h

A1g

linear AB

C∞ν

A1

Patterns

Figure 5: Nuclear molecules made out of two identical or different clusters, their
underlying point-group symmetry, and the characters of the only normal mode of
vibration (that is always totally symmetric).

name

shape

group

Γvib

linear ABA

D∞h

A1g + A1u + E1u

linear AAB

C∞ν

2A1 + E1

isosceles AAB

C2ν

2A1 + B1

scalene AAB

Cs

3A′

Patterns

Figure 6: Configurations of three clusters, one of which is different from the other
two, their underlying point-group symmetry, and the characters of the only normal
mode of vibration.
or α + h cluster structure.
Similarly, one might wonder on how to extend the present model to three clusters, one of
which is different from the other two. In Fig. 6 we show all the possible outcomes. Notice
that one might naively expect other configurations, but they are equivalent to those listed in
the table. For example, there could be a linear configuration of type ABA, but with unequal
arms’ lengths. This is equivalent to AAB, i.e. it is non-centrosymmetric. Another case is the
equilateral triangle, here is absent because its symmetry is of the same type of the isosceles
triangle. For the sake of illustrating this point further: if one rotates an equilateral triangle
with one vertex different from the others of 120o with respect to the axis perpendicular to
the plane of the molecule, the resulting figure differs from the initial one, therefore it is not
invariant with respect to all the operations of the D3h group, but only with respect to those of
the lower group C2ν . One might devise experiments to measure the vibrational states and the
rotational bands built on top of them also in systems like 11 C or 11 B and try to see if they fit
the predictions of any of the arrangements listed in the table. Notice that the second and third
case give the same patterns.
The same scheme can be devised in the case of 16 O and I have already undertaken several
calculations in this respect, but the number of possible linear, planar or spatial configurations
of four alpha particles with some special geometric symmetry is quite big (for instance square,
kite, parallelogram, tetrahedron, elongated or compressed tetrahedron, and so on...) and
several of them show the same or very-similar patterns, therefore this method loses some of
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Figure 7: Left: Radial components of the expansion in spherical harmonics of the
g.s. density distribution for λµ = 00, 20 and 33. Right: transition densities from the
ground band to the Hoyle band, that is a breathing vibrations with character A.
its appeal for N ≥ 4.

5

Other developments: modeling reactions in 12 C

Very recently, we have started looking at the densities and transition densities of 12 C in the
cluster model using gaussian density distributions for the alpha particles in a way similar to
that used in Ref. [18]. The total density is made up of three alpha particles at the vertexes of a
triangle. From densities, we calculate electromagnetic transition probabilities, nuclear folding
potentials and form factors that can be used to model elastic and inelastic scattering processes
such as 12 C + α. For example, in Fig. 7 we show in the left part the radial components of the
expansion in spherical harmonics of the g.s. density distribution for λµ = 00, 20 and 33, i.e.
the first terms of
X
(10)
ρ gs (~r ) =
ρ λ,µ
gs (r)Yλ,µ (θ , ϕ)
λµ

and, in the right part of the picture, we show the transition densities from the ground state
band to the Hoyle band,
X
λµ
(11)
δρ gs→A(~r ) =
δρ gs→A(r)Yλµ (θ , ϕ) ,
λµ

where
δρ gs→A(~r ) = χ1

d
ρ gs (~r , β) ,
dβ

(12)

and where χ1 is the intrinsic transition matrix element. One can notice that the 00 term is
the most relevant and this will give a significant E0 moment. A complete study on all the
densities and transition densities within the ground state band, the excited A-type vibrational
band (Hoyle band) and the excited E-type vibrational band, and the intra-band transitions
will form the subject of a future paper to which we are currently working with the aim of
demonstrating that the simple triangular model is able to satisfactorily describe the features
of the inelastic scattering of alpha particles on 12 C.

6

Conclusions

The method discussed in the present contribution can give crucial information for the determination of a nuclear cluster configuration. An experiment of Raman spectroscopy with
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polarized photons in the range of typical nuclear energies (0-20 MeV) would lead to a scheme
of depolarization ratios that can be tested against the various possibilities enumerated in the
tables, thus allowing to resolve the riddle of the cluster configurations of 12 C and other nuclei,
or at least to restrict the list of possible spatial arrangements.
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Abstract
Weakly bound and unbound three-body nuclei are studied by using the pseudostate
method within the hyperspherical formalism. After introducing the theoretical framework, the method is applied first to the 9 Be nucleus, showing a good agreement with the
available data for its low-lying dipole response. Then, recent results on the structure and
decay of the two-neutron emitters 26 O and 16 Be are presented. In particular, the role of
the n-n correlation in shaping their properties is discussed.
Copyright J. Casal et al.
This work is licensed under the Creative Commons
Attribution 4.0 International License.
Published by the SciPost Foundation.

Received 22-10-2019
Accepted 22-11-2019
Check for
updates
Published 26-02-2020
doi:10.21468/SciPostPhysProc.3.036

Contents
1 Introduction

1

2 Hyperspherical formalism for three-body systems

2

3 The Pseudostate method
3.1 Example: Dipole response in 9 Be using PS
3.2 Three-body decay energy in 26 O

3
4
6

4 Resonance identification
4.1 Two-neutron decay in 16 Be

8
9

036.1

SciPost Phys. Proc. 3, 036 (2020)

5 Conclusions

10

References

10

1

Introduction

Recent advances in radioactive ion beam physics and detection techniques have triggered the
exploration of the exotic properties and decay modes of light nuclear systems at the limit
of stability and beyond the driplines. Large experimental and theoretical efforts have been
devoted to understanding the structure and reaction dynamics of loosely bound systems, such
as halo nuclei, where continuum effects are of utmost relevance [1]. Of particular interest
is the case of two-neutron halo nuclei, e.g., 6 He, 11 Li or 14 Be. These core + N + N nuclei
are Borromean, i.e., three-body systems in which all binary subsystems cannot form bound
states. While the correlations between the valence neutrons are known to play a fundamental
role in shaping the properties of two-neutron halo nuclei [2], a proper understanding of their
structure requires also solid constrains on the unbound binary subsystems 5 He, 10 Li or 13 Be [3].
The evolution of these correlations beyond the driplines gives rise to two-neutron emitters,
e.g., 16 Be or 26 O [4, 5]. A similar situation can be found for proton-rich nuclei. For instance,
the Borromean 17 Ne nucleus, characterized by the properties of its unbound subsystem 16 F,
has been proposed to exhibit a two-proton halo, while other exotic systems, such as 6 Be and
11
O (the mirror nuclei of 6 He and 11 Li, respectively), are two-proton emitters [6]. Since they
have a marked core+ N + N character, three-body models are a natural choice to describe their
structure and processes involving them [7]. The description of the continuum in three-body
nuclei, however, is not an easy task.
In this contribution, we present some recent developments in the description of weakly
bound and unbound three-body nuclei. First, we introduce the hyperspherical framework,
and we briefly discuss the pseudostate method and its possible applications. As an example,
we study the dipole response of 9 Be in a three-body α + α + n model. Then, we recall different approaches to identify and characterize few-body resonances in a discrete basis, and
we focus on the case of the two-neutron unbound systems 26 O and 16 Be using a core + n + n
representation. Finally, the main conclusions of this work are summarized.

2

Hyperspherical formalism for three-body systems

Three-body systems, such as the Borromean stable nuclei 9 Be (α + α + n) and 12 C (α + α + α),
the exotic two-neutron halo 6 He (α+ n+ n) and 11 Li (9 Li+ n+ n), or the unbound two-nucleon
emitters 6 Be (α + p + p) and 26 O (24 O + n + n), can be described using the hyperspherical
harmonics (HH) framework [7,8]. In this approach, Hamiltonian eigenstates are expanded as
X
j
jµ
(1)
Ψ jµ (ρ, Ω) = ρ −5/2
Rβ (ρ)Yβ (Ω),
β

Æ

where the hyperspherical coordinates ρ = x 2 + y 2 and Ω = {α, b
x, b
y }, tan α = x/ y, are
introduced. Here, the hyper-radius (ρ) and the hyperangle (α) are defined from the scaled
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Figure 1: Jacobi coordinates for a three-body system.
Jacobi coordinates {x , y} depicted in Fig. 1. These are related to physical distances by
v
v
u
t A1 A2
t A3 (A1 + A2 )
x = rx
,
y = ry
.
A1 + A2
A1 + A2 + A3

(2)

The index β ≡ {K, l x , l y , l, S x , ja b } in Eq. (1) represents the channels coupled to total angular
j

jµ

momentum j, so that Rβ (ρ) is the radial part for each one, and Yβ (Ω) follows the coupling
order
n
o

l l
jµ
Yβ (Ω) = ΥKxlmy (Ω) ⊗ κs x
⊗ φI
.
(3)
l

jab

jµ

In the previous expression, l x and l y are the orbital angular momenta associated to x and
y, respectively, and l = l x + l y ; S x is the total spin of the particles related by x , so that
j a b = l +S x ; and the total angular momentum j is obtained by coupling jab with the spin of the
third particle I (which is assumed to be fixed), i.e., j = j ab + I. Equation (3) is written in terms
lx l y

of hyperspherical harmonics (HH) ΥK lm , which are the eigenfunctions of the hypermomentum
l
b and follow the analytical form
operator K


lx l y
lx l y
ΥK l m (Ω) = ϕK (α) Yl x (x ) ⊗ Yl y (y)
l

lx l y

lx l y

ϕK (α) = NK

l x + 21 ,l y + 12

(sin α)l x (cos α)l y Pn

lml

,

(cos 2α) ,

(4)

(5)

lx l y

with Pna,b a Jacobi polynomial of order n = (K − l x − l y )/2 and NK a normalization constant.
Using the above definitions, and inserting the expansion (1) in the Schrödinger equation, the
problem reduces to solving a set of coupled equations in the hyperradial coordinate,

 2


X
ħ
h2
d
15/4 + K(K + 4)
j
jµ
j
−
−
−
"
R
(ρ)
+
Vβ 0 β (ρ)Rβ 0 (ρ) = 0,
(6)
β
2
2
2m dρ
ρ
β0
involving the coupling potentials
E
D
jµ
jµ
jµ
Vβ 0 β (ρ) = Yβ (Ω) V12 + V13 + V23 Yβ 0 (Ω) .

3

(7)

The Pseudostate method

Equation (6) can be solved for negative (bound) or positive (scattering) energy eigenstates by
imposing standard boundary conditions. The latter, however, is computationally challenging
because the expansion (1) for scattering states requires a combination of incoming and outgoing channels (see, e.g., Ref. [9]). Moreover, for systems comprising several charged particles
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Figure 2: a) THO basis functions, obtained with b = 1 fm and different values of the
γ parameter, compared with a standard HO function for a given channel component
(K = 2, i = 1). b) Resulting PS spectra up to 6 MeV with respect to the three-body
threshold, for a system characterized by a single bound state, obtained with three
different THO basis with the same values of γ shown in the left panel.
the matching with the asymptotics poses additional challenges due to the long-range nature of
the Coulomb interaction [10]. An alternative to this approach is the so-called pseudo state (PS)
method [11], in which the true continuum is approximated by a set of discretized, normalizable states. In this method, the set of coupled equations is replaced by a standard eigenvalue
problem, so the hyperradial functions are expanded in a given basis,
X
nj
nj
Diβ Uiβ (ρ).
(8)
Rβ (ρ) =
i

Here, index i counts the hyperradial excitations up to N (i.e., the number of basis functions
nj
included for each channel), and Diβ coefficients are obtained by diagonalizing the three-body
Hamiltonian in the basis {Uiβ }. Note the new index n which labels the finite number of states,
jµ

Ψn , associated to discrete energies "n . Eigenstates corresponding to negative-energy eigenvalues describe the bound states of the system, and those with positive energies provide a
discrete representation of the continuum.
Different choices for the basis functions have been explored in the literature [12–14]. In
this work, we use the analytical transformed harmonic oscillator (THO) basis [15]. The basis
functions are built from the harmonic oscillator (HO) ones by performing a local scale transformation,
v
t ds
THO
Uiβ (ρ) =
U HO [s(ρ)],
(9)
dρ iK
with the condition that the asymptotic behavior show an exponential decay, rather than a e−ρ
behavior. This can be achieved by using the analytical transformation proposed in Ref. [16],

2

 14


1
1
s(ρ) = p   4 
1
2b
+
ρ

4
1
p
γ ρ

 ,

(10)

depending on parameters b and γ. An interesting feature of this transformation is that the
ratio γ/b governs the asymptotic behavior of the basis functions, thus changing the density
of PS, after diagonalization, as a function of the energy. This is illustrated in Fig. 2, where
we show that a smaller γ parameter (for a fixed oscillator length b) provides basis functions
with larger hyperradial extension and tends to concentrate more PS in the energy region close
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to the breakup threshold. In some cases, one is interested in this kind of dense, detailed
representation of the continuum, for instance to compute decay-energy spectra or electromagnetic transition probability distributions. In other cases, however, one can choose a THO basis
with a smaller hyperradial extension (i.e., larger γ), which leads to a continuum representation characterized by a small number of states close to the breakup threshold. As shown
in Ref. [17], this can be used to identify three-body resonances following the so-called stabilization method [18, 19]. Examples on these two approaches will be shown in the following
sections.

3.1

Example: Dipole response in 9 Be using PS

As an example of the three-body description of weakly bound systems using PS within the hyperspherical framework, we consider the case of the Borromean nucleus 9 Be (α+α+ n), which
has previously attracted remarkable theoretical and experimental attention. On the one hand,
9
Be is stable, but has a small binding energy of the last neutron, so continuum effects have been
shown to be important in describing low-energy nuclear reactions [20] involving this nucleus.
On the other hand, its formation via the α(αn, γ)9 Be reaction followed by 9 Be(α, n)12 C has
been linked to the r-process nucleosynthesis [15, 21]. In this context, the structure properties
of its ground state and low-lying resonances play a key role.
In Ref. [15], we presented a study of 9 Be by using the PS method in hyperspherical coordinates, focusing on the properties of its ground state and its low-lying E1 and M1 continuum.
Three-body α + α + n states for total angular momenta j π = 1/2± , 3/2± , 5/2± were described
in a THO basis, with effective n-n and α-n interactions as main ingredients.
For the 3/2− ground state, converged calculations were achieved by including hypermomenta up to Kma x = 30 and N = 20 hyperradial excitations in each channel. A THO basis
with b = 0.7 fm and γ = 1.4 fm1/2 was employed, although results for the ground state were
independent on this choice. An additional small three-body force was needed in Eq. (7) to
recover the ground-state energy of -1.574 MeV. The computed charge radii (rch = 2.508 fm)
and quadrupole moment (Q 2 = 4.91 efm2 ) were in rather good agrement with the available
data. The ground-state wave function was found to contain 8 Be(g.s.) + n and 8 Be(2+ ) + n
configurations with 52.5% and 46.6% of the total norm, respectively, pointing towards large
core excitations in effective two-body models for 9 Be.
Details on the calculations for 1/2+ , 3/2+ , 5/2+ , 1/2− and 5/2− states can be found in
Ref. [15]. In these cases, THO bases with smaller γ values were used to increase the PS density
close to the breakup threshold, ensuring a good representation of the low-energy continuum.
From the matrix elements of the E1 and M1 operators, we computed the corresponding electromagnetic dipole transitions from the 3/2− ground state and states with different angular
momenta (illustrated in Fig. 3a), looking in particular for the appearance of resonant peaks.
In Fig. 3b, we present the computed photodissociation cross section for 9 Be, obtained from the
electromagnetic transition probability distributions (O = E or M ) through [23, 24]
σγ(Oλ) ("γ ) =

(2π)3 (λ + 1)  "γ 2λ−1 d B(Oλ)
,
λ[(2λ + 1)!!]2 ħ
hc
d"

(11)

and compared with two different sets of experimental data [21, 22]. Our calculations are able
to describe the data rather well, in particular reproducing the low-lying peaks arising from
the 1/2+ and 5/2− resonances in 9 Be. In addition, four-body continuum-discretized coupledchannels (CDCC) calculations using our set of PS were also found to provide a good representation of the continuum for the scattering of 9 Be on heavy ions at near-barrier energies [25].
Note that our approach treats resonant and non-resonant states on the same footing, thus
confirming the suitability of the PS approach within the hyperspherical framework to describe
bound and continuum states in weakly bound three-body nuclei.
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Figure 3: a) Spectra for 3/2− , 1/2+ and 5/2− states in 9 Be up to 4 MeV above the
α+α+n threshold. b) Photodissociation cross section for 9 Be resulting from E1 (red)
and M1 (blue) transitions, including also the contribution to 3/2+ , 5/2+ and 1/2−
states, compared with the data from Refs. [21, 22].

3.2

Three-body decay energy in 26 O

The 26 O nucleus was observed for the first time in a proton-knockout reaction from 27 F, its
ground state being located only a few keV above the 24 O + n + n threshold [5, 26]. A more
recent experiment reported this 0+ ground-state resonance energy to be 18 keV, together with
a second state (likely the first 2+ ) at 1.28 MeV [27]. Since 25 O is also unbound, characterized
by a low-lying d3/2 resonance at 750 keV [27], the sequential decay of the 26 O nucleus is energetically unavailable, bringing interest in the context of two-nucleon decays and two-neutron
radioactivity. A theoretical investigation of the decay dynamics of 26 O within a 24 O + n + n
model, using the Green’s function method to study the three-body decay energy spectrum, was
recently shown to describe rather well the available data [28]. In that work, a 24 O+n potential
was adjusted to reproduce the energy of the d3/2 ground-state resonance in 25 O. In addition,
they employed a density-dependent pairing interaction, whose depth was fixed to reproduce
the two-neutron separation energy in 26 O.
In the present work, we study the properties of 26 O and its decay energy spectrum after
one-proton removal from 27 F by using the PS method. For that purpose, we use the same
24
O + n potential developed in Ref. [28]. The corresponding phase shifts for d3/2 , f7/2 and
p3/2 states are shown in Fig. 4a. For the interaction between the valence neutrons, we employ
the GPT n-n parametrization [29]. Instead of fixing the depth of this interaction, we add a phenomenological three-body force which acts as a small correction on the spectrum to reproduce
the 0+ energy. However, as discussed above, the PS method provides different representations of the continuum depending on the basis choice. Therefore, a question arises on how
to identify the ground-state resonance within this approach. In this case, since the 0+ state
in 26 O is almost bound and is characterized by a extremely small width, its properties can be
described reasonably by using the so-called stabilization approach [18, 19]. This implies that
stable, square-integrable eigenstates close to the resonance energy provide a good representation of the inner part of the exact scattering wave function. The stability of the states within
the PS approach can be analyzed, for instance, by studying the evolution of the spectrum with
the number of basis functions N . Preliminary results are shown in Fig. 4b, where the lowest
eigenstate converges rather fast to the resonance energy. These calculations correspond to
Kma x = 20 in the hyperspherical expansion. The computed spectra have been obtained using
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Figure 4: a) 24 O + n phase shifts using the potential from Ref. [28]. b) PS spectra for
0+ states in 26 O as a function of the number of basis functions.
a THO basis characterized by b = 0.7 fm and γ = 1.4 fm−2 , although we have checked that the
resonance follows the same trend under other basis choices. This makes clear that quasibound
states, such as the ground state in 26 O, provide an ideal case for the stabilization approach. The
calculated ground-state wave function, adjusted to the correct three-body energy, contains only
∼ 60% of (d3/2 )2 configurations, showing a large mixing with negative-parity components. As
discussed in Refs. [7, 30], this mixing favors the formation of a dominant dineutron arrangement in the wave function, as shown in Fig. 5 and already reported in the original calculations
of Ref. [28].
The three-body decay energy spectrum for 26 O, populated by knocking out a proton from
27
F in inverse kinematics, can be obtained by starting from a reference wave function for the
beam nucleus. This is achieved in Ref. [28] by using the Green’s function method. As compared
to 26 O, the extra d5/2 proton of 27 F provides enough energy to bind the system. This is due
to the tensor force between the valence proton and neutrons, which can be modeled in our
three-body approach by modifying the effective spin-orbit strength in the core+n potential (see
Ref [31] and references therein). By fixing this strength to reproduce the energy of the d3/2
bound state in 26 F, the experimental two-neutron separation energy of 27 F can be recovered. In
the present calculations, the computed wave function for 27 F has a dominant (d3/2 )2 character
(∼ 85%) and is concentrated at smaller distances due to the increased binding energy with
respect to 26 O. Using these ingredients, in the present work we propose a simple estimation for
the decay of 26 O by assuming that the proton knockout from 27 F is a sudden process. Under
such assumption, the decay energy distribution is proportional to the square of the overlap
function between the initial and final nuclei. In our discrete PS representation,
P("n ) = 〈26 O("n )|27 F〉2 ,

(12)

such that the sum over all "n values is normalized to unity. This yields a discrete spectrum
which can be compared with experimental data after folding with the corresponding energy
resolution. Note that, in order to achieve a detailed description of the low-energy continuum,
it is now convenient to describe the states of 26 O using a THO basis characterized by a smaller
γ parameter and a larger basis set N . Preliminary results, using two different bases, are shown
in Fig. 6. In the lower panel, it is shown that while the different discretizations provide rather
different representations of the non-resonant continuum, the resonant strength (located just
above the three-body threshold) is not affected. This is a consequence of the validity of the
stabilization approach to describe low-lying resonances. Note that the computed resonant
strength amounts for ∼ 80% of the total. In the upper panel, we compare the folded decay
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26
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energy distribution with the data from Ref. [27], normalized to the same total strength. The
resonant peak associated to the 0+ ground-state resonance is very well reproduced, and we
show that the calculated spectra using different THO bases are equivalent. If we repeat the
calculations without the n-n interaction, the resonant peak is shifted to ∼ 1.5 MeV, i.e., twice
the d3/2 single-particle level in the adopted model. This means that the neutron-neutron pairing is essential in defining the properties of 26 O, as discussed in Refs. [28, 31]. Calculations
for the 2+ state, as well as a full study of the nn correlation and its evolution at the dripline
crossing for N = 18, are ongoing.

4

Resonance identification

The stabilization approach introduced in the preceeding section can be used to describe multichannel resonant states, understood as localized continuum structures, in a discrete, boundstate basis. It is, however, best suited for narrow resonances at low continuum energies. More036.8
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over, stable eigenstates associated to resonances do not provide, a priori, information about
the decay mechanism nor the decay width. Recently, in Ref. [32] we proposed an alternative
procedure to identify and characterize few-body resonances, based on the diagonalization of
a resonance operator in a basis of Hamiltonian pseudostates,
X
Ò=H
Ò−1/2 V
bH
Ò−1/2 ;
Ò |ψ〉 = m|ψ〉;
Cn |n〉.
(13)
M
M
|ψ〉 =
n

As opposed to non-resonant continuum states, resonances are expected to be more localized in
the range of the nuclear potential. Thus, resonant states can be identified from the eigenstates
Ò corresponding to the lowest negative eigenvalues m. In this method, the expansion of the
of M
states in terms of energy eigenstates |n〉 allows us to build energy distributions and compute
resonance widths from their time evolution. For details see Ref. [32].
Ò and
As an example of the resonance identification, in Fig. 7 we show the eigenstates of H
π
− +
6
Ò
M for j = 1 , 2 states in the two-neutron halo nucleus He described within a three-body
α+n+n model [14]. This system is known to exhibit a low-lying quadrupole resonance, which
is clearly separated from the rest of continuum states and corresponds to a large negative value
Ò in a large
of m. Note that this state could not be trivially identified from the spectrum of H
discrete basis.

4.1

Two-neutron decay in 16 Be

The new method to identify and characterize few-body resonances was developed to address
the two-neutron decay of the unbound system 16 Be. This nuclear system was claimed to provide the first experimental observation of a correlated dineutron emission [4]. In Refs. [17,32],
we used the 14 Be + n potential employed in [9] to construct 16 Be wave functions in a threebody model. With this potential, the 15 Be ground state is a d5/2 resonance at 1.8 MeV above
one-neutron emission. In our calculations, the 0+ ground-state resonance of 16 Be, adjusted
to the known two-neutron separation energy of -1.35 MeV, was characterized by a width of
0.16 MeV. This value was found to be in good accord with the findings in Ref. [9] that use
the hyperspherical R-matrix method to compute the actual three-body scattering states, a fact
which supports the realiability of the method to describe the properties of unbound three-body
systems using a discrete basis. With the same Hamiltonian, we were able to predict also a 2+
resonance at higher excitation energies, while no 1− resonance could be found by using the
adopted model. An experimental confirmation of these predictions is still pending.
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(right) in 16 Be, as a function of r x = rnn and r y = rc−nn .
Our three-body calculations for 16 Be present a strong dineutron component for the 0+
ground state, which is not dominant for the 2+ state. This is shown in Fig. 8, and would favor
the picture of a correlated two-neutron emission from the ground state. The experimental signature for such a decay can be accessed from the n-n relative energy distributions [4,33]. The
theoretical interpretation of this observable could be achieved from the currents describing the
flux of the resonance density escaping the potential well. Preliminary calculations on this line,
compared with recent experimental data currently under analysis [33], suggest that a strong
signal at low relative energies might appear as a direct consequence of the n-n interaction. A
systematic study of the decay, including that of the 2+ excited state, is ongoing and will be
presented elsewhere.

5

Conclusions

We have presented recent results on the description of unbound states in three-body nuclear
systems using a discrete-basis representation, the so-called pseudostate method. As an example, we have considered the low-lying dipole response in 9 Be. Then, we have discussed
the case of 26 O and 16 Be, which are two-neutron emitters. For 26 O, we have shown that the
stabilization approach is able to capture the properties of its barely unbound 0+ ground state
and the corresponding three-body decay-energy spectrum. In the case of 16 Be, we have employed an identification method based on the eigenstates of a resonance operator, confirming
the dominant dineutron component of its 0+ ground state and predicting a new 2+ resonance.
The next steps will include a full study of the n-n correlations in these systems and their role
in shaping their decay properties.
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Abstract
The Lorentz integral transform (LIT) method is briefly presented. The ill-posedness of
the inversion is discussed and it is pointed out that the LIT is an integral transform
with a controlled resolution. As application the dipole response of a three-particle system bound in a hypercentral potential is considered. The inversion is performed in two
ways, both employ expansions of the response function and of the LIT on a basis set and
a transformed basis set, respectively. A previous study of the process under consideration seemed to point to serious problems in the inversion process. In the present work,
however, it is shown that the LIT approach can be carried out in a reliable way.
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Introduction

Integral transforms are a powerful tool in physics. In general they have the following form
Z
ΦK (σ) =

dωK(ω, σ)R(ω),

(1)

where R(ω) is a response function containing information about a physical system, K(ω, σ)
is a kernel and ΦK (σ) is the integral transform resulting from kernel K. Integral transforms
become particularly interesting for cases, where it is difficult or even impossible to determine
the response R, but where the calculation of the transform ΦK is much less problematic. An
example for such a transform is the LIT, the Lorentz integral transform, which will be defined
in the following section. It has been introduced more than twenty years ago [1] and since then
quite a number of applications have been published (see e.g. [2]).
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The strength of the LIT technique lies in the fact that a continuum state problem is reduced
to a bound-state like one. There is, however, an obstacle to overcome. In fact one is confronted
with an ill-posed problem, namely the inversion of the transform. Applying a regularization
procedure the obstacle can be overcome. Still in specific cases problems can arise. Such a case
is given by the dipole response of a three-particle system bound in a hypercentral potential,
which has been discussed in [3]. The authors of this article fail in inverting the LIT correctly. In
the present work we reconsider exactly the same problem. As it will be shown we perform the
inversion in two somewhat different ways. Both ways lead to reliable results, but one of them
is actually better suited in order to invert the LIT with less numerical effort and in addition in
a more controllable manner.

2

Lorentz integral transform

The LIT L(σ) is defined as follows
L(σ) =

Z
dω

R(ω)
(ω − σR )2 + σ2I

,

(2)

where σ is a complex variable: σ = σR + iσ I .
Here we restrict our discussion to such inclusive response functions that are defined by the
relation
Z
X
|〈n|Ô|0〉|2 δ(En − E0 − ω) +

R(ω) =

d f |〈 f |Ô|0〉|2 δ(E f − E0 − ω),

(3)

n

where |0〉, |n〉 and | f 〉 are ground, bound and continuum states of a particle system that undergoes a reaction induced by a transition operator Ô, while E0 , En and E f are the corresponding
eigenenergies. The LIT of the response function above is given by
L(σ) = 〈Ψ̃|Ψ̃〉,

(4)

where Ψ̃ satisfies the following equation
(H − E0 − σ)Ψ̃ = Ô|0〉,

(5)

with H being the Hamilton operator of the particle system. Note that Ψ̃ can be determined
with bound-state methods although the response function includes transition to final states
in the continuum. In fact the LIT method is particularly advantageous for the calculation of
response functions for reactions into the many-body continuum.
There is an alternative formulation of the LIT,
L(σ) = −



1
1
I m 〈0|Ô†
Ô|0〉 ,
σI
σR + iσ I + E0 − H

(6)

which is useful in case of an expansion of Ψ̃ on a complete many-body basis set with a subsequent use of the Lanczos method [4].
In order to obtain the response function R(ω) one has to invert the LIT. In case that transitions to bound states exist one should first determine the corresponding response function
R(En − E0 ) for the various bound states En and subtract their contributions to the LIT. Note
that these determinations are easily achieved by choosing a very small value for σ I and setting σR = En − E0 . After having determined in this way the LIT of the response function beyond
the break-up threshold of the particle system one can proceed to its inversion. Different LIT
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inversion methods have been used [5]. A very robust technique that has been applied in most
of the LIT applications is based on a formal expansion of R(ω) on a specific basis set,
R(E) =

N
X

cn fthr (E) exp(−αE/n),

(7)

n=1

where E = ω − ωthr with ωthr being the break-up threshold of the particle system and where
the function fthr (E) describes the threshold behaviour of the response function. The LIT of the
formal response of Eq. (7) is then given by
L(σ) =

N
X
n=1

Z

∞

cn

dω

fthr (E) exp(−αE/n)

ωthr

(ω − σR )2 + σ2I

.

(8)

The coefficients cn are determined via a fit to the calculated LIT. To this end the LIT should
be calculated for a fixed σ I and a sufficiently large number of σR values. Increasing N , the
number of basis functions, one should find a reasonable convergence for the resulting response
functions. Note that too large values of N can lead to instabilities due to the ill-posedness of
the inversion and that the above mentioned regularization consists just in such a limitation of
N.

Figure 1: Two artificial response functions: a “black” response Rblack (E) (black
dashed) and a “red“ response Rred (E) (red solid).

3

LIT: an integral transform with controlled resolution

Different from many other integral transforms one can assign a well-defined resolution to the
LIT. In fact, the resolution is determined by the size of σ I . As we will see in section 4 this helps
in not running into the problem of ill-posedness. Ill-posedness means here that two rather
different response functions can lead to two rather similar integral transforms. In order to
illustrate this fact we show in Fig. 1 such an example with a "black" (Rblack (E)) and a "red"
response (Rred (E)). The black response Rblack is rather smooth, whereas the red response Rred
exhibits oscillations about the black response. In the left panel of Fig. 2 the corresponding
LITs, Lblack (σ) originating from Rblack and Lred (σ) originating from Rred , are shown for σ I = 10
units. Though the two responses are rather different there is no visible difference for the two
LITs. It shows that it would be difficult to make inversions of these two LITs such that both
original responses are recovered. In fact it would only be possible if both LITs are known
with an extremely high precision. In general such a precision cannot be obtained in realistic
calculations. On the other hand one can try to calculate the LIT with a higher resolution and
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thus with a smaller σ I . However, one has to be aware that a higher resolution might require
a higher precision for the calculation of the LIT. Therefore, in general, in a given calculation
there will be a natural limit for the minimal size of σ I .
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Figure 2: The LITs of black (black dashed) and red responses (red solid). Left panel:
σ I = 10 units. Right panel: σ I = 1 unit.
Since for the example shown in Fig. 1 we have analytic expressions for both responses
there is no problem to calculate the LITs with a smaller σ I than 10 units. In the right panel of
Fig. 2 results with σ I = 1 unit are shown. One readily sees that in this case the resolution is
high enough to show also for Lred the presence of oscillations in Rred .

Figure 3: The absolute value of g(σR , σ I ) for the σ equal to 1, 2, 4, 5, and 10 units .
In order to better illustrate the differences between the black and red LITs we define the
following function
Lred (σR , σ I ) − Lblack (σR , σ I )
g(σR , σ I ) =
.
(9)
Lblack (σR , σ I )
In Fig. 3 we show the absolute value of g(σR , σ I )) for various σ I . For σ I = 10 units it is again
evident that differences between black and red LITs are very small. In addition one sees that
the oscillatory behaviour of the red response is not all reflected. As the figure shows one has
to reduce σ I to about half of size of the "wave length" of the oscillations of the red response,
which is a little bit less than 5 units. One also notes that further decreases of σ I make the
oscillations more and more pronounced. These results nicely demonstrate that the LIT is an
integral transform with a controlled resolution.
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4

Dipole response of a three-nucleon system with a hypercentral
interaction

In this section we reconsider the dipole response of a three-particle system calculated in [3].
There it was assumed that two of the three particles are neutrons, whereas the third particle
is either a proton or an α-particle. Here we consider the three-nucleon case, where the third
particle is a proton. The transition operator to consider in this case is the dipole operator,
d=e

3
X
1 + τi,z
i=1

2

ri ,

(10)

where τi,z and ri are the third component of the isospin operator and the position of the i-th
nucleon, respectively. The hypercentral interaction used in [3] reads as follows
V (ρ) = V0 exp(−κρ 2 ),

(11)

with V0 = −75 MeV and κ = 0.16 fm−2 .
The solution of the Schrödinger equation for the ground state and the by the dipole operator induced final state is relatively simple, since the model can be reduced to an effective
one-body problem, where the hypercentral potential is replaced by a central one. Then, in
the ground state, one has a nucleon with "orbital momentum" 3/2, while in the final state the
nucleon carries ”orbital momentum” 5/2. The solutions of Schrödinger and LIT equations (5)
were obtained via expansions on harmonic oscillator basis sets. Results have been determined
with a very high precision for (i) energy and radius of the ground state, (ii) the LIT and (iii)
for the phase shifts of the relevant partial wave of the final continuum state. For further details
concerning both the calculation and explicit results we refer to [6].

Figure 4: Left panel: the dipole response function R(E); right panel: the LITs of R(E)
for σ I = 5 MeV (black dashed) and σ I = 2.5 MeV (red solid).
In the left and the right panel of Fig. 4 we show the response function and the LIT, respectively. The response exhibits a peak with a maximum at about 8 MeV. Low-energy increase and
high-energy decrease are very smooth and do not have additional structures. The LITs show
a very similar behaviour. The peak height of L(σR , σ I = 2.5 MeV) is almost four times higher
than that of L(σR , σ I = 5 MeV), which is easily understood by investigation of Eq. (2).
For the inversion of the calculated LIT we employed two different methods both based on
the expansions given in Eqs. (7) and (8). Details are explained in the following.

4.1

Inversion with quadrupole precision

The basis of Eq. (7) is used for the inversion and the proper threshold behaviour for the present
case is taken: fthr (E) = E 3 . The inversion has been made with a great numerical precision,
in particular a quadrupole precision has been used for the determination of the nonlinear
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parameter α and the coefficients cn (for details see [6]). The reason for this extremely high
precision is due to the relative large number of employed basis functions: 30 ≤ N ≤ 50. In
this case the higher cn become very large in magnitude and reach values up to about 1010
and the resulting corresponding contributions strongly cancel each other. As illustrated in [6]
the inversion leads to excellent results with exception of the response at very low energies.
Therefore, in Fig. 5 we only show the response below 6 MeV. In the left panel of the figure the
inversions for σ I = 5 MeV are depicted for various N values. One sees that the convergence
of the results is extremely good for E ≥ 3 MeV, but that the convergence is different at lower
energies. In particular for E = 2 MeV the result is very unsatisfactory. In fact with the highest
number of basis functions, N = 50, the difference to the true response becomes larger which is
a sign that one runs into the ill-posedness of the inversion. Of course, in a normal application
of the LIT one would not know the true response, but nonetheless one would realize that the
N = 50 inversion had to be excluded and, in addition, an error for the low-energy response
had to be assigned. On the other hand one can try to increase the resolution by decreasing σ I .
Such results with σ I = 2.5 MeV are shown in the right panel of Fig. 5 and in fact there one
sees a great improvement of the results. Now one finds a very good convergence also at low
energy and in addition a very good agreement with the true response.
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Figure 5: Left panel: Inversions of L(σR , σ I = 5 MeV) with various numbers N of
basis functions for the inversion (see Eqs. (7), (8)); right panel: inversions as in left
panel but for L(σR , σ I = 2.5 MeV). Plus signs describe exact response.

4.2

Standard inversion

For our standard inversion the calculation is made in double precision and the main difference
to the inversion method discussed in subsection 4.1 consists in discarding some of the inversion
solutions. The criterion for the removal are (i) the response is not positive definite or (ii) the
response shows structures not visible in the transform. Concerning criterion (i) one has to take
into account that different from our artificial example in Fig. 1 an inclusive response function
cannot become negative.
Applying these criteria to the inversions of Fig. 5 one should drop the cases with N = 30
(criterion (i)) and those with N = 10, 15, 50 (criterion (ii)). Different from our standard
method the next best inversion solution has not been defined in subsection 4.1. Contrarily, in
the standard approach we determine solutions for a large number of values of the nonlinear
parameter α and arrange them according to the quality of the fit to the calculated LIT and
subsequently apply the two criteria. Thus, the chosen inversion is the best of all solutions that
fulfills the criteria (i) and (ii).
In the upper panel of Fig. 6 we show the converged inversion results with a σ I of 2.5
and 5 MeV. As in Fig. 5 we find an improvement with the higher resolution, but the result
for σ I = 2.5 MeV is not as precise as with the inversion with quadrupole precision. Even not
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Figure 6: Upper panel: converged inversion results with σ I equal to 5 (red solid) and
2.5 MeV (dashed black); middle panel: Inversion results with N = 8 for basis sets
with threshold functions fthr = E m with different exponents m, namely m = 3, 4, 5, 6
(see Eqs. (7), (8)); lower panel: converged inversion results with σ I = 2.5 MeV and
m = 3 (black dashed) and m = 6 (blue solid). Plus signs describe exact response.
knowing the true response one may conclude that the inversion of the low-energy response
needs a further improvement: a closer inspection of the inversion exhibits a slight oscillation
which is not present in the transform. In a real application a quadrupole precision is most
probably prohibitive, but a further reduction of σ I might be possible. Another possibility is
the choice of a different basis set for the inversion. In the present case, where one finds
problems in the threshold region one can modify the threshold behaviour of the response
given by fthr . Therefore, in the middle panel of Fig. 6, we show inversions with basis sets,
where we have set fthr = E m with m = 3, 4, 5, 6 and where the number of basis functions N is
restricted to 8. One sees quite a difference for the results with m = 3, 4 on the one hand and
those with m = 5, 6 on the other hand: strong oscillations of the response are only present for
the former. Thus fthr = E m with the higher exponents m of 5 and 6 seem to be more suited
for the inversion. This is not in contradiction with the true threshold behaviour with m = 3,
since in general it is unknown for which energy interval the true threshold behaviour holds, for
example, the interval could be very small. In the lower panel of Fig. 6 we show the converged
inversion result with a modified threshold behaviour, fthr = E 6 , in comparison to that with
fthr = E 3 . In fact, one finds a further improvement of the result, but one can still note that the
response exhibits a structure not present in the transform. Thus, for a very precise threshold
result a further decrease of σ I is necessary. Actually the modified threshold behaviour does
not only positively affect the low-energy region but, as illustrated in Table 1, leads also to an
improvement of the inversion in the peak region. This is probably explained by the fact that
the better threshold result for the m = 6 case leaves more space to further improve the fit in
other energy regions.
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Table 1: The exact response R(E) and those obtained via inverting the LIT for basis
sets with fthr = E m and m = 3 and m = 6.
E [MeV]
7
8
9

5

exact R [fm2 MeV−1 ]
1.284
1.321
1.150

R [fm2 MeV−1 ] m = 3
1.296
1.309
1.142

R [fm2 MeV−1 ] m = 6
1.289
1.320
1.148

Conclusion

We have shown that reliable results for inclusive response functions can be obtained with the
Lorentz integral transform method. However, since the inversion of the LIT is an ill-posed
problem one has to invert the LIT with great care. As an interesting example, where in the
past a LIT application has led to problems, we have considered the dipole response function
of a three-particle system bound in a hypercentral potential. The inversion has been made
with two slightly different procedures, one with a quadrupole precision and the other one via
our standard inversion method. Comparing with the exact response, results with a satisfying
precision are obtained beyond the threshold region. Only at low energies problems arise,
which, as shown however, can be largely resolved by increasing the resolution of the transform.
Also a different choice of the basis functions for the inversion helps in this case.
It is important to note that one can realize the existence of inversion problems in the
low-energy region without the knowledge of the exact response function. In this context it is
important to know that the LIT is a transform with a controlled resolution and in order to have
a safe inversion one should not accept inversions which exhibit structures that are below the
resolution of the transform. If one wants to investigate whether such structures are real one
has to increase the resolution of the LIT.
Funding information Acknowledgement of support is given to RFBR Grant No. 18–02–
00778 (V.D.E and V.Yu.S.).
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Abstract
We study the properties of heavy mesons using a unitarized approach in a hot pionic
medium, based on an effective hadronic theory. The interaction between the heavy
mesons and pseudoscalar Goldstone bosons is described by a chiral Lagrangian at nextto-leading order in the chiral expansion and leading order in the heavy-quark mass expansion so as to satisfy heavy-quark spin symmetry. The meson-meson scattering problem in coupled channels with finite-temperature corrections is solved in a self-consistent
manner. Our results show that the masses of the ground-state charmed mesons D(0− )
and Ds (1− ) decrease in a pionic environment at T 6= 0 and they acquire a substantial
∗
width. As a consequence, the behaviour of excited mesonic states (i.e. Ds0
(2317)± and
∗
0,±
D0 (2300) ), generated dynamically in our heavy-light molecular model, is also modified at T 6= 0. The aim is to test our results against Lattice QCD calculations in the
future.
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Introduction

Relativistic heavy-ion collisions offer a unique scenario to study the production of heavy mesons
and multiquark states in general in extreme conditions of temperature and density. Heavy
mesons, i.e., charmed and bottom mesons, are of particular interest in this respect since heavy
flavour is mainly produced at the early stages of the heavy-ion collisions and hence they are
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usually considered the ideal probes of the quark-gluon plasma (QGP). After it is produced, the
heavy flavour interacts with the hot dense matter, first with the QGP and with the hot hadronic
medium after hadronization. Therefore, there is a need for a better theoretical understanding
of the properties of heavy mesons at temperatures and densities far from the nuclear regime.
In this contribution, we focus on the study of the QCD phase diagram in the high-temperature and low-density regime, which corresponds to matter generated in heavy-ion collisions
at the Relativistic-Heavy-Ion-Collider (RHIC) at BNL and at the Large-Hadron-Collider (LHC)
at CERN. For this reason we consider mesonic matter at finite temperature, which can be
well-approximated to be mainly pionic at temperatures below the critical temperature for the
transition from the deconfined QGP to the hadron gas, Tc .
We present results of the modification of the properties of the D-mesons (D(∗)0 , D(∗)+ ,
Ds(∗)+ ) when interacting with the surrounding pions in such a hot environment. We also show
results for the excited mesonic states dynamically generated in a heavy-light molecular model.
∗
In particular, we study the Ds0
(2317)± and the D0∗ (2300)0,± , that are the lightest strange and
non-strange excited mesons, respectively, and which have attracted much attention within the
molecular models as their masses differ from the quark model expectations.

2
2.1

Formalism
Interaction of heavy mesons with light mesons

The Lagrangian density that describes the interaction between D(∗) - and Ds(∗) -mesons with spinparity J P = 0− (1− ) and pseudoscalar Goldstone bosons (π, K, K̄ and η) to next-to-leading
order (NLO) in the chiral expansion and keeping the leading order (LO) in the heavy-quark
mass expansion is given by:
L = LLO + LNLO .
(1)
The LO contribution contains the kinetic and the mass terms of the heavy mesons as well
as interaction terms [1–4]:

LLO = 〈∇µ D∇µ D† 〉 − m2D 〈DD† 〉 − 〈∇µ D∗ν ∇µ Dν∗† 〉 + m2D 〈D∗ν Dν∗† 〉
g
+ i g〈D∗µ uµ D† − Duµ Dµ∗† 〉 +
〈D∗ uα ∇β Dν∗† − ∇β Dµ∗ uα Dν∗† 〉εµναβ ,
2m D µ

(2)

where the brackets, 〈· · ·〉, denote the trace in flavour space, m D is the mass in the chiral limit
of the heavy mesons and the heavy-light pseudoscalar-vector coupling constant g is the same
for the two interaction terms considering heavy-quark spin symmetry (HQSS). The D and Dµ∗

 
are the J P = 0− , 1− SU(3) antitriplets D = D0 D+ Ds+ , Dµ∗ = D∗0 D∗+ Ds∗+ µ and

∇µ D(∗) = ∂µ D(∗) − D(∗) Γ µ is their covariant derivative. The vector and axial-vector currents
p
are Γµ = 12 (u† ∂µ u + u∂µ u† ) and uµ = i(u† ∂µ u − u∂µ u† ), respectively, with u = U = exp( piΦ
)
2f
and Φ the (3 × 3)-matrix encoding the octet of Goldstone boson fields,


+
+
p1 π0 + p1 η
π
K
2
6

π−
− p12 π0 + p1 η
K0 
Φ=
,
6
q 
2
−
0
− 3η
K
K̄

with fπ = 92.4 MeV the pseudoscalar decay constant in the chiral limit.
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The NLO chiral Lagrangian term reads [5–8]

LNLO = − h0 〈DD† 〉〈χ+ 〉 + h1 〈Dχ+ D† 〉 + h2 〈DD† 〉〈uµ uµ 〉

+ h3 〈Duµ uµ D† 〉 + h4 〈∇µ D∇ν D† 〉〈uµ uν 〉 + h5 〈∇µ D{uµ , uν }∇ν D† 〉

+ h̃0 〈D∗µ Dµ∗† 〉〈χ+ 〉 − h̃1 〈D∗µ χ+ Dµ∗† 〉 − h̃2 〈D∗µ Dµ∗† 〉〈uν uν 〉
− h̃3 〈D∗µ uν uν Dµ∗† 〉 − h̃4 〈∇µ D∗α ∇ν Dα∗† 〉〈uµ uν 〉 − h̃5 〈∇µ D∗α {uµ , uν }∇ν Dα∗† 〉,

(4)

where χ+ = u† χu† + uχu with the quark mass matrix χ = diag(m2π , m2π , 2m2K − m2π ).
At LO in the heavy-quark expansion the equality h̃i = hi (i = 0, 1, ..., 5) holds for the lowenergy constants (LECs), the value of which can be fitted to LQCD data. In this case, the
tree-level scattering amplitude of a D(∗) - or Ds(∗) -meson scattered with a light meson reads
jk

1  CLO
jk
jk
V (s, t, u) = 2
(s − u) − 4C0 h0 + 2C1 h1
fπ 4


jk
− 2C24 2h2 (p2 · p4 ) + h4 (p1 · p2 )(p3 · p4 ) + (p1 · p4 )(p2 · p3 )


jk
+ 2C35 h3 (p2 · p4 ) + h5 (p1 · p2 )(p3 · p4 ) + (p1 · p4 )(p2 · p3 ) ,
jk

(5)

where p1 and p2 (p3 and p4 ) are the momenta of the incoming (outgoing) mesons and
CLO,0,1,24,35 are the isospin coefficients (see Table II in [5]). The j, k indices denote channels in the sector with charm C, strangeness S and isospin I in the isospin basis, as isospin
violation is not considered.

2.2

Unitarized amplitudes at T = 0

The interaction above is unitarized through the Bethe-Salpeter (BS) approach in coupled channels describing the two-body scattering in a basis with several channels, which in its matrix
form is written as T = V + V GT . This equation has a purely algebraic solution for the on-shell
resummed amplitude:
T (s) = V (s)[1 − V (s)G(s)]−1 ,
(6)
where V (s) is the matrix containing the interaction potentials of Eq. (5) and G(s) is the diagonal
matrix constructed from the meson-meson loop functions, with the characteristic unitarity cut
above threshold and regularized with a cutoff.
The analytical continuation of Eq. (6) to the complex-energy plane allows to identify quasibound, resonant and virtual states from poles in different Riemann sheets (RS) of the T -matrix.
p
p
In addition to the pole position given by the mass, MR = Re sR , and the width, ΓR /2 = Im sR ,
one can also obtain the coupling, g i , of the pole to the channel i from the residue around
the pole position, which is associated to the strength of that channel in the generation of
the resonance, and the compositeness, X i = |g i |2 |∂ Gi /∂ s|s=sR , that can be interpreted as the
importance of the two-meson channel i component in the dynamically generated state.

2.3

Finite temperature

The main novelty of the work presented in this contribution is the extension of the model
above so as to include finite temperature corrections. We use the method described in [9, 10]
up to some technicalities. On the one hand, in order to take into account the effect of a
pionic bath at finite temperature on the properties of the ground-state charmed mesons, we
use the imaginary time formalism (ITF). It essentially consists in replacing the real energy of
the propagator by discrete imaginary frequencies, q0 → ωn = i2πnT (for bosons), commonly
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referred to as Matsubara frequencies, and the corresponding intermediate energy integrals by
sums over discrete values, namely,
Z

Z
d 4q
d 3q
i X
→
.
(2π4 )
β n
(2π)3

(7)

On the other hand, the self-energy of the heavy meson (Fig. 1a), obtained from closing
the pion line in the T -matrix element corresponding to D(s) π → D(s) π scattering (Fig. 1c), is
employed to dress its propagator (Fig. 1b).
Di

Di
Di

Di

=

+

π
(a)

π

(b)

Dj

Di

Dj

Di
=

Φj

Φi

Di

Di

Di

Dk

Dj

Φi

Φk

Φj

+
Φj

Φi

(c)

Figure 1: Diagramatic representation of (a) the self-energy of the D(s) -meson, (b)
the dressed D(s) -meson propagator and (c) the BS equation at T 6= 0 with dressed
propagators in the loop.
Thus, upon summation over the Matsubara frequencies and extrapolation to the real axis,
the most general expression that we can write for the two-meson loop function at finite temperature is:
G Di Φi (E, ~p; T ) =

Z

d 3q
(2π)3

Z

Z
dω

dω0

S Di (ω, q~; T )SΦi (ω0 , ~p − q~; T )
E − ω − ω0 + i"

[1 + f (ω, T ) + f (ω0 , T )],

(8)

where f (ω, T ) and f (ω0 , T ) are the Bose-Einstein distributions and S Di and SΦi the spectral
functions, defined below. As in the zero temperature case, we regularize the loop function
above using a momentum cutoff. This expression can be simplified if we do not consider
the modification of the light meson by its interaction with the pions in the bath and hence its
spectral function, SΦi , can be replaced with a delta function. The results of the direct numerical
integration of the resulting expression are displayed in Figure 4.
The ITF leads to a factor containing a combination of meson Bose distribution functions,
f (ω, T ) = (eω/T − 1)−1 , at temperature T in Eq. (8). To give a physical interpretation, it is
useful to change the limits of integration to [0, ∞) and split the integral into four terms, as
well as to rewrite the sums of Bose functions. After some analytical work one can show that
the integrand reads (with the notation f Di := f (ω, T ) and fΦi := f (ω0 , T ) for simplicity)
[1 + f Di ][1 + fΦi ] − f Di fΦi
− ω − ω0

+

+

E
+ i"
f Di [1 + fΦi ] − fΦi [1 + f Di ]
E + ω − ω0 + i"

f Di fΦi − [1 + f Di ][1 + fΦi ]
+

E + ω + ω0 + i"
fΦi [1 + f Di ] − f Di [1 + fΦi ]
E − ω + ω0 + i"

,

(9)

up to a factor containing the spectral functions. For example, the first term may be interpreted as the production of a heavy-light meson pair, occurring with a statistical weight factor
(1 + f Di )(1 + fΦi ), minus the absorption of a heavy-light meson pair, which is possible at finite
038.4

SciPost Phys. Proc. 3, 038 (2020)

temperature, with a statistical weight factor f Di fΦi . Similarly, the other terms can be related
to production and absorption processes of particles and antiparticles by the bath [11, 12]. We
note that at T = 0 the Bose distribution function vanishes and only the terms corresponding
to the production of a meson-meson pair and an antimeson-antimeson pair survive.
The location of branch cuts can also be read out from Eq. (9). In addition to the standard
unitarity cut above the channel threshold, E ≥ (m Di + mΦi ), which is the standard cut at
T = 0, because of the additional processes that are allowed at finite temperature a new cut
develops for E ≤ |m Di − mΦi |. This is known as the Landau cut and has no counterpart in the
vacuum theory. In Appendix A we show results for the loop functions of the various heavy-light
channels where one can appreciate these features at different temperatures.
The unitarized T -matrix resulting from solving the BS equation with loops including finite
temperature corrections but undressed heavy mesons is employed to obtain the first iteration
of the self-energy of the heavy mesons in a pionic bath:


Z
Z
Π Di (E, ~p; T ) =

d 3q
(2π)3

dΩ

E f (Ω, T ) − f (ωπ , T )
ωπ E 2 − (ωπ − Ω)2 + i"

−

1
Im TDi π (Ω, ~p + q~; T ),
π

(10)

where again there is a combination of Bose factors coming from the ITF. The spectral function
is then readily obtained from the imaginary part of the dressed propagator (Fig. 1b) as


1
1
1
S Di (ω, q~; T ) = − Im D Di (ω, q~; T ) = − Im
,
π
π
ω2 − q~2 − m2Di − Π Di (ω, q~; T )

(11)

and used in the loop function of Eq. (8). The new unitarized amplitude calculated using
dressed loops (Fig. 1c) modifies, in turn, the self-energy (Fig. 1a) and therefore this procedure
needs to be iterated several times to ensure self-consistent results.

3

Results

We study here the heavy-light meson scattering in the sectors with charm, strangeness and
isospin (C, S, I) = (1, 0, 1/2) and (1, 1, 0), where there are strong indications that the excited
∗
D0∗ (2300)0,± and Ds0
(2317)± are dynamically generated in molecular models. We take the
LECs of the NLO Lagrangian from Fit-2B in Ref. [8], but not the subtraction constants of the
unitarization procedure that they also fit to lattice data, as we find that they might correspond
to small and unrealistic values of the cutoff for certain channels, much smaller than the value
of Λ = 800 MeV that we take. Also loop functions in dimensional regularization have positive
real parts at low energies far from threshold that might generate unphysical poles in the T matrix and make the numerical integration of Eq. (10) more complicated. We have checked
that the obtained scattering lengths are also in excellent agreement with the lattice data.

3.1

Poles at T = 0

In Table 1, we give the pole positions and their couplings and compositeness for the coupled
channels Dπ(2005.3), Dη(2415.1) and Ds K̄(2464.0) (the threshold energies in parenthesis)
in the (1, 0, 1/2) sector and DK(2364.9) and Ds η(2516.2) in the (1, 1, 0) sector at zero temperature. Similarly to previous works [7, 8], we find two poles in the (1, 0, 1/2) sector that
can be associated to the D0∗ (2300)0,± . The lower pole, located just above the Dπ threshold, is
a resonance coupling mostly to Dπ and qualifies as a Dπ molecular state. The status of the
higher pole is a bit more complicated. We find it above the Ds K̄ threshold as a virtual state
in the (−, −, +) RS, but for some values of the parameters of the model [7, 8] it appears as a
resonant pole between the Dη and Ds K̄ thresholds, strongly coupling to the Ds K̄ channel in
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∗
both cases. In the (1, 1, 0) sector we find a bound state for the Ds0
(2317)± , with a large DK
component.

Table 1: Poles and the corresponding couplings and compositeness for the coupled
channels in the sectors with the quantum numbers of the D0∗ (2300)0,± (upper) and
∗
the Ds0
(2317)± (lower).
(C, S, I)

RS

MR (MeV)

ΓR /2 (MeV)

|g i | (GeV)

Xi

(1, 0, 1/2)

(−, +, +)

2081.9

86.0

|g Dπ | = 8.9

X Dπ = 0.29 − i 0.27

|g Dη | = 0.4

X Dη = 0.00 + i 0.00

|g Ds K̄ | = 5.4

X Ds K̄ = 0.01 + i 0.05

|g Dπ | = 6.4

X Dπ = 0.02 + i 0.09

|g Dη | = 8.4

X Dη = 0.15 − i 0.27

|g Ds K̄ | = 14.0

X Ds K̄ = 0.43 + i 0.49

|g DK | = 13.3

X DK = 0.66 + i 0.00

|g Ds η | = 9.2

X Ds η = 0.17 + i 0.00

(−, −, +)

(1, 1, 0)

3.2

(+, +)

2521.2

121.7

2252.5

0.0

Spectral functions of ground-state heavy mesons at T 6= 0

From the procedure described in Section 2.3 we obtain the modification of the ground-state
properties of D- and Ds -mesons in a hot pionic bath as a function of the temperature. In Fig. 2
we display their zero-momentum spectral functions (see Eqs. (10) and (11)) for
T = 0, 100, 150 MeV. We show the experimental values of the masses in black (T=0). The
main effects of the temperature are a shift of the peak, which can be associated to the mass at
that temperature, towards lower values and a significant broadening with increasing temperatures.
D-meson

10−4

S [MeV−2 ]

T = 0 MeV
T = 100 MeV
T = 150 MeV

mD

10−5

10−4

10−6

10−5

10−7
1600

1700

1800

1900

Ds -meson

10−3

2000

10−6
1940

E [MeV]

m Ds

1950

1960

1970

1980

E [MeV]

Figure 2: Spectral functions of the D- and Ds -mesons as a function of the energy, at
zero momentum and at T = 0, 100, 150 MeV.
The displacement of the peak is related to the non-zero real part of the self-energy at
finite temperature, regularized by dropping the T=0 contribution, i.e. the terms without bose
factor in the real part of Eq. (10) upon changing the limits of integration to [0, ∞). We find
a monotonic displacement with increasing temperatures that is about 2% and 0.5% of the
mass for the D- and Ds -mesons, respectively, at T = 150 MeV. Although small, we find this
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result significant and contrasts with the negligible contribution of Re Π̃ D compared to the mass
found in [9]. In the case of the width, which is connected to the imaginary part, our results of
Γ D (T = 150 MeV) ∼ 70 MeV for the D-meson are comparable to those in [9], and in addition
we obtain for the Ds -meson a width of Γ Ds (T = 150 MeV) ∼ 7 MeV.
We note that the lower modification with temperature of the Ds -meson with respect to
the D-meson is basically related to its weaker interaction with pions, as the Ds π interaction
vanishes at LO (see [13] for more details).
An analogous study of the charmed vector mesons results in mass shifts of ∼ 2% and
∼ 0.3%, and widths of ∼ 80 MeV and ∼ 18 MeV for the D∗ - and Ds∗ -mesons, respectively.

Unitarized amplitudes and excited states at T 6= 0

3.3

∗
As shown in Section 3.1, the excited D0∗ (2300)0,± and the Ds0
(2317)± are dynamically generated within our model at T = 0 as heavy-light molecules with J P = 0+ . Therefore, the modification of the ground-state charmed mesons in a hot pionic bath has an immediate repercussion
on the finite-temperature unitarized amplitudes.

D0∗ (2300)0,±

300

Dπ; T = 0 MeV
Dπ; T = 100 MeV
Dπ; T = 150 MeV

250

∗
(2317)±
Ds0

106

Ds η; T = 0 MeV
Ds η; T = 100 MeV
Ds η; T = 150 MeV

DK; T = 0 MeV
DK; T = 100 MeV
DK; T = 150 MeV

Ds K̄; T = 0 MeV
Ds K̄; T = 100 MeV
Ds K̄; T = 150 MeV

105

|Ti→i | [MeV0 ]

|Ti→i | [MeV0 ]

200

104

150
100

103
50
0
2000

Dη; T = 0 MeV
Dη; T = 100 MeV
Dη; T = 150 MeV

2100

2200

2300

2400

2500

2600

102
2100

2150

2200

2250

2300

2350

2400

E [MeV]

E [MeV]

(a)

(b)

Figure 3: Absolute value of (a) the Dπ → Dπ, Dη → Dη and Ds K̄ → Ds K̄ scattering
amplitudes with (C, S, I) = (1, 0, 1/2) and (b) the DK → DK and Ds η → Ds η ones
with (C, S, I) = (1, 1, 0) at T = 0, 100, 150 MeV.
In Fig. 3 we show the absolute value of the diagonal T -matrix elements in the relevant
sectors. In the (1, 0, 1/2) sector we can identify the two resonances of the two-pole structure
of the D0∗ (2300)0,± in the Dπ → Dπ and Ds K̄ → Ds K̄ amplitudes, respectively. For increasing
temperatures the structures get diluted, as their widths increase in a pionic medium at finite
temperature with respect to the vacuum.
Similarly, the delta function in the T = 0 amplitudes in the (1, 1, 0) sector corresponding
∗
to a bound state for the Ds0
(2317)± develops a finite width at T 6= 0. It moves up to ∼ 1%
towards lower energies and acquires a width of ∼ 15 MeV at T = 150 MeV.

4

Conclusions and Outlook

We have used a self-consistent formalism to study the effect of finite temperature on the scattering of charmed mesons off light mesons. In essence, our results show that the masses of the
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pseudoscalar and vector ground-state charmed mesons decrease with increasing temperature
while developing a substantial width in a hot pionic medium.
The modification of the D(∗) - and Ds(∗) -mesons has, in turn, consequences for the properties
at finite temperature of resonances that are dynamically generated within our model as heavylight molecules. We have indeed shown that the D0∗ (2300)0,± , having basically a Dπ and Ds K̄
∗
two-pole structure, and Ds0
(2317)± , which is mainly a DK bound state at T = 0, get diluted
as the temperature of the pion bath is increased. We will further discuss these results in a
future paper [13]. It is interesting to note that the dilution of these excited states results from
the relatively strong interaction of the charmed mesons with pions. Therefore these results
are tied to the molecular description of our model for these excited states that would not be
attained within quark models. These findings have to be considered when calculating heavyion collision observables.
In the near future we also expect to test our results against calculations from Lattice QCD.
Furthermore, we also aim to study mesons with hidden-charm, as the X (3872), as well as to
extend our model to the bottom sector. We also plan to calculate transport properties at finite
temperature, relevant for understanding the matter produced in heavy-ion collision experiments at the LHC or RHIC.
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A

Loop functions

In this appendix we briefly discuss the modification of the loop functions of heavy-light channels with temperature: Dπ, DK, Dη (Fig. 4a), Ds π, Ds K, Ds η (Fig. 4b). The first thing to note is
the two branch cuts described from Eq. (9) in Section 2.3, seen as kinks in the real parts (upper
plots) and openings of the imaginary parts (lower plots) of the loops. As explained in the text,
the interaction with the hot medium is responsible for the Landau cut at E ≤ |m Di − mΦi | and
also for temperature corrections for the standard unitarity cut above threshold, the magnitude
of which increases with increasing temperatures. Moreover the shift of the mass and widening
of the heavy-meson spectral functions used for dressing the mesons in the loops produce shifts
and smoothenings of the cuts, respectively. For this reason, the sharp unitarity cut at threshold
observed at T = 0 and the kink of the real part become less abrupt with temperature.
As regards the differences among channels, the reason why the Landau cut is less pronounced for channels with heavier light mesons (K and η) than for channels with a π is that,
because of their larger mass, they are scarce in the mesonic medium at the temperatures considered. Finally, the corrections resulting from the dressing of the Ds are moderate compared
to those in the case of the D because its interaction with the pion is weaker and hence its
modification with temperature is smaller.
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Figure 4: Loop function for channels with (a) a D- or (b) a Ds -meson and a light
meson, the real part in the upper subpanels and the imaginary part in the lower
subpanels, at T = 0, 100, 150 MeV.
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Abstract
The excellent quality kaon beam provided by the DAΦNE collider of LNF-INFN (Italy)
together with SIDDHARTA/SIDDHARTA-2 new experimental techniques, as very precise
and fast-response X-ray detectors, allow to perform unprecedented measurements on
light kaonic atoms crucial for a deeper understanding of the low-energy quantum chromodynamics (QCD) in the strangeness sector. In this paper an overview of the main
results obtained by the SIDDHARTA collaboration, as well as the future plans related to
the SIDDHARTA-2 experiment, are discussed.
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Introduction

Kaonic atoms are one of the hot issues currently in nuclear and hadronic strangeness physics,
both from the experimental and theoretical standpoints [1–23]. The investigation of light
kaonic atoms is a unique tool to obtain precise information on the antikaons-nucleons/nuclei
interaction in the low-energy regime. The precise measurement of the shift and width of the 1s
level, with respect to the purely electromagnetic calculated values, in the lightest kaonic atoms,
such as kaonic hydrogen and kaonic deuterium, induced by the strong interaction, will deliver
the first experimental isospin-dependent antikaon-nucleon scattering lengths, which are fundamental quantities crucial for understanding the low energy QCD in the strangeness sector,
as for example the correlation between spontaneous and explicit chiral symmetry breaking,
having also important impact in astrophysics (equation of state of neutron stars).
The most precise measurement for kaonic hydrogen [7], together with an exploratory measurement of kaonic deuterium [24], was performed by the SIDDHARTA (Silicon Drift Detector
for Hadronic Atom Research by Timing Application) collaboration at the DAΦNE e+ e− collider
of LNF-INFN using the unique quality kaon beam together with new experimental techniques,
as fast and precise Silicon-Drift X-ray detectors. A new experiment, SIDDHARTA-2, a major
improvement of SIDDHARTA, is in progress, with the goal to perform the first measurement
of kaonic deuterium.

2

Kaonic atoms

A kaonic atom is an atomic system where there is a negative charged kaon in the place of the
electron. It is formed when the K− enters in a target, is decelerated to kinetic energy of a
few tens of eV due to ionizations and excitations of the molecules and atoms of the medium
and then captured into an outer atomic orbit, replacing an electron. The capture occurs in a
highly excited state due to the much higher K− mass with respect to the e− one. Subsequently,
a cascade processes including Auger effect, Coulomb deexcitation and scatterings, bring the
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Figure 1: The kaonic hydrogen cascade process, which starts when the kaon is captured in a highly excited state and lead it to the 1s ground level. The fundamental
state is shifted and broadened due to strong interaction. Adapted from [1].
kaon to the low angular momentum atomic state. When the kaon reaches the ground level of
the kaonic atom, it interacts with the nucleus via the strong interaction and is absorbed by the
nucleus. The strong interaction is manifested as a shift of the energy level with respect to the
well known electromagnetic value (") and a broadening of the level (Γ ). The schematic view
of cascade processes for kaonic hydrogen is shown in Fig. 1.
The shift and width are determined by the measurement of the X-ray transitions toward
the lowest lying states. The " and Γ quantities measured for the kaonic hydrogen and kaonic
deuterium for 1s ground level allow to extract the isospin-dependent K̄-nucleon scattering
lengths based on Deser-type formulae [1, 25].

3
3.1

Kaonic atoms measurements by SIDDHARTA and SIDDHARTA-2
DAΦNE at LNF-INFN

The accelerator complex DAΦNE (Double Annular φ Factory for Nice Experiments) [26, 27]
at the National Laboratory Frascati (LNF) in Italy includes a double ring electron-positron
collider and an injection system (linac, accumulator and damping ring) as it is shown in Fig. 2.
This facility is designed to produce unique low-momentum kaon beam via the decay of φmesons formed almost at rest. The φ-mesons decay into K+ K− pairs with probability of 48.9%
delivering charged kaons with a momentum of 127 MeV/c (resolution ∆p/p < 0.1%). The
beam is ideal for the purpose of kaonic atoms experiments.

3.2

Silicon Drift Detectors (SDDs) for X-ray detection

The silicon drift detectors (SDDs) proposed by Gatti and Rehak [29, 30] were initially developed as position sensitive detectors. Their development during years in terms of energy and
time resolution improvement as well as more efficient background rejection make them also
applicable for X-ray spectroscopy, including very precise kaonic atoms experiments.
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Figure 2: DAΦNE accelerator complex with marked SIDDHARTA experiment installed
in the interaction point. Figure adapted from [28].
The SSD detector consists of a concentric ring-shaped strip segmentation with a small collecting anode placed in the center of the strips (on one side) and the radiation entrance window
(nonstructured junction) allowing for homogeneous sensitivity over the whole detector area
(on other side). In this fully depleted device, electric field created in parallel to the surface,
leads signal charges into a collecting anode (left panel of Fig. 3). The unique advantage of
this detector is the very small value of anode capacitance (allowing to achieve good time and
energy resolution) which is nearly independent of the detector area. It allows to develop detectors with large area and reduced thickness. The thin depletion layer (∼500 µm) leads to
less sensitivity to background events (high-energy gamma rays or electrons), but still achieving almost 100% efficiency for 8 keV X-rays. The properties of SDDs used in SIDDHARTA and
SIDDHARTA-2 experiments are reported in the next two subsections.
3.2.1

SDD-JFET

For the SIDDHARTA experiment, the front-end n-channel JFET was integrated on the detector
chip near the n+ implanted anode as it is shown in the left panel of Fig. 3. JFET and anode are
positioned on the upper side of the system in the center of the p+ field rings. This configuration
allows to achieve a correct matching between detector and front-end electronics capacitance
by minimizing the stray capacitances of the various connections.
The SDDs used in the SIDDHARTA experiment were developed within the European research project HadronPhysics3 [31]. 144 SDD cells, each with an area of 1 cm2 and a thickness of 450 µm have been used. The cells were arranged in 48 subdetector units (each unit of
three cells packed monolithically) as shown in the right panel of Fig. 3. The SDDs, operated
at a temperature of 170 K, were characterized by drift time of 800 ns and energy resolution of
160 eV (FWHM) at 6 keV.
3.2.2

SDD-CUBE

For the purpose of kaonic deuterium measurement by SIDDHARTA-2, new monolithic SDD
arrays have been developed by Fondazione Bruno Kessler (Italy), in collaboration with Politecnico di Milano, LNF-INFN and SMI (Austria). The new SDD detectors instead of JFET
pre-amplifier system are featured in CMOS integrated charge-sensing amplifier (CUBE) [33].
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Figure 3: Scheme of SDD structure integrated with JFET (S = source, G = gate,
D = drain) and reset mechanism (left). Subdetector unit, used in the SIDDHARTA
experiment, including two SDD chips (each with three individual cells). Adapted
from [1, 32].

Figure 4: SDD chip consisting of 8 square cells installed on a ceramic carrier and
aluminum block provided cooling. Adapted from [1].
The anode of each SDD is electrically connected with a bonding wire to the CUBE placed on
the ceramic carrier (very close to the anode). Thus, the SDDs’ performance is almost independent of the applied bias voltages, even for high charged particle rates. Each monolithic array
consists of eight square SDD cell (450 µm thick, arranged in a 2 × 4 array), each with an active
area of 8 × 8 mm2 (see Fig. 4). With the newly developed SDDs a better time resolution of
300 ns can be achieved with respect to the previous one by reducing the active cell area from
100 mm2 to 64 mm2 and by further cooling to 100 K. Moreover, a new SDDs readout (ASIC),
named SFERA, has been developed [34, 35]. In the experiment 48 SDD arrays will be used
covering a solid angle for stopped kaons in the gaseous target of ∼2π.

3.3

The kaonic hydrogen measurement by SIDDHARTA

The SIDDHARTA experiment has been performed in 2009 [7], using large area SDDs, with
the aim to determine the shift and width of kaonic hydrogen 1s level with a higher precision
than in previously performed measurements by DEAR [5] and KpX [6].
A scheme of the SIDDHARTA setup is presented in Fig. 5. The detection facility consisted of
three main components: the kaon detector (trigger), a cryogenic target system and the X-ray
detection system.
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Figure 5: Scheme of the SIDDHARTA setup [36].
In the SIDDHARTA experiment the low-energy charged kaons are degraded and stopped
in a high-density cryogenic gaseous target of cylindrical shape (with 13.7 cm diameter and
15.5 cm height), where kaonic atoms are efficiently produced. The gas-target system is crucial for the experiment, since it allows to minimize the Stark mixing phenomena leading to
decrease in the yields of kaonic-atom X-rays.
An important part of the detection system is the charged kaon trigger based on the coincidence of two plastic scintillators installed on the top and the bottom of the e+ and e−
interaction point. The trigger used the back-to-back topology of the charged kaons generated
at DAΦNE by the φ meson decay. Using the coincidence between the back-to-back correlated
K+ K− pairs and the X-ray signal from the SDDs, so called tripple coincidence, the asynchronous
background (from e+ and e− beam losses) was drastically reduced, which allowed to improve
significantly the signal-to-background ratio.
The most precise kaonic hydrogen measurement was possible using new triggerable and
fast SDDs, characterized by excellent energy and time resolutions, necessary for the background suppression. A detailed description of the X-ray detectors is given in Sec. 3.2.1.
As the first step of SIDDHARTA measurement, calibration and stability checks of SDDs performance were carried out using cryogenic target filled with helium-4 gas [37]. Calibration
runs were performed with the X-ray tube producing high intensity titanium (Ti) and copper
(Cu) fluorescence X-rays. Based on Ti Kα (4.5 keV) and Cu Kα (8.0 keV) peak positions the
energy scale of each SDD was determined. The global in-situ calibration (for summed spectrum of all SDDs) of the gain (energy) and resolution (response shape) was performed using
titanium, copper, and gold fluorescence lines (from uncorrelated background in the triggerless
mode) and kaonic carbon lines (from wall stops in the triggered mode). The stability checks of
SDDs performance were studied using the kaonic helium X-ray lines (high yield L transitions)
by installing a thin Ti foil [31].
Additionally, the first-ever exploratory measurement of kaonic deuterium K− series transitions was performed which was essential for quantifying the background lines from kaons
captured in setup materials (carbon, nitrogen, and oxygen). The collected data doesn’t show
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Figure 6: The simultaneous fit of the X-ray energy spectra of hydrogen and deuterium
data. (a), (b) Measured energy spectra with fitted lines. Fit components of the background (X-ray lines and a continuous background) are marked with solid lines. The
dot-dashed vertical line indicates the electromagnetic value of the kaonic hydrogen
Kα energy. (c) The measured kaonic hydrogen X-ray spectrum after background subtraction. The fit components corresponding to the K− p transitions are shown [7].
Adapted from [1].
peak structures of kaonic deuterium X-rays due to their low yields and broad natural widths
(panel (b) in Fig. 6).
To extract the 1s-level shift and width of kaonic hydrogen, the hydrogen and deuterium
spectra were fitted simultaneously. Fig. 6a and Fig. 6b show the fit result with the fluorescence lines from the detection setup materials and a continuous background for hydrogen and
deuterium, respectively. Fig. 6c shows the kaonic hydrogen X-ray spectrum after the fitted
background subtraction. K-series X-rays of kaonic hydrogen are clearly observed [7]. The vertical dot-dashed line in Fig. 6c indicates the X-ray energy of kaonic hydrogen Kα determined
based on electromagnetic interaction only.
The 1s-level shift "1s and width Γ1s of the kaonic hydrogen were determined to be
"1s = −283 ± 36(st at) ± 6(s yst) eV,

(1)

Γ1s = 541 ± 89(st at) ± 22(s yst) eV.

(2)

This is the most precise result obtained so far for the kaonic hydrogen atom. The negative
sign of 1s level shift ("1s ) implies a repulsive-type strong interaction which is in agreement
with the low-energy scattering data [38–40].

3.4

Perspectives for kaonic deuterium measurements by SIDDHARTA-2

SIDDHARTA-2 is a new experiment, which has been installed on DAΦNE in Spring 2019, with
the aim to perform the first kaonic deuterium measurement with a precision similar to the SID039.7
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Figure 7: Schematic view of the SIDDHARTA-2 setup consisting mainly of the cryogenic target cell, surrounded by the SDDs arrays, kaon trigger, the Veto-2 system
within the vacuum chamber and the Veto-1 device placed outside the chamber.
DHARTA kaonic-hydrogen one. The kaonic deuterium measurement is a great experimental
challenge due to the very small kaonic deuterium X-ray yield (ten times less than for hydrogen)
and a very large width of the K-lines.
The exploratory measurement of the X-ray spectrum for kaonic deuterium was performed
by the SIDDHARTA collaboration (see Sec. 3.3), however the upper limit for the X-ray yield
of the K-lines could be extracted from the data: total yield < 0.0143 and Kα yield < 0.0039
[24].
The goal of the new apparatus, SIDDHARTA-2, is to increase significantly the signal-tobackground ratio, by gaining in solid angle, by taking advantage of a new type of SiliconDrift Detectors (SDDs) with excellent timing resolution and by using additional designed veto
systems. The SIDDHARTA-2 apparatus is schematically shown in Fig. 7. More details can be
found in [1, 34, 35].
In order to carry out a successful measurement of kaonic deuterium with SIDDHARTA-2,
three main parts of the detection setup have been developed and implemented:
• A new large area X-ray detector, consisting of monolithic silicon drift detectors SDDs,
with very good energy and time resolution, described in details in Sec. 3.2.2. An undoubtedly advantage of the new production technology is the possibility of placing the
detector systems around cryogenic target with high packing density to cover a solid angle
of almost 2π sr for kaons stopped in the target cell.
• Cryogenic lightweight gaseous target of cylindrical shape (14.5 cm diameter and 13 cm
high) with (140 ± 10) µm thick walls made of Kapton foils, working at temperature
of 30 K and a maximum pressure of 0.3 MPa, allowing to maintain high deuterium gas
density (3% of the liquid deuterium density) and an X-ray transmission of 85% at 7 keV.
• A dedicated veto system consisting of Veto-1 and Veto-2, namely a barrel of scintillator
counters read by photomultipliers (PMs) mounted around the setup and an inner veto
detector of plastic scintillation tiles (SciTiles) read by silicon photomultipliers (SiPMs)
installed as close as possible behind the SDDs, respectively. The aim of veto the system
is an improvement of a factor at least 40 of the signal-to-background ratio.
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Figure 8: Kaonic deuterium spectrum simulated for SIDDHARTA-2 setup for an integrated luminosity of 800 pb−1 . The simulation was carried out assuming a shift "1s =
−800 eV and width Γ1s = 750 eV of the 1s state, as well as a Kα yield of 10−3 .
A dedicated Monte Carlo simulation was performed (within GEANT4 framework) in order
to optimise experimental setup, e.g. parameters of target (size, gas density), detector configuration and shielding geometry. In the Monte Carlo simulation the values of shift and width
of the 1s ground level of kaonic deuterium were assumed to -800 eV and 750 eV, respectively,
as representative theoretical expected values. Yields ratios Kα : Kβ : K t ot al are those of kaonic
hydrogen, while Kα yield was assumed to 10−3 .
Fig. 8 shows the simulated kaonic deuterium spectrum for an integrated luminosity of 800
pb−1 for similar machine background conditions as during SIDDHARTA runs. According to the
simulation the extracted shift and width can be determined with precisions of the same order
as the SIDDHARTA results for kaonic hydrogen, namely 30 eV and 80 eV, respectively.
As step 1, in spring 2019, the SIDDHARTINO setup containing 8 SDDs units out of the 48
units for the complete SIDDHARTA-2 setup, was installed in the DAΦNE accelerator with the
aim to measure kaonic helium to quantify the background in the new DAΦNE configuration.
After the debug and optimization with the SIDDHARTINO setup, in 2020 the kaonic deuterium
measurement will follow with the full SIDDHARTA-2 setup.

4

Conclusion

The measurement of the lightest kaonic atoms, kaonic hydrogen and kaonic deuterium, is crucial for extracting the antikaon-nucleon isospin-dependent scattering lengths, key ingredients
for all models and fundamental theories dealing with the low-energy quantum chromodynamics in systems with strangeness. A better understanding of the low-energy QCD in strangeness
sector, would allow to unveil one of the most important, yet unsolved, problem in hadron
physics: the chiral symmetry breaking giving mass to the surrounding matter. It may also
impact on models describing the structure of neutron stars (EOS) taking into account their
possible strangeness content.
Experimental investigation of kaonic atoms is, however, very challenging mainly due to the
necessity of detection of a weak signal over a large background. The kaonic deuterium X-ray
measurement represents the most important experimental information missing in the field of
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the low-energy antikaon nucleon interactions.The experimental result of SIDDHARTA-2, based
on newly developed high-precision X-ray detectors and lightweight cryogenic target system will
allow to constraint existing theories and will focus physics on the low-energy antikaon-neutron
interaction, which is still an open issue.
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Abstract
The kaonic cluster ppK − is described by isospin-dependent N K̄ potentials with significant
difference between singlet and triplet components. The quasi-bound state energy of the
system is calculated based on the configuration space Faddeev equations within isospin
and averaged potential models. The isospin averaging of N K̄ potentials is used to simplify the isospin model to isospinless one. We show that three-body bound state energy
E3 has a lower bound within the isospin formalism due to relation |E3 (VN N = 0)| < 2 |E2 |,
where E2 is the binding energy of isospin singlet state of the N K̄ subsystem. The averaged
potential model demonstrates opposite relation between |E2 | and |E3 (VN N = 0)|.
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Introduction

The quasi-bound states in the kaonic cluster N N K̄(sN N = 0) defined by the spin sN N of nucleon
pair are intensively debated during the last years. The theoretical predictions for the binding
energy are in significant disagreement with the values derived from existing experimental
data [1]. The properties of the kaonic cluster are defined by N K̄ interaction, having significant
difference for the isospin singlet and triplet channels. The isospin singlet component of the
N K̄ potential generates a quasi-bound state corresponding to the Λ(1405) resonance below
the pK − threshold. The resonance has the double state nature due to the N K̄ quasi-bound state
and πΣ resonance [2]. There are two potential models for the N K̄ quasi-bound state which are
used for three-body calculations. The first one is the AY model based on the Akaishi-Yamazaki
(AY) N K̄ potential with taking into account the πΣ coupling effectively has been proposed in
Ref. [2]. This effective N K̄ interactions have a strong attraction in the singlet I = 0 channel
and a weak attraction in the triplet I = 1 channel. The binding energy of ppK − obtained within
this isospin model is |EN N K̄ |=48 MeV [2]. The two-body threshold is close to the bound state
energy of Λ(1405) as K − p bound pair (about 30 MeV). Similar results have been obtained
within similar phenomenological models [3, 4] taking into account the πΣ coupling directly.
This value is much smaller than the experimentally motivated value of about 100 MeV for the
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ppK − deeply bound state [5–7]. The second model proposed for the N K̄ interaction (see HW
potential in Ref. [8]) is the chiral model. This model reduces the isospin singlet component
of N K̄ potential due to the strong coupling N K̄ and πΣ channels. The value about 20 MeV
for |EN N K̄ | was obtained with the two-body threshold about 11 MeV. Discussion about the
experimental background and theoretical interpretations can be found in Ref. [1, 9].
In the present work, we show, that within isospin model for N N K̄(sN N = 0) based on the
phenomenological potentials, the value of binding energy about 100 MeV cannot be reached
due to a relation between E2 and E3 (VN N = 0). Where, E2 is two-body bound state energy
and E3 (VN N = 0) is the energy of bound three-body system, when the interaction between the
identical particles is omitted. The relation is a result of isospin splitting of N K̄ potential and
strong binding in the N K̄ singlet I = 0 channel.
The relation between E2 and E3 (VAA = 0) has been previously found for bosonic isospinless
AAB systems [11]. For the systems, the contribution of the mass polarization term to the threebody energy leads to the relation |E3 (VAA = 0)| > |2E2 |.
The ”isospinless model” for the kaonic clusters based on the isospin averaged N K̄ potential
have been proposed in Refs. [10, 11]. In Ref. [12], such averaging defined as "V-averaging"
is related to isospin averaged N K̄ potential: VNavK̄ = 34 VNI=0
+ 14 VNI=1
. Another type of the
K̄
K̄
averaging called in Ref. [12] as "t-averaging" is applied for two-body t-matrix within the impulse representation for treatment of the system. These two types of averaging were proposed
for simplification of isospin models describing three and four -body kaonic clusters. The taveraging was previously used in Refs. [13–15] for N N K̄ calculations when sN N = 1 and
sN N = 0. The N K̄ interaction amplitude was presented by isospin decomposition of two-body
isospin singlet and triplet amplitudes: f N K̄ = 43 f NI=0
+ 41 f NI=1
. The decomposition is different
K̄
K̄
for sN N = 0 and sN N = 1 spin states of N N K̄ system. Based on this difference, the authors of
Refs. [13–15] obtain approximate evaluation for strength of the N K̄ interaction in the ppK −
and d K − systems.
We apply the V-averaging to obtain an isospinless model for N N K̄(sN N = 0) system. The
goal is to compare the isospin and the isospinless model to show the effect of isospin spliting
of the N K̄ interaction. The result of such comparison is the different relations between E2 and
E3 (VN N = 0) satisfying for both types of the N K̄ potential (AY and sHW). Our study is based on
the Faddeev equations in configuration space [16]. The Faddeev equations allow to separate
components of the total wave function corresponding to the different particle rearrangements.

2
2.1

Formalism
Faddeev equation for AAB system

The kaonic cluster ppK − are represented by the three-body AAB system with two identical
particles. The total wave function of the AAB system is decomposed into the sum of the Faddeev components U and W corresponding to the (AA)B and A(AB) types of rearrangements:
Ψ = U + W ± PW , where P is the permutation operator for two identical particles. In the
expression for Ψ, the sign ”+” corresponds to two identical bosons, while the sign ”−” corresponds to two identical fermions, respectively. Each component is expressed by corresponding
Jacobi coordinates. For a three-body system with two identical particles the set of the Faddeev
equations is presented by two equations for the components U and W [10, 11, 17]:
(H0 + VAA − E)U = −VAA(W ± PW ),
(H0 + VAB − E)W = −VAB (U ± PW ),

(1)

where again the signs ”+” and ”−” correspond to two identical bosons and fermions, respectively and H0 is the kinetic energy operator presented in the Jacobi coordinates for correspond040.2
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ing rearrangement. The wave function of the system AAB is symmetrized with respect to two
identical bosons, while it is antisymmetrized with respect to two identical fermions.
In the presented work, we consider the s-wave approach for the AAB systems. For bosonic
system, we have the Faddeev equations (1) in the form with the sign ”+”. When VAA = 0, one
obtains a single equation: (H0 + VAB − E)W = −VAB PW. Here, we assume that the VAB potential
generates a deep bound state with energy E2 . The term of right hand side of the equation is
the exchange term. This term adds negative energy to the two-body energy E2 defined by
left hand side of the equation and the three-body energy becomes less than E2 : E = E3 < E2
(the mass polarization effect). The strength and range parameters of the AB potential and
mass ratio mB /mA have importance here. The evaluations for the mass polarization term for
different systems one can find in Ref. [11].

2.2

Isospin formalism for kaonic system

The N N K̄ system is a system with two identical particles described by Eq. (1). The separation
of spin-isospin variables leads to the following form of the Faddeev equations:
(H0 + VN N − E)U = −VN N D(1 + p)W ,
(H0 + VN K̄ − E)W = −VN K̄ (D T U + G pW ),

(2)

where W is a column matrix with the isospin singlet and triplet coordinate dependent parts
of the Faddeev component W . The component U is presented by isospin triplet part of U
corresponding to the spin singlet state of N N pair. The matrixes have the following form:
p 



p
1
3
s
3 1
W
2
p2
D = (−
, − ), G =
, W=
, U = U t.
(3)
t
1
3
W
2
2
−2
2
The superscripts s and t in (3) denote the singlet and triplet isospin parts of the components
U and W . In Eq. (2), VN N = vNt N is isopsin triplet N N potential in the singlet spin state and
VN K̄ = d ia g{vNs K̄ , vNt K̄ }, and the exchange operator p acts on the particles’ coordinates only.
For calculations, we use the s-wave Akaishi-Yamazaki [2] and the simulating Hyodo-Weise
(sHW) effective potentials [18] of N K̄ interactions, which are energy independent and include
the coupled-channel dynamics into a single channel N K̄ interaction. Below, we show that the
relation
|E3 (VN N = 0)| < 2|E2 |
(4)
takes place for the kaonic cluster ppK − . Here, it is assumed that the interaction between two
identical particles is omitted, VN N = 0 and the |E3 (VN N = 0)| is binding energy of the threebody system. The relation (4) can be explained by strong attraction of the isospin singlet N K̄
potential having a deep bound state with the binding energy E2 .

2.3

Reduction to isospinless model: averaged potential

In this section, we define the effective potential obtained by averaging of the initial potential
over isospin variables. This averaging produces the "isospinless" (or "bosonic") model for the
kaonic clusters.
The isospin averaged potential VK̄avN is defined as:
VK̄avN =

3 s
1
vN K̄ + vNt K̄ .
4
4

(5)

Here, we use the isospin singlet and triplet components vNs K̄ and vNt K̄ of the AY N K̄ potential.
This potential has a moderate attraction in comparison with the strong attraction in the I = 0
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channel. The two-body threshold is changed to lower one and is not related to the pK − bound
state as Λ(1405).
Eq. (2) is reduced to the scalar form by an algebraic transformation. Taking into account
f = DW , V av = DVN K̄ D T and DD T = 1, DVN K̄ G D T = V av one obtains
that W
N K̄
N K̄
f,
(H0U + VN N − E)U = −VN N (1 + p)W
W
av
av
f = −V (U + pW
f).
(H0 + VN K̄ − E)W
N K̄

(6)

Thus, the isospin averaging of N K̄ potential is defined as VNavK̄ = DVN K̄ D T .
One can evaluate the mass polarization in the three-body system described by Eq. (6) using
the definition: ∆ = 2E2av − E3av (VN N = 0). Here, E2av is N K̄ two-body binding energy obtained
with the averaged potential and E3av (VN N = 0) is the three-body binding energy calculated by
Eq. (6) when the N N interaction is omitted. The value of ∆ is positive [11].

3

Numerical results

The results of the calculations for the N N K̄ ground state energy are presented in Table 1. For
the both potentials AY and sHW, the relation 2E2 − E3 (VN N = 0) < 0 is satisfied. The threebody binding energy |E3 | is larger than the value |E3 (VN N = 0)| due to the contribution of
weak attractive VN N potential. Obtained results are comparable with the results of calculations
performed within different approaches. For example, calculated values |E3 | reported in Ref. [4]
are 47–54 MeV for the phenomenological K̄ N potentials that does not exceed the value of
60 MeV.
Table 1: Ground state energies E3 of the N N K̄ system with the AY and sHW potentials
for the N K̄ interactions and the MT I-III potential [19] for the N N interaction. The
results for the case VN N = 0 are given in parenthesis. The difference δ of the twobody 2E2 and three-body E3 energies, δ = 2E2 − E3 , is presented. The energies are
given in MeV.
Potentials
MT I-III, AY
MT I-III, sHW

E2

E3

δ

-30.30
-11.16

-46.0 (-42.9)
-21.0 (-17.1)

-14.6 (-17.6)
-1.3 (-5.2)

We calculated the difference δ of the two-body E2 and three-body E3 energies related to
Eq. (4) as δ = 2E2 − E3 to evaluate the relation (4) for different N K̄ potentials. For both
models (AY and sHW), the relation is satisfied.
We illustrate the existence of the lower bounds for the ground state energy of the N N K̄
system in Fig. 1 and 2 using the AY, sHW and averaged (av) potentials for N K̄ interaction.
The energies E2 , 2E2 and E3 are shown as functions of the scaling factor α which controls the
strength of interaction between non-identical particles: VN K̄ → αVN K̄ . The case, when the AA
potential acting between identical particles is neglected, VN N = 0, is presented in Fig. 1. One
can see that the relation (4) is well satisfied for both models with the AY and sHW potentials.
The isospinless model with averaged (av) potential demonstrates opposite relation. When
0.9< α <1.1, the mass polarization term depends weakly on strength of the N K̄ potential and
2E2av − E3av (VN N = 0) ≈ const.
The situation is slightly altered when the N N interaction is included in the calculations as
is shown in Fig. 2. The attractive N N interaction affects the E3 and the corresponding curves
040.4
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Figure 1: N N K̄(VN N = 0) system: the energies E2 (dashed line), 2E2 (dot-dashed
line) and E3 (solid line) are shown as functions of the scaling factor α, VN K̄ → αVN K̄ ,
a) for AY andAY averaged (av) N K̄ potentials, b) for sHW and sHW averaged (av)
N K̄ potentials. The N N potential acting between nucleons is neglected, VN N = 0.
become lower comparing with Fig. 1. The relation (4) is well satisfied for the large values
of the two-body ground state energy, |E2 | > 10 MeV. In the sector of weak AB potential, the
opposite relation |E3 (VN N = 0)| > 2|E2 | is satisfied.
Note here that for the model with the averaged (av) potential, the E3av becomes to closer
to 2E2av in the sector of large strength of N K̄ potential. It can be explained by the core effect of
the N N potential which only appears for the isospinless model. The repulsion of the core plays
a role when three-body system is very compact. It is will seen for the strong AY interaction in
Fig. 2a).

Figure 2: N N K̄ system: the energies E2 (dashed line), 2E2 (dot-dashed line) and E3
(solid line) are shown as functions of the scaling factor α, VN K̄ → αVN K̄ , a) for AY and
AY averaged (av) K̄ N potentials, b) for sHW and sHW averaged (av) K̄ N potentials.
The energy E3av of the averaged potential model is larger always to calculated in the isospin
model. This could be expected due to higher position of two-body threshold E2av of the averaged potential model.
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4

Conclusions

The kaonic cluster N N K̄(sN N = 0) was described within isospin formalism using the Faddeev
equations in coordinate space. We have obtained upper bound for the binding energy of quasibound state, |E3 |, which can be reached by using this phenomenological isospin-dependent potentials. The relation |E3 (VN N = 0)| < |2E2 | takes a place for the kaonic system. In particular,
the calculation gives |E3 (VN N = 0)| ≈43 MeV for AY N K̄ potential. The |E3 | has to be slightly
larger (|E3 |=46 MeV) than |E3 (VN N = 0)|, due to the weak attractive contribution of the N N
potential. The value of E3 is smaller than |2E2 | ∼60 MeV (the bound) and is significantly
smaller than the ”experimentally motivated value” about 100 MeV.
We have compared the isospin and averaged models to show the effect of the averaging (or
termination of isospin splitting). The energies calculated for the averaged N K̄ potential model
satisfy the opposite relation: E3av (VN N = 0) > 2 E2av . The averaged potential reduces the
two-body threshold |E2 | to a smaller value and three-body binding energy |E3av | is significantly
smaller comparing to one calculated within the isospin model.
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Introduction

Attractive nature of K̄ N integration lead to suggestions, that quasi-bound states can exist in
few-body systems consisting of antikaons and nucleons [1]. In particular, a deep and relatively
narrow quasi-bound state was predicted in the lightest three-body K̄ N N system [2]. Many
theoretical calculations of the system were performed after that using different methods and
inputs, see e.g. [3]. All of them agree, that the quasi-bound state really exists in spin-zero state
of K̄ N N , usually denoted as K − pp, but predict quite different binding energies and widths of
the state.
In recent years we performed a series of calculations of different properties and states of
the three-body K̄ N N and K̄ K̄ N systems [3], using dynamically exact Faddeev-type equations
in AGS form with coupled K̄ N N and πΣN channels. In particular, we predicted K − pp quasibound state binding energy and width using three different models of K̄ N interaction. The
same was done for the K̄ K̄ N system. We also demonstrated, that there is no quasi-bound
states, caused by pure strong interactions, in another spin state of K̄ N N system, which is K − d.
In addition, we calculated the near-threshold amplitudes of K − elastic scattering on deuteron.
Finally, we evaluated 1s level shift in kaonic deuterium, which is an atomic state, caused by
presence of the strong K̄ N interaction in comparison to the pure Coulomb state.
The next step is study of a four-body K̄ N N N system. Some calculations were already performed for it [1, 4, 5], but more accurate calculations are needed. We use four-body Faddeevtype equations in AGS form [6]. Only these dynamically exact equations in momentum representation can treat energy-dependent K̄ N potentials, necessary for the this system, exactly.
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Four-body Faddeev-type AGS equations for the K̄ N N N system

Description of the four-body Faddeev-type equations in AGS form [6] should start from the
three-body AGS equations [7] since the three-body transition operators, being solution of the
three-body equations, enter the four-body ones together with two-body T -matrices. If separable potentials of the form Vα = λα |gα 〉〈gα | are used, the three-body transitions operators
satisfy the three-body Faddeev-type equations in AGS form [7]:
X αβ (z) = Zαβ (z) +

3
X

Zαγ (z)τγ (z)X γβ (z),

(1)

γ=1

with transition X αβ and kernel Zαβ operators are defined as
X αβ (z) = 〈gα |G0 (z)Uαβ (z)G0 (z)|gβ 〉,

(2)

Zαβ (z) = (1 − δαβ )〈gα |G0 (z)|gβ 〉.

(3)

Operator Uαβ (z) in Eq.(2) is a three-body transition operator of the general form, which describes process β + (αγ) → α + (βγ), while G0 (z) in Eqs.(2,3) is the three-body free Green
function. Faddeev partition indices α, β = 1, 2, 3 simultaneously define a particle (α) and the
remained pair (βγ). The operator τα (z) in Eq.(1) is an energy-dependent part of a separable
two-body T -matrix Tα (z) = |gα 〉τα (z)〈gα |, corresponding to the separable potential describing
interaction in the (βγ) pair; |gα 〉 is a form-factor.
The four-body Faddeev-type AGS equations [6], written for separable potentials, have a
form
X
−1
τρ
σρ
τ
(z)(G¯0 )γδ (z)Ūδβ (z),
(4)
Ūαβ (z) = (1 − δσρ )(G¯0 )αβ (z) +
(1 − δστ ) T̄αγ
τ,γ,δ
σρ
σρ
Ūαβ (z) = 〈gα |G0 (z)Uαβ (z)G0 (z)|gβ 〉,
τ
τ
T̄αβ
(z) = 〈gα |G0 (z)Uαβ
(z)G0 (z)|gβ 〉,

(5)
(6)

(G¯0 )αβ (z) = δαβ τα (z).
σρ

(7)
σρ

τ
τ
Here operators Ūαβ and T̄αβ
contain four-body Uαβ (z) and three-body Uαβ
(z) transition operators of the general form, correspondingly. The lower indices α, β in Eqs.(4,5,6) similarly
to the case of the three-body equations (1,2,3) define two-body subsystems of the full system.
The upper indices τ, σ, ρ define a partition of the four-body system which can be of 3 + 1 or
2 + 2 type. In particular, there are two partitions of 3 + 1 type: |K̄ + (N N N )〉, |N + (K̄ N N )〉, and one of the 2 + 2 type: |(K̄ N ) + (N N )〉, - for the K̄ N N N system. The free Green function
G0 (z) acts in four-body space.
The four-body system of AGS equations Eq.(4) look similar to the three-body AGS system
with arbitrary potentials. If we, as suggested in [8], represent the ”effective three-body potenτ
τ
tials” T̄αβ
(z) in Eq. (4) in a separable form T̄αβ
(z) = |ḡατ 〉τ̄ταβ (z)〈ḡατ |, the four-body equations
can be rewritten as [8]
X
σρ
σρ
τρ
στ
X̄ αβ (z) = Z̄αβ (z) +
Z̄αγ
(z)τ̄τγδ (z)X̄ δβ (z),
(8)
τ,γ,δ

with new four-body transition X̄ σρ and kernel Z̄ σρ operators
σρ

σρ

ρ

X̄ αβ (z) = 〈ḡασ |G¯0 (z)αα Ūαβ (z)G¯0 (z)ββ |ḡβ 〉,
σρ
Z̄αβ (z)

=

ρ
(1 − δσρ )〈ḡασ |G¯0 (z)αβ |ḡβ 〉.
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Necessary for the K̄ N N N calculations K̄ N and N N potentials, which we use, are separable
ones by construction. Therefore, we need to construct separable versions of three-body and
2+2 amplitudes only, entering the equations (8). We use Energy Dependent Pole Expansion/
Approximation (EDPE/ EDPA) method, suggested in [9] specially for the four-body AGS equations.
Three-body Faddeev-type AGS equations written in momentum basis for s-wave interactions have a form:
Z∞
3
X
X αβ (p, p0 ; z) = Zαβ (p, p0 ; z) +

Zαγ (p, p00 ; z) τγ (p00 ; z) X γβ (p00 , p0 ; z)p002 d p00 , (11)

4π

γ=1

0

were p, p0 and z are three-body momenta and energy. Eigenvalues λn and eigenfunctions
g nα (p; z) of the system Eq.(11) can be evaluated from the system of equations
Z∞
3
1 X
g nα (p; z) =
4π
Zαγ (p, p0 ; z) τγ (p0 ; z) g nγ (p0 ; z)p02 d p0 ,
λn γ=1
0
with normalization condition
Z∞
3
X
4π

γ=1

g nγ (p0 ; z) τγ (p0 ; z) g n0 γ (p0 ; z)p02 d p0 = −δnn0 .

(12)

(13)

0

EDPE/EDPA method needs solution of the eigenequations Eq.(12) for a fixed energy z,
which usually is chosen to be the binding energy z = EB . After that energy dependent formfactors
Z∞
3
1 X
4π
g nα (p; z) =
Zαγ (p, p0 ; z) τγ (p0 ; EB ) g nγ (p0 ; EB )p02 d p0
(14)
λn γ=1
0
and propagators
(Θ(z))−1
mn

=

3
X

Z

g mγ (p0 ; z) τγ (p0 ; EB ) g nγ (p0 ; EB )p02 d p0

4π

γ=1

−

∞

3
X
γ=1

(15)

0

Z

∞

g mγ (p0 ; z) τγ (p0 ; z) g nγ (p0 ; z)p02 d p0

4π
0

can be calculated. Finally, the separable version of a three-body amplitude has a form
X αβ (p, p0 ; z) =

∞
X

g mα (p; z) Θmn (z) g nβ (p0 ; z).

(16)

m,n=1

If only one term is taken in the sums in Eq.(16), the Energy Dependent Pole Expansion turns
into Energy Dependent Pole Approximation. It is seen, that in contrast to Hilbert-Schmidt
expansion, EDPE method needs only one solution of the eigenvalue equations Eq.(12) and
calculations of the integrals Eqs.(14,15) after that. According to the authors, the method
is accurate already with one term (i.e. EDPA), and it converges faster than Hilbert-Schmidt
expansion.
In order to find the quasi-bound state energy the homogeneous system of equations Eq.(8)
has to be solved. We started by writing down the system Eq.(8) for 18 channels σα with α =
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N N or K̄ N , considering three nucleons as nonindentical particles:
1N N : |K̄ + (N1 + N2 N3 )〉, |K̄ + (N2 + N3 N1 )〉, |K̄ + (N3 + N1 N2 )〉,
2N N : |N1 + (K̄ + N2 N3 )〉, |N2 + (K̄ + N3 N1 )〉, |N3 + (K̄ + N1 N2 )〉,
2K̄ N : |N1 + (N2 + K̄ N3 )〉, |N2 + (N3 + K̄ N1 )〉, |N3 + (N1 + K̄ N2 )〉,

(17)

|N1 + (N3 + K̄ N2 )〉, |N2 + (N1 + K̄ N3 )〉, |N3 + (N2 + K̄ N1 )〉,
3N N : |(N2 N3 ) + (K̄ + N1 )〉, |(N3 N1 ) + (K̄ + N2 )〉, |(N1 N2 ) + (K̄ + N3 )〉,
3K̄ N : |(K̄ N1 ) + (N2 + N3 )〉, |(K̄ N2 ) + (N3 + N1 )〉, |(K̄ N3 ) + (N1 + N2 )〉.
After antisymmetrization, necessary for a system with identical fermions, the system of equations to be solved can be written in a matrix form:
X̂ = Ẑ τ̂ X̂ .

(18)

Our K̄ N and N N potentials, which we use for the K̄ N N N system calculations, are isospinand spin-dependent ones. In addition, our N N interaction model is a two-term potential.
At the first step only one separable term was used for the three-body K̄ N N , N N N and 2+2
K̄ N + N N amplitudes in Eq. (16) (EDPA). Keeping all this in mind, matrices Ẑ and τ̂, entering
the antisymmetrized equations Eq.(18) are matrices 18x18 containing the kernel operators
σρ
ρ
Z̄α and τ̄αβ , correspondingly.

3
3.1

Two-body potentials, 3 + 1 and 2 + 2 partitions
Two-body potentials

Both K̄ N and N N potentials are separable isospin- and spin-dependent ones in s-wave. We
use three our separable antikaon-nucleon potentials constructed for our three-body calculations of the K̄ N N and K̄ K̄ N systems. They are: two phenomenological potentials with coupled
K̄ N −πΣ channels, having one- or two-pole structure of the Λ(1405) resonance [12] and a chirally motivated model with coupled K̄ N − πΣ − πΛ channels and two-pole structure [13]. All
three potentials describe low-energy K − p scattering, namely: elastic K − p → K − p and inelastic K − p → M B cross-sections and threshold branching ratios γ, R c , R n . They also reproduce
1s level shift of kaonic hydrogen caused by the strong K̄ N interaction in comparison to the
DD
pure Coulomb level, measured by SIDDHARTA experiment [10]: ∆SI
= −283 ± 36 ± 6 eV,
1s
S I DD
Γ1s
= 541 ± 89 ± 22 eV. All the experimental data are described by three our potentials with
equally high accuracy. In addition, elastic πΣ cross-sections with isospin IπΣ provided by all
three potentials have a bump in a region of the Λ(1405) resonance (according to PDG [11]:
P DG
P DG
MΛ(1405)
= 1405.1+1.3
−1.0 MeV, ΓΛ(1405) = 50.5±2.0 MeV). The poles corresponding to the Λ(1405)
resonance are situated at
SIDD1
zΛ(1405)−1
= 1426 − i 48 MeV
SIDD2
zΛ(1405)−1
= 1414 − i 58 MeV,

(19)
SIDD2
zΛ(1405)−2
= 1386 − i 104 MeV

(20)

for the phenomenological potentials with one- and two-pole structure, correspondingly [13],
and at
Chiral
Chiral
zΛ(1405)−1
= 1417 − i 33 MeV, zΛ(1405)−2
= 1406 − i 89 MeV
(21)
for the chirally motivated potential [14].
The three antikaon-nucleon potentials with coupled K̄ N −πΣ channels were used in threebody AGS equations with coupled K̄ N N − πΣN three-body channels. By this the channel
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coupling was taken into account in a direct way. The four-body AGS equations, which we
solve, are too complicated to do the same. Due to this we use the exact optical versions of
our K̄ N potentials. They have exactly the same elastic part of the potential as the potential
with coupled channels, while all in-elasticity is taken into account in an energy-dependent
imaginary part of the potential. It was demonstrated in our three-body calculations, that such
potentials give very accurate results in comparison with the results obtained with the coupledchannel potentials, see below. Due to this we assume that it is a good approximation for the
four-body calculations as well.
We constructed a new version of the two-term separable N N potential. It reproduces
Argonne v18 N N phase shifts at low energies up to 500 MeV with change of sign, which means
it is repulsive at short distances. It provides the following singlet and triplet N N scattering
lengths: as = 16.32 fm, a t = −5.40 fm, and give the deuteron binding energy Edeu = 2.225
MeV.
No three-body potentials were used since the four-body Faddeev-type equations are too
complicated in their original form with "normal" pair potentials already.

3.2 3 + 1 and 2 + 2 partitions
We are studying the K̄ N N N system with the lowest value of the four-body isospin I (4) = 0,
which can be denoted as K − ppn. Its total spin S (4) is equal to one half, while the orbital
momentum is zero, since all two-body interactions are chosen to be s-wave ones. For the
K̄ N N N system with these quantum numbers the following three-body subsystems contribute:
• K̄ N N with isospin I (3) = 1/2 and spin S (3) = 0 (K − pp) or spin S (3) = 1 (K − d).
• N N N with isospin I (3) = 1/2 and spin S (3) = 1/2 (3 H or 3 He).
The three-body K̄ N N system with different quantum numbers was studied in our previous
works, in particular, quasi-bound state pole positions in the K − pp system (K̄ N N with isospin
I (3) = 1/2 and spin S (3) = 0) were calculated in [14]. The pole positions calculated with
coupled K̄ N N and πΣN channels and K̄ N − πΣ potentials are:
= −53.3 − i 32.4 MeV,
zKSIDD1
− pp

(22)

zKSIDD2
= −47.4 − i 24.9 MeV,
− pp

(23)

zKChiral
= −32.2 − i 24.3 MeV,
− pp

(24)

while one-channel calculation of the K̄ N N system using exact optical K̄ N (−πΣ) potentials
give slightly different results:
zKSIDD1
− pp,Opt

= −54.2 − i 30.5 MeV,

(25)

zKSIDD2
− pp,Opt
Chiral
zK − pp,Opt

= −47.4 − i 23.0 MeV,

(26)

= −32.9 − i 24.4 MeV.

(27)

Comparison of the exact results Eqs.(22–24) and the approximated ones Eqs.(25–27) demonstrates that using of the exact optical K̄ N (−πΣ) potentials instead of the coupled-channel
K̄ N − πΣ ones is quite accurate approximation.
No quasi-bound states caused by pure strong interactions were found in the K − d system
(K̄ N N with isospin I (3) = 1/2 and spin S (3) = 1). The codes for numerical solution of the
three-body AGS equations for the K̄ N N systems were modified to construct separable versions
of the three-body amplitudes, as described before.
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The three-body AGS equations Eq.(1) were written and numerically solved for the threenucleon system N N N with our new two-term N N potential as an input. The calculated binding
energy was found to be 9.95 MeV for both 3 H and 3 He nuclei since Coulomb interaction was not
taken into account. The numerical code was afterwards changed for construction of separable
version of the N N N subsystem.
Finally, the partition of the 2 + 2 type K̄ N + N N is a system with two non-interacting pairs
of particles. It was described by special three-body system of AGS equations, and its separable
version was constructed in similar way as in K̄ N N and N N N three-body subsystems.

4

Preliminary results and conclusion

As the first step we solved the four-body AGS equations for the K − ppn system, using only one
separable term in Eq.(16), which is EDPA method. We used the exact optical versions of two
our phenomenological K̄ N potentials with one- and two-pole structure of the Λ(1405) resonance (our chirally motivated model of the antikaon-nucleon interaction has isospin-dependent form-factors, so that some changes in the four-body program code are necessary). Very
preliminary results for the pole position of the quasi-bound state in the K − ppn are:
= −75 − i 14 MeV
zKSIDD1
− ppn,P r elim

(28)

zKSIDD2
= −71 − i 8 MeV.
− ppn,P r elim

(29)

As in the case of the K − pp system, the quasi-bound state calculated using one-pole phenomenological K̄ N potential (SIDD1) is deeper then that one calculated with the two-pole VK̄ N , and
it has larger width. The results differ from those shown at the conference since some bugs
were found in the program code after the talk.
To conclude, the four-body Faddeev-type AGS equations for search of the quasi-bound
state in the K̄ N N N system were written down. The code for numerical four-body calculations
was written, preliminary results for the pole positions were obtained. Tests and checks of the
program code are still in progress.
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Theoretical background

Our departure point in describing electromagnetic (EM) interactions with nuclei (in general,
bound systems of charged particles) is to rely upon the Fock-Weyl criterion and the generalization of the Siegert theorem (see [1] for details and [2, 3], where this approach is compared
to that by Friar and Fallieros [4, 5]).
The properties of gauge invariance for a quantum-mechanical system that interacts with
an EM field can be formulated by considering the Schrödinger equation

∂Ψ
= H t ot al Aµ Ψ
∂t

(1)

Aµ (x, t) → A0µ (x, t) = Aµ (x, t) + ∂µ G(x, t)

(2)

ı
and the gradient displacement

of the EM potential Aµ (x, t) = (A0 (x, t), A(x, t)) at the space-time point x = (x, t) with an
arbitrary function G(x). The theory is gauge invariant if there exists a unitary transformation
Ψ → Ψ 0 = UΨ after Fock such that Eq. (1) remains unchanged in its form viz.,
ı

¦ ©
¦ ©

∂U †
∂ Ψ0
= H t ot al A0µ Ψ 0 → H t ot al A0µ = U H t ot al Aµ U † + ı
U .
∂t
∂t
042.1
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In the first order in charge e it gives the continuity equation (CE) for the current operator
J µ (x) = (ρ(x), J(x)):
ıdiv J(x) = [H, ρ(x)] → [P, J(0)] = [H, ρ(0)] ,
(4)

where H is the nuclear part of H t ot al Aµ and we take into account the property of translational invariance
exp(−ıP · a)J(x) exp(ıP · a) = J(x + a) ,
(5)
with arbitrary displacement a, P is the total momentum operator for the nucleus (bound system).
According to refs. [2, 3], the amplitude of the reaction A + B → A0 + B 0 + γ for the photon
emission with energy Eγ , momentum kγ and polarization " µ = (" 0 , ")

−1/2
Ti f = 2(2π)3 Eγ
Pi − kγ ; f " µ Ĵµ (0) Pi ; i

(6)

can be expressed through electric E(kγ ) and magnetic H(kγ ) field strengths

−1/2

E(kγ ) = i 2(2π)3 Eγ
Eγ "(kγ ) − kγ "0 (kγ ) ,


−1/2
H(kγ ) = i 2(2π)3 Eγ
kγ × "(kγ ), (7)

and matrix elements Di f (kγ ) and Mi f (kγ ) of the so-called generalized electric and magnetic
dipole moments of nucleus (bound system)
Ti f = E(kγ )Di f (kγ ) + H(kγ )Mi f (kγ ).

(8)

These formulae were derived without separation of the center-of-mass (CM) motion, and
thus they can be used in relativistic nuclear models (see, e.g., [6]).

2

Nonrelativistic consideration

We will confine ourselves to nonrelativistic approach in which the nuclear Hamiltonian
H=

P2
+ H int ≡ KC M + H int
2M

(9)

is divided into the kinetic energy operator KC M of the center-of-mass (CM) motion, where M
is the total mass of nuclear system and the intrinsic Hamiltonian H int depends on internal
variables of interacting nucleons. For a nonrelativistic system the amplitude (8) is given by
(details in [3]):
Ti f = 〈 f |Tint |i〉, Tint = E(kγ )D(kγ ) + H(kγ )M(kγ ),
(10)
1
D(kγ ) =
Eγ

Z1

Pi − λkγ R[H, ρ(0)] |Pi ) dλ, M(kγ ) = −

0

Z1

Pi − λkγ R × J(0) |Pi ) λdλ.

0

In this context let us recall that the H eigenstates can be factorized as |Pi ; i〉 = |Pi )|i〉
|Pi − kγ ; f 〉 = |Pi − kγ )| f 〉,where the bracket |) is used to represent a vector in the space of the
CM coordinate R so P̂|P) = P|P) and |〉 a vector in the internal space, so H int |i( f )〉 = Ei(intf ) |i( f )〉.
Further, with help of the relation [H, R] = −iP/M we find
1
(2π)3 D(kγ ) =
Eγ

Z1
dλ







Dint λkγ , H int +λ

kγ · 2Pi − λkγ

0

042.2

2M



 Pi − λkγ

Dint λkγ +i
ρint λkγ ,
M
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ρint (λkγ ) = (2π)3 Pi − λkγ ρ(0) |Pi ) ,
Dint (λkγ ) = −(2π)3 Pi − λkγ Rρ(0) |Pi ) =

i
∇k ρint (λkγ ).
λ γ

For the one-body charge-density operator:
X
ρ [1] (x) =
ρα (x), ρα (x) = ρ p (x − rα )π p (α) + ρn (x − rα )πn (α) ,

(11)

α

we get the Fourier transforms for
the charge density ρint (kγ ) =

Z

1

dλ
0

8
X

f ich (q) exp (−iq(ri − R))|q=λkγ

i=1

the electric dipole moment Dint (kγ ) = i∇q
the magnetic moment Mint (kγ ) =

Z

1

dλ

8
X

f ich (q) exp (−iq(ri − R))|q=λkγ

0
i=1
spin
[2]
or b
Mint (kγ ) + Mint (kγ ) + Mint (kγ ) ,

where fαN (q) is the nucleon form factor (FF).

3

Model calculations in a simple cluster picture

Now, we will consider the following reaction α + α → α + α + γ with the internal Hamiltonian
H int = H1int + H2int +

(P1 − P2 )2
+ V,
16m

(12)

int
where P1 , P2 - the total momentum operators, m - nucleon mass and H1,2
the exact "microscopic" Hamiltonians

int
H1,2

≡ H1,2 −

P21,2
8m

, H1,2 =

X p2
i
i∈α1,2

2m

+

X

V (i, k),

(13)

i<k i,k∈α1,2

P
of the colliding alpha particles and the interaction V between them, V = i∈α1 ,k∈α2 V (i, k).
An essential simplification of subsequent calculations is achieved via 1) replacing the exact
interaction V in H int by an effective one Ve f f (α1 , α2 ) which depends on the cluster-cluster
relative coordinate r = R1 −R2 , where R1,2 the corresponding CM coordinates and 2) assuming
that the H int eigenvectors are approximated schematically to
|i〉 = Φα1 Φα2 χ (+) , | f 〉 = Φα01 Φα02 χ (−) ,
(±)

with the "distorted" waves χk


that describe the cluster-cluster scattering


k2
(±)
(±)
(±)
+ Ve f f (α1 , α2 ) |χk 〉 ≡ H r el |χk 〉 = E r el |χk 〉.
2µα

(14)

Moreover, we will deal with the 4 H e g.s.: Φα1 = Φα2 = Φα01 = Φα02 = Φα .
Here we will confine ourselves only to the first term in Eq.(8). Doing so we have in the
Coulomb gauge
1
"(kγ ) · m(kγ ),
(15)
Ti f = − Æ
2(2π)9 Eγ
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with
m(kγ ) = Eγ

Z 1
0




Pi
0
0
∇q +
FC H (q) I(k , k; q) + I(k , k; −q) dλ,
2mα Eγ

(16)

where FC H (q) is the charge FF of the alpha particle [7] and I(k0 , k; q) is the overlap integral
Z
(−) −i 12 qr (+)
|e
|χk 〉
k0

I(k0 , k; q) = 〈χ

=

1
(−)∗
(+)
(r)e−i 2 qr χk (r)
k0

drχ

,

(17)

with the stretched photon momentum q = λkγ .

4

The initial and final state interactions included

In many cases typical of the nuclear physics the distorted waves in Eq.(14) should be evaluated nonperturbatively. Therefore, we prefer to go on addressing the so-called two-potential
problem ( see, e.g., [8]). First, we separate out the point-like Coulomb interaction
V = VC + (V − VC ) ≡ VC + VC S , VC = 4e2 /r,

(18)

that allow us to use the following decomposition of the total resolvent
G(z) = (z − H)−1 , G(z) = GC (z) + GC (z)VC S G(z) ,

(19)

with the Coulomb resolvent GC (z) = (z − H C )−1 , H C = H0 + VC . Such a decomposition gives
(±)

(±)

(±)

(±)

|χk 〉 = ±i lim εG(Ek ± iε)|k〉 → |χk 〉 = |ψC k 〉 + GC (Ek ± i0)VC S |χk 〉,

(20)

ε→0+

(±)

with the Coulomb scattering wave function |ψC k 〉. Further, for the repulsive Coulomb potential we employ
GC (Ek ± i0) =

Z

(±)

(±)

|ψC p 〉dp〈ψC p |
Ek ± i0 − E p

which leads to

(±)

→

(+)
χk (r)

=

(+)
ψC k (r) +

(+)

Z
dq

(±)

(+)

(+)

ψC q (r)〈ψC q |VS |χk 〉
Ek + i0 − Eq

, (21)

(±)

|χk 〉 = |ψC k 〉 + GC (Ek ± i0)VC S |χk 〉 .

(22)

In its turn, overlap integral (17) splits into two parts (cf. decomposition Eq. (1) in [10])
(−) −i 12 qr (+)
|χ 0 〉
|e
k
k0

I(k0 , k; q) = 〈χ

= IC + IC S , IC S ≡ I − IC ,

(23)

with the Nordsieck-type integral related to purely Coulomb contribution
(−)

(+)

1

I C (k0 , k; q) = 〈ψc k0 |e−i 2 qr̂ |ψc k 〉

(24)

and mixed Coulomb-strong interaction integral
(−)

1

(+)

(−)

(+)

1

I C S (k0 , k; q) = 〈χc k0 |VC S GC (Ek + i0)e−i 2 qr̂ |χc k 〉 + 〈χc k0 |e−i 2 qr̂ GC (Ek + i0)VC S |χc k 〉+
(−)

1

(+)

〈χc k0 |VC S GC (Ek + i0)e−i 2 qr̂ GC (Ek + i0)VC S |χc k 〉.

(25)

Analytical expression for the integral I C can be found in [11] (see Eq. (10) therein). Calculations of the three dimenslional integral I C S are reduced to the summation of its partial wave
expansions with radial integrals
Z∞



1
0
I C S (l , l, L) =
d r jL qr g l 0 l w k0 l 0 (r)w k l (r) + w k0 l 0 (r)w k l (r) − Fl 0 (k0 r)Fl (kr) , (26)
2
0
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with w k l (r) = (kr)ψk,l (r) and quantities g l 0 l = 41 (sl 0 − 1)(sl − 1) + 12 (sl 0 − 1) + 12 (sl − 1)
being expressed in terms of the S-matrix elements in the angular momentum representation
sl = e2iδl (k) , where δl (k) are phase shifts for given values of the collision energy and angular
momentum l.
The convergence of the I C S partial expansion provided owing to that quantities g l 0 l vanish
at large l and l 0 , since |sl − 1| → 0 and wave function w kl (r) coincides with the Coulomb
function Fl (kr) at large l. At intermediate energies (E ∼ 10M eV ) one can confine ourselves
0
to l ma
x = l ma x = 6. In order to evaluate radial integrals (26) it is convenient to employ the
the contour integration method [12] (see also its comparison to other ones in [13]).

5

Results and discussion

One of motivations in studying the α+α → α+α+γ bremsstrahlung is to get a supplementary
information on a strong part of the alpha-alpha interaction. In the context, we will consider
some correlation function dσ ≡ d 5 σ/d Eγ dΩ1i dΩ1 f , in which one of the outgoing alphas is
detected in coincidence with the emitted photon
dσ =

(2π)10 Eγ2 Mα2
k1i

Æ



(k1i cos (θ1i − θ1 f ) − Eγ cos θ1 f )2 − 4Mα Eγ


(−)
(−)2
(+)
(+)2
k1 f |Ti f (k1 f )|2 + k1 f |Ti f (k1 f )|2 ,

(27)
where k1i = 2Mα Ei momentum of the initial α-particle, Eγ energy of the emitted photon,
Mα the α-particle mass. One of the outgoing alphas has the momentum fixed by the total
momentum conservation k2 f = k1i − k1 f − kγ . The other one with momentum k1 f is detected
in coincidence with the emitted photon and its kinematically permissible values are given by
(±)
k1 f . All momenta have a coplanar disposal, where the photon with its momentum is directed
along the Z-axis and the rest momenta lie in the XZ-plane, viz., k̂1 = (θ1i , 0), kˆ1 f = (θ1 f , π). As
p

Figure 1: Bremsstrahlung cross section for different values of incident energies Ei
and for photon energy Eγ = 1 MeV: calculated for potential by Buck et al. [14] (solid
curve) and potential by Ali Bodmer [15] (dotted). The pure Coulomb contribution
is shown by the dashed curves.

seen in Fig.1, when increasing the incident energy the cross-section becomes more sensitive to
the choice the model α − α interaction. By relying upon this observation it would be desirable
to measure such cross sections at medium α−α collision energies feasible with many available
accelerators. It would allow to make up a scarce information on the interaction between alpha
particles at short distances.
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Abstract
A new technique towards finding asymptotic normalization coefficients in the complexranged Gaussian basis is presented. It is shown that a diagonalisation procedure for the
total Hamiltonian matrix in the given basis results in approximation for a radial part of
the bound state wave function from the origin up to the far asymptotic distances, which
allows to extract ANCs rather accurately. The method is illustrated by calculations of
single-particle ANCs for nuclei bound states in cases of non-local nucleon-nucleus interactions, in particular, phenomenological global potentials with the Perey-Buck’s nonlocality.
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Introduction

The complex-range Gaussian basis (CRGB) has been demonstrated to give a convenient representation for bound-state [1] and scattering [2] calculations. The distinctive features of the
basis follow from its definition, i.e. the basis functions are constructed from the conventional
real-valued Gaussians with additional oscillating factors which makes them suitable for approximation of wave functions of highly excited bound states and continuum states as well.
At the same time, they can be considered as a combination of Gaussians with complex scale
parameters which allows to use all the advantages of the Gaussian expansion approaches.
Recently, this basis has been successfully applied for calculation of scattering amplitudes for
charged particles within the Coulomb wave-packet formalism [2]. Here we examine the CRGB
in evaluation of asymptotic normalization coefficients (ANCs) which represent an important
information for a description of nuclear reactions, e.g. for calculation of the radiative capture
cross-sections in nuclear astrophysics.
Below we briefly describe the method of calculation and compare results for single particle
ANCs for mirror nuclei found with local and non-local nucleon-nucleus interactions.
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2
2.1

Calculation method
Complex-range Gaussian basis

The functions of the CRGB are constructed from a set of Gaussians with complex scale parameters:
2
ψnl (r) = r l e−(1+i b)αn r , n = 1, 2, . . . , K,
(1)
where b and αn are chosen arbitrarily, in general. By using a combination of the above complex
scale Gaussian with its complex conjugated, one can introduce the real-valued basis functions
in the form:
φnl (r) ≡ Nnl


2
1 ∗
ψnl (r) + ψnl (r) = Nnl r l e−αn r cos(bαn r 2 ),
2

where Nnl are normalization factors.
In our practical calculations, we use the fixed value of the parameter b =
Tchebyshev grid for the parameters αn :
 t


2n − 1
π
,
αn = α0 tan
4K

b = 1, . . . , K,

(2)
π
and the
4

(3)

where α0 is the scale parameter and t defines density of the grid. The detailed study of the
optimal parameter set for the CRGB can be found in our recent paper [2].

2.2

Single-particle ANCs for local potentials

Below we will adopt the above basis for calculation of single particle ANCs for ground states
of nuclei. The nucleon-nucleus potentials are taken in the conventional Woods-Saxon form:
ħ
h2 d
VN A(r) = V0 f0 (r) + Vso (~l · ~
s) 2 2
fso (r),
mπ c r d r

(4)

−1


r−R
where fα (r) = 1 + exp a α
, Rα = rα A1/3 and Coulomb interaction has a form of charged
sphere at short distances:



z1 z2 e2
r2


if r < R C ,
3− 2
2
R
C
VC (r) =
(5)
2

 z1 z2 e
if r ≥ R C .
r
ANC is usually defined as the limit of the ratio of the bound state wave function (the
reduced radial part) to the Whittaker function W−η bs ,l+1/2 (2k bs r) [3]:
ul (r) ≈ bl W−η bs ,l+1/2 (2k bs r)

r → ∞,

k bs =

v
t 2m"
2

ħ
h

bs

,

(6)

where η bs is the Coulomb parameter, k bs is the wave number corresponding to the binding
energy " bs and m is the reduced mass.
In the approach, the bound state wave function is expanded over the CRGB functions (2):
ul (r) = r

K
X

Cn φnl (r).

n=1
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Then, the coefficients Cn are found from the generalized eigenvalue problem for the Hamiltonian H matrix:
det |H nn0 − E I nn0 | = 0,
(8)
where H nn0 = 〈φnl |H0 + VC + VN A|φn0 l 〉, H0 is the kinetic energy operator, and I nn0 = 〈φnl |φn0 l 〉
is the overlap matrix. After solving the problem (8), the corresponding ANC is found directly
from the eq. (6) at some distance rm .

2.3

Account of the Perey-Buck type nonlocality

The evident advantage of the suggested way of calculation is that the same procedure can be
used for non-local form of nucleon-nucleus interaction. Consider the same potential as (4)
with the Perey-Buck type non-locality [4]:
 
2 
r − r0

 exp −
β
1
0
0
U(r, r ) = V0 f0
|r + r |
.
(9)
3
2
π2 β3
We follow below the usual approximation when the variable p = 12 |r+r0 | for the Woods–Saxon
shape is replaced with variable 12 (r + r 0 ). In such a case, the usual partial wave expansion is
employed and the matrix elements of the potential (9) in the CRGB can be found as integrals:
Unn0 = 〈φnl |U|φn0 l 〉 =

Z

∞Z ∞

0

where

r 2 d r d r 0 φnl (r)g l (r, r 0 )φn0 l ,

(10)

0


 2
2i l z
r + r 02
V0 f0 (p),
g l (r, r ) = p
jl (−iz) exp −
β2
πβ
0

and z =

3

2r r 0
,
β2

p=

r+r 0
2 .

(11)

These matrix elements are calculated numerically.

Results
0.6

(a)

ul(r)/W−η, l + 1/2(2kr)

( ), fm−1/2
ul r

0.4

1.5
1.0

0.2
0.00

(b)

2.0

0.5

5
r

, fm

10

15

0.00

5

r, fm

10
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Figure 1: The proton ground state 1p1/2 wave function for p+12 C (a) and its ratio
to the Whittaker function (b) obtained using CRGB with K = 10 (dashed curves), 20
(dash-dotted curves), 30 (dotted curves), 40 (solid curves).
Consider at first the reaction 12 C(p, γ)13 N, where we assume that the proton is captured
by C in the 1p1/2 orbital to form the ground state of 13 N. In Fig. 1 the wave function of this
12
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state and its ratio to the Whittaker function found in CRGB with different basis dimensions
K are shown. Here the values α0 = 0.1 fm−2 and t = 3 for the grid (3) have been used. As
is seen from Fig. 1a, this ratio approaches a constant value at rm > 5 fm with increasing the
basis dimension. The basis with K = 30 is quite enough to get an accurate result.
In Fig. 2, we present bound state wave functions found with local and non-local interactions for the same system p+12 C. For this calculation, we use the value of the non-locality
parameter β = 0.85 fm. Being compared to the local equivalent case, the nonlocality reduces
the amplitude of the wave function and slightly shifts its tail to farer distances in full agreement
with the so-called Perey effect [5]. Thus, this effect should lead to an increase of the corresponding ANC since the wave function is always normalized to unity. This result is clearly seen
in Fig. 2b.

0.6

(a)

ul(r)/W−η, l + 1/2(2kr)

( ), fm−1/2
ul r

0.4

1.6

0.2
0.0
0

(b)

2.4

0.8

5
r

, fm

10

15

0.0
0

5

r, fm

10

15

Figure 2: The proton ground state 1p1/2 wave function for p+12 C (a) and its ratio
to the Whittaker function (b) obtained using local (solid curves) and the Perey-Buck
potential (dashed curves).
Finally, we have calculated ANCs for three pairs of mirror nuclei 8 Li-8 B, 12 B-12 N and 13 C13
N by using local and non-local nucleon-nucleus potentials. It should be mentioned that the
symmetry relations between ANCs for such mirror pairs has been established [6] for a case of
local interactions.
Table 1 summarizes local and non-local potential parameters and single-particle ANCs calculated using CRGB for three pairs of mirror nuclei. The results for local potentials show good
agreement with results of other methods [3]. Here we see again that account of non-locality
leads to increasing of the corresponding ANCs in comparison with local potential cases.

4

Conclusion

In this study we have shown that the expansion of bound state wave functions in the CRGB allows to reproduce their asymptotics rather accurately including cases when long-range Coulomb
interaction is taken into account.
The suggested method for calculation of ANCs treats non-local interactions without any
additional difficulty.
The obtained ANCs in a case of non-local nucleon-nucleus interactions occur to be greater
than those for the local potentials for the same systems. This result is fully consistent with the
Perey effect [5] and previous calculations for non-local potentials (see e.g. [7]).
The method developed can be generalized directly to calculation of ANCs for few-body
systems by using the few-body complex ranged Gaussian basis.
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Table 1: Central potential depth (V0 , MeV), binding energy (" bs , MeV) and singleparticle ANC (bl , fm−1/2 ) for radiative proton/neutron capture reactions (the unit of
Vso is MeV, those of r0 = rc = rso and a0 = aso are fm). Local potential parameters
are taken from ref. [3].

Reaction
7

Be(p, γ) B

7

Li(n, γ)8 Li

8

11

C(p, γ)12 N

11

B(n, γ)12 B

12

C(p, γ)13 N

12

C(n, γ)13 C

Group

V0

Vso

r0

a0

" bs

bl

local
nonlocal
local
nonlocal

-41.26
-45.80
-43.56
-48.21

-9.8
-9.8
-10
-10

1.25
1.25
1.195
1.195

0.52
0.52
0.65
0.65

0.15
0.14
2.03
2.03

0.70
0.77
0.76
0.82

local
nonlocal
local
nonlocal

-40.72
-44.29
-34.33
-37.42

-10
-10
-10
-10

1.25
1.25
1.25
1.25

0.65
0.65
0.65
0.65

0.63
0.60
3.39
3.37

1.50
1.63
1.35
1.46

local
nonlocal
local
nonlocal

-41.65
-45.48
-41.35
-45.46

-10
-10
-7
-7

1.25
1.25
1.236
1.236

0.65
0.65
0.62
0.62

1.94
1.94
4.95
4.95

2.05
2.28
1.85
2.08
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Abstract
In the framework of the Faddeev equations in configuration space we perform an analysis
of quasi-bound state of the N N K̄ system within a particle model. In our approach, the
system N N K̄(sN N = 0) (N N K̄(sN N = 1)) is described as a superposition of ppK − and pnK̄ 0
(nnK̄ 0 and pnK − ) states, which is possible due to a particle transition. The relation of the
particle model to the theory of a two-state quantum system is addressed and discussed
taking into account the possibilities of deep and shallow N N K̄(sN N = 0) quasi-bound
states.
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Introduction

Over 50 years ago a study of three possible isospin configurations of the K̄ N N system led
Nogami [1] to the assumption of the possible existence of the bound state in this system: in
a antikaon-nucleons system the presence of the K − meson attracts two unbound protons to
form a K − pp cluster. Calculations performed by Akaishi and Yamazaki [2] have predicted the
possible existence of discrete nuclear bound states of K̄ in few-body nuclear systems and this
prediction was confirmed by several subsequent publications (see [3] and references herein).
The theoretical prediction of the kaonic nuclei stimulated the experimental search of the
deeply bound states of K̄ in few-body nuclear clusters through different nuclear processes.
Both experimental and theoretical advances have been made in the last two decade for study
kaonic nuclear K − pp state. The experimental and theoretical status of the K − pp is summarized
in Refs. [4–8].
Based on the results of experimental search of the K − pp cluster, one can conclude that
the situation is still controversial and the existence of the K − pp bound state has not yet been
established [4]. However, the most recently, the J-PARC E15 collaboration reported the observation of a distinct peak in the Λp invariant mass spectrum of 3 He(K − , Λp)n, well below
mK + 2m p , i.e., the mass threshold of the K − meson to be bound to two protons. The simplest
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(s ys.) MeV having
fit to the observed peak gives a Breit–Wigner pole position at 47±3(st at.)+3
−6
+10
a width 115 ± 7(st at.)−20 (s ys.) MeV, which the authors claim as a new form of the nuclear
bound system with strangeness − K − pp [9]. At the same time, one can note the theoretical
analysis of this experiment in Ref. [8], where the two quasi-bound states was predicted. The
deeply bound state has energy about -100 MeV and second one has energy about -50 MeV.
The kaonic strange dibaryon K̄ N N represent a three-body systems and theoretically have
been treated in the framework of a few-body physics approaches: the variational method including the framework of antisymmetrized molecular dynamics, method of Faddeev equations
in momentum and configuration representations, the Faddeev equations in the fixed center
approximation and method of hyperspherical harmonics in configuration space and momentum representation (see reviews [5–8] and references herein). Calculations for a binding energy and width of the kaonic three-body system are performed using different potentials for
the N N interaction, as well as different potentials for the description of the kaon–nucleon
interaction. The latter are the energy-independent phenomenological K̄ N potential and the
energy-dependent chiral K̄ N interaction. All aforementioned approaches predict the existence
of a bound state for the K − pp. The K − pp cluster binding energy was theoretically estimated
to be approximately 10–20 MeV for energy-dependent chiral interactions and 40–90 MeV for
energy-independent K̄ N interactions. The predicted values for the binding energy and the
width are in considerable disagreement: 9–95 MeV and 20–110 MeV, respectively. Interestingly enough that theoretical models have disagreements related to theoretical values of the
binding energy and decay width and have a large ambiguity depending on the K̄ N interaction
models and the calculation methods. There are systematic discrepancies between the theoretical predictions and experimental observations. For the theoretical status of K − pp refer
to [5–7] and references therein.
In the present work we study the quasi-bound state of the system N N K̄ within the method
of Faddeev equations in configuration space. We are considering the system N N K̄(sN N = 0)
as a two-state quantum system ppK − /np K̄ 0 within a particle representation. The latter allows
us to analyze the quasi-bound state of the system N N K̄ within two-level approach by considering it as a superposition of K − pp/K̄ 0 pn in the framework of the potential model using N N
potential and energy-independent effective K̄ N interactions.

2

Particle representation for N N K̄(sN N = 0) system: ppK − and
np K̄ 0 channels

In the presented work we restrict the model space to the s-wave approach. The Coulomb
interaction is not taken into account and the mass differences for the K̄ 0 and K − mesons (5.1
MeV [10]), and neutron and proton (1.3 MeV [11]) are ignored. This input is corresponding to
one used within isospin formalism consideration. In this scenario isospin singlet N K̄ potential
is the same for K − p and K̄ 0 n interactions. Therefore, for N N K̄(sN N = 0) system, the singlet
isospin configurations (K − p)p and (K̄ 0 n)p have to be equivalent. However, the pK − and nK̄ 0
systems are different when are taken into account the presence of the Coulomb force in pK −
system and mass differences. In Fig. 1 are presented the results for calculation for the mass
differences for the systems n + K̄ 0 and p + K − using Akaishi and Yamasuki (AY) potential
[12], when the Coulomb repulsion between the proton and K − is ignored. These systems are
separated by the difference of the masses with the gap of about 5 MeV as is shown in Fig. 1.
This value is small with respect to the total mass of each system, however, it is significant in
the energy scale relatively to the binding energy 30 MeV of the N K̄.
The symmetry of the isospin picture which one wants to describe in the terms for ppK −
and np K̄ 0 channels is violated in the np K̄ 0 system. The system ppK − is described using two
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potentials (vpp and vpK − ), while for the description of the system np K̄ 0 we are using three
different potentials: vnp , vp K̄ 0 and vnK̄ 0 . The latter two are related to the interaction of K̄ 0
with the proton and neutron, respectively. Following Ref. [13] we are considering the system
N N K̄(sN N = 0) using the "particle representation" instead of the isospin formalism.

Figure 1: The mass differences for the systems n + K̄ 0 and p + K − . The binding
energies of the ground states for the n + K̄ 0 and p + K − are calculated with the AY
effective isospin singlet N K̄ potential [12]. The Coulomb force is not included in
calculations for p + K − system.
In the present work, we consider the particle picture for the N N K̄ system and propose to
describe it as a two-level system ppK − /np K̄ 0 by mixing ppK − and np K̄ 0 configurations. The
two-level also known as two-state system is a quantum system that can exist in any quantum
superposition of two independent and physically distinguishable quantum states [14]. We
assume that in the systems ppK − and np K̄ 0 , the nK̄ 0 and pK − interactions are equivalent
to singlet isospin N K̄ interaction, and the p K̄ 0 interaction equals to the triplet N K̄ isospin
interaction.
In the particle representation, the wave function Ψ of the coupled ppK − /np K̄ 0 system is
a column vector. Let’s decompose the wave functions of the systems ppK − and np K̄ 0 into the
usual Faddeev components [15] ψ ppK − = U1 + W1 + Y1 and ψnp K̄ 0 = U2 + W2 + Y2 , respectively.
The wave function Ψ of the coupled ppK − /np K̄ 0 system is presented as a superposition of the
wave functions of each system as:

 
 
 
 

ψ ppK −
U1
W1
Y1
ψ1
Ψ = Aψ,
ψ=
=
=
+
+
,
(1)
ψ pnK̄ 0
ψ2
U2
W2
Y2
A=



α −β
β α


,

α = sin θ ,

β = cos θ .

(2)

Here the parameter θ defines the coupling strength and A is an unitary matrix: AAT = I.
The Schrödinger equation for the ppK − and np K̄ 0 systems can be written in the following
matrix form:
(H0 + Vpp, np + VpK − , p K̄ 0 + VpK − , nK̄ 0 − E)ψ = 0.
(3)
In Eq. (3) H0 is the kinetic energy operator of three particles and the interactions are defined
as






vpK −
0
vpp 0
vpK −
0
Vpp, pn =
, VpK − , p K̄ 0 =
, VpK − , nK̄ 0 =
,
0
vp K̄ 0
0 vpn
0
vnK̄ 0
where the vpp and vnp are spin singlet components of the N N potential. Following Ref. [13] the
vpK − and vnK̄ 0 potentials are chosen as isospin singlet, while vp K̄ 0 isospin triplet components
of the N K̄ potential, respectively. The isospin singlet N K̄ state is related to the deeply quasibound state Λ(1405) which is represented as the pK − system (see Fig. 1).

044.3

SciPost Phys. Proc. 3, 044 (2020)

Let us apply the unitary transformation A to (3) taking into account that AAT = I and
the first three terms in Eq. (3) are invariants relative to the A transformation due to the
simplification: m p = mn , mK − = mK̄ 0 , vpp = vpn , vpK − = vnK̄ 0 . As a result we obtain the
following equation for the wave function Ψ of the coupled ppK − /np K̄ 0 :
((H0 + Vpp,np + VpK − ,nK̄ 0 )I + A(VpK − ,p K̄ 0 )AT − E)Ψ = 0.

(4)

The potential VpK − , p K̄ 0 generates the matrix A(VpK − ,p K̄ 0 )AT :
V=



V11
V21

V12
V22


,

(5)

where V11 = α2 vpK − + β 2 vp K̄ 0 , V12 = V21 = αβ(vpK − − vp K̄ 0 ), V22 = β 2 vpK − + α2 vp K̄ 0 . Thus,
the matrix A describes the coupling ppK − /np K̄ 0 via non-diagonal elements V12 and V21 . The
isospin states of ppK − and np K̄ 0 are the same and the possible transformation pK − → nK̄ 0 can
be described as a coupling between the systems. One should note that non-diagonal elements
V12 and V21 of the matrix (5) make the channel coupling. The coefficients α and β can be
chosen to present a coupling between the channels.
Now the Schrödinger equation (4) for the coupled ppK − /np K̄ 0 system can be written for
the corresponding Faddeev components. These components satisfy the following deferential
Faddeev equations (DFE):
(H0U + vpp − E)U1 = −vpp (W1 + Y1 ),
(H0W + vpK − − E)W1 = −vpK − (U1 + Y1 ),
(H0Y + V11 − E)Y1 + V12 Y2 = −V11 (U1 + W1 ) − V12 (U2 + W2 ),
(H0U + vpn − E)U2 = −vpn (W2 + Y2 ),
(H0W + vnK̄ 0 − E)W2 = −vnK̄ 0 (U2 + Y2 ),
(H0Y + V22 − E)Y2 + V21 Y1 = −V22 (U2 + W2 ) − V21 (U1 + W1 ).

(6)

If α = 1, β = 0 the system of equations (6) decouples and the first three equations describe
the kaonic cluster ppK − , while last three equations describe the kaonic cluster pnK̄ 0 . In the
case of a weak channel coupling one can assume that α ≈ 1 and β ≈ 0. Thus, describing
N N K̄ (sN N = 0) system we consider two separate states ppK − and pnK̄ 0 . For the first one, the
s-wave approach based on the DFE leads to the following equations [16]:
(H0U + vpp − E)U = −vpp (W + Y ),
(H0W + vpK − − E)W = −vpK − (U + Y ),
(H0Y + vpK − − E)Y = −vpK − (U + W ),

(7)

where vpK − corresponds to the isospin singlet potential of the N K̄ interaction. The s-wave
approach for the np K̄ 0 system leads to the following DFE:
(H0U + vnp − E)U = −vnp (W + Y ),
(H0W + vnK̄ 0 − E)W = −vnK̄ 0 (U + Y ),
(H0Y + vp K̄ 0 − E)Y = −vp K̄ 0 (U + W ).

(8)

In Eq. (8) vp K̄ 0 and vnK̄ 0 are chosen to be correspond to isospin singlet and triplet components
of the N K̄ potential, respectively.
A particular interest presents the case when α = β = p12 , which means strong coupling between the channels, and therefore we have v +
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v − ≡ V12 = V21 =

vpK − −vp K̄ 0
2

and the system (6) becomes:

(H0U + vpp − E)U1 = −vpp (W1 + Y1 ) ,
(H0W + vpK − − E)W1 = −vpK − (U1 + Y1 ) ,
(H0Y + v + − E)Y1 + v − Y2 = −v + (U1 + W1 ) − v − (U2 + W2 ) ,
(9)
(H0U + vpn − E)U2 = −vpn (W2 + Y2 ) ,
(H0W + vnK̄ 0 − E)W2 = −vnK̄ 0 (U2 + Y2 ) ,
(H0Y + v + − E)Y2 + v − Y1 = −v + (U2 + W2 ) − v − (U1 + W1 ) .


1 1
1
One can use the unitary transformation B = p2
for Y1 and Y2 in the following
−1 1
form: Y 0 = BY or Y = B T Y 0 , where Y = (Y1 , Y2 ) T and




v+ v−
vpK −
0
T
B
B =
v− v+
0
vpK 0
to simplify the set of Eqs. (9). The transformation leads to the following set of equations:
(H0U + vpp − E)U1 = −vpp (W1 + 21 (Y1 − Y2 )) ,
(H0W + vpK − − E)W1 = −vpK − (U1 + 12 (Y1 − Y2 )) ,
(H0Y + vpK − − E)Y1 = −vpK− (U1 + W1 + U2 + W2 ) ,
(H0U + vpn − E)U2 = −vpn (W2 + 12 (Y1 + Y2 )) ,
(H0W + vnK̄ 0 − E)W2 = −vnK̄ 0 (U2 + 21 (Y1 + Y2 )) ,
(H0Y + vp K̄ 0 − E)Y2 = −vp K̄ 0 (U2 − U1 + W2 − W1 ) .

(10)

The set of Eqs. (10) allows us to make comparison with Eqs. (7) - (8) which describe the
independent ppK − and np K̄ 0 systems. Taking into account that vpp = vpn and vpK − = vnK̄ 0 ,
the set (10) can be rewritten as
(H0U + vpp − E)A1 = −vpp (B1 + Y1 ) ,
(H0W + vpK − − E)B1 = −vpK − (A1 + Y1 ) ,
(H0Y + vpK − − E)Y1 = −vpK − (A1 + B1 ) ,
(H0U + vpn − E)A2 = −vpn (B2 + Y2 ) ,
(H0W + vnK̄ 0 − E)B2 = −vnK̄ 0 (A2 + Y2 ) ,
(H0Y + vp K̄ 0 − E)Y2 = −vp K̄ 0 (A2 + B2 ) ,

(11)

where A1 = U1 + U2 , A2 = U2 − U1 , B1 = W1 + W2 , B2 = W2 − W1 . As a result, one can see that
the set of Eqs. (11) is separated into two independent sets. The first one describes the ppK −
system, while the second one corresponds to the np K̄ 0 system. Thus, the coupling between
ppK − and np K̄ 0 is eliminated under the assumption α = β.
One can obtain approximation for the set (10) taking Y2 = 0 with the condition that the
p K̄ 0 potential is weak and U1 ≈ U2 and W1 ≈ W2 . The new set has the following form:
(H0U + vpp − E)A1 = −vpp (B1 + Y1 ) ,
(H0W + vpK − − E)B1 = −vpK − (A1 + Y1 ) ,
(H0Y + vpK − − E)Y1 = −vpK − (A1 + B1 ) ,
(H0U + vpn − E)A2 = −vpn B2 ,
(H0W + vnK̄ 0 − E)B2 = −vnK̄ 0 A2 .

(12)

The analysis of (12) shows that again we have two independent sets. The first one describes the
ppK − system, while the second one corresponds to the np K̄ 0 system when the weak p K̄ 0 interaction is neglected. We will see below that the assumed conditions are satisfied in ppK − /np K̄ 0
calculations. One can conclude that the parameters of the pK 0 interaction cannot be fixed by
044.5

SciPost Phys. Proc. 3, 044 (2020)

the study of ppK − /np K̄ 0 system due to small contribution of the corresponding Y2 component.
Note that the elimination U2 − U1 and W2 − W1 is not possible for the nnK̄ 0 /npK − coupled
system. In this case, the difference between nn and np spin triplet potentials violates the
symmetry of the equations.

3

Numerical Results

The ground state energy of "ppK − " cluster were calculated with effective AY potentials [12]
for the K̄ N interaction. We used the modified MT I-III potential [17] for the N N nuclear
interaction.
Firstly, let us pay attention to numerical analysis of Eq. (6) where we have single undefined
constant α (or β). If α = 1, β = 0 the system of equations (6) decouples and the first three
equations describe the kaonic cluster ppK − , while last three equations describe the kaonic
cluster pnK 0 . In opposite case we have coupling between the ppK − and pnK̄ 0 states. If
the coupling, defined by the potentials V12 and V21 , is ignored, the systems transit as one to
another when the coupling constant α increases from 0 to 1. In Fig. 2 we present the results
of calculations for the binding energies of the ppK − and np K̄ 0 versus α2 for the case when
V12 and V21 are omitted in Eq. (6). Important is that the "ppK − " cluster can be described as
having two levels with the same energy for the α = p12 . Taking into account that the transition

pK − /nK̄ 0 makes the same probability for the pK − and nK̄ 0 states of N K̄ system, we assume
the same probability for ppK − and np K̄ 0 states. According to the two-level system theory, two
levels of the ppK − /np K̄ 0 system are crossing when the coupling is absent. When α2 = 21 and
V12 = V21 =0, the Hamiltonians corresponding to the ppK − and np K̄ 0 states are the same. It is
initial point of the theory. Switching on the coupling, i.e. considering V12 and V21 as non-zero
terms in Eq. (6), has to lead to "repulsion of the levels" or anti-crossing of the levels. Thus, the
coupling constant has to be chosen as p12 . It means that the probability of the ppK − and np K̄ 0
states is equal in the "ppK − " cluster. The energy in this point is different from one obtained
in the framework of the "traditional" isospin N N K̄ model [16]. However, the same coupling
constant was used in Ref. [13], where an isospin model was actually employed based on a
"charge isospin basis". This choice for α creates a correspondence between the isospin and
particle models.
The numerical results for the quasi-bound state energy |EN N K̄ | of the "ppK − " cluster are
presented in Table 1. We compare the results of the isospin and particle models. The result for
isospin model is the same which was obtained early in Ref. [16] where the configuration space
Faddeev equations was also used. It can be mentioned that the nucleon-nucleon interaction is
appeared as an attractive one. The values for |EN N K̄ (VN N = 0)| in the isospin model is smaller
than the value of |EN N K̄ |. In other words when the N N interaction is switched off then the
binding energy decreases. For the particle model we have calculated the energy in different
cases. For the first one, we calculated energies taking into account the coupling between the
ppK − and np K̄ 0 states. We obtained two energies ε1 and ε2 , which are the lower and upper
energies of the quasi-doublet state ppK − /np K̄ 0 . For the second one, we calculated energies
of separated ppK − and np K̄ 0 states. In this case, we had also two values for ppK − and np K̄ 0
system, respectively.
The attraction/repulsion character of pp potential at different distances can be explained
by Table 1. The attraction/repulsion behavior of the pp potential is appeared by comparison
of the bound state energy to one when the interaction between two nucleons is turned off
(case VN N = 0). This effect is caused by strong attractive singlet pK − potential which allows
the identical particles to be closer together. The compact system has larger binding energy.
Within the isospin model, the energy is larger than in the case when the N N potential is
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Figure 2: The binding energies of the ppK − and np K̄ 0 states as solutions of Eq. (6)
when V12 = 0 and V21 = 0 for different values of the coupling parameter α. The
difference of the masses of kaons does not taken into account. The energies are
measured from three-body threshold. The energy of two-body threshold is shown by
the dotted line, while the solid line presents the energy of quasi-bound state obtained
within the isospin model.
omitted. Thus, the N N potential is weakly attractive. In the particle model, the N N potential
gives the repulsive effect due to the more compact spacial configuration of the system when
the repulsive core of the potential becomes effective on short distances.
The numerical results for the N N K̄(sN N = 1) system are presented in Table 2. The system
is unbound within isospin consideration. Comparing the results to the results in Table. 1, we
see that the npK − (sN N = 1) level is located lower than npK − (sN N = 0) on 7 MeV. It is effect
of the difference of the states of nucleon pairs. The sN N = 1 state (deuteron) corresponds to
the bound state of the pair with energy of -2.23 MeV. This additional bound pair in the system
npK − (sN N = 1) leads to increasing three-body binding energy for the 7 MeV.
The nucleon-nucleon potential is not effective in triplet/triplet isospin/spin state. In used
MT-I-III potential, the corresponding component is equal to zero. The results for the nnK̄ 0
and ppK − (VN N = 0) systems are the same. We can evaluate the mass polarization effect [18]
for nnK̄ 0 system as difference between |EnnK̄ 0 | and 2|EN K̄ |. The value is about 20 MeV and
the relative contribution of the mass polarization to the binding energy is about 25%. Notice,
the last value depends mainly on the mass ratio of the particles in the system. For the system
where the mass of non-identical particle is essentially larger then the mass of identical particles
the effect can be neglected and |E3 | ≈ 2|E2 |.
The results for the coupled nnK̄ 0 /npK − system demonstrate so called "repulsion of levels",
which we defined as extension of the energy distance between nnK̄ 0 and npK − levels due
to the channel coupling. The upper level of the system with the energy ε2 becomes to be
unbound. The lower level with the energy ε1 becomes to be more deeper.
It is interesting to mention that nnK̄ 0 system is significantly more bound than the npK −
due to two strong nK̄ 0 interactions which are specularly associated with the Lambda(1405)
state, while npK − is formed by the week nK − and strong pK − interactions. The attractive
contribution of the spin triplet np potential cannot compensate the weak contribution of the
nK − potential.
Finally, we present spectrum of ppK − /np K̄ 0 and nnK̄ 0 /npK − bound and resonance states
in Fig. 3. The effect of coupling is shown as a "repulsion of the levels". On the left hand side
of Fig. 3, we present the results obtained for the separated systems ppK − and np K̄ 0 (also for
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Table 1: The quasi-bound state energy |EN N K̄ | of the "ppK − " cluster calculated within
the isospin formalism and particle model with the AY K̄ N and MT I-III nucleonnucleon potentials. |EN K̄ | is the binding energy of the pair N K̄ (pK − or nK̄ 0 ). The
energies of the separated ppK − and np K̄ 0 systems are presented. The values of
|EN N K̄ (VN N = 0)| when the interaction between two nucleons is turned off are shown.
ε1 and ε2 are the lower and upper energies of the quasi-doublet state ppK − /np K̄ 0 ,
respectively. The energies are given in MeV. The masses of the kaons (nucleons) are
equal to the value for averaged mass.
Model
Isospin
Particle

System
N N K̄(sN N = 0)
ppK − /np K̄ 0

|EN K̄ |
30.3
ε1
ε2

ppK −
np K̄ 0

|EN N K̄ |
46.0
70.6
30.3
70.6
30.8

|EN N K̄ (VN N = 0)|
42.9
80.8
–
80.8
–

Table 2: The quasi-bound state energy |EN N K̄ | of the N N K̄(sN N = 1) system calculated within the isospin formalism and particle two-level system model with the AY
K̄ N and MT I-III nucleon-nucleon potentials. |EN K̄ is the binding energy of the singlet state of N K̄ pair (pK − or nK̄ 0 ). The energies for the separated nnK̄ 0 and npK −
systems are presented. The values of |EN N K̄ (VN N = 0)| when the interaction between
two nucleons is turned off are shown. ε1 and ε2 are the energies of the quasi-doublet
of nnK̄ 0 /npK − state, respectively. The energies are given in MeV.
Model
Isospin
Particle

System
N N K̄(sN N = 1)
nnK̄ 0 /npK −
nnK̄ 0
npK −

|EN K̄ |
30.3
ε1
ε2

|EN N K̄ |
unbound
87.7
unbound
80.8
37.9

|EN N K̄ (VN N = 0)|
–
80.8
–
80.8
–

separated nnK̄ 0 and npK − ). For comparison, the results for corresponding coupled system are
shown on the right hand site. If the repulsion of levels is take place, the energy splitting for
the quasi-doublets of coupled systems becomes larger that was for separated systems. One
can see, that this effect is only appeared for the case nnK̄ 0 /npK − . According to Eq. (12), the
effect is not visible for the ppK − /np K̄ 0 case.

4

Conclusions

We proposed the two-level system treatment for N N K̄ kaonic system based on particle representation. The cluster N N K̄(sN N = 0) is presented as two-level system including ppK −
and pnK̄ 0 states. The same approach is applied for the N N K̄(sN N = 1) system considered as
nnK̄ 0 /npK − coupled states. The coupled coefficients were chosen to be α = β = p12 for both

N N K̄ kaonic systems. It means that the probabilities to find the N N K̄(sN N = 0) system as
ppK − or pnK̄ 0 are equal.
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Figure 3: Spectrum of ppK − /np K̄ 0 and nnK̄ 0 /npK − bound (double lines) and resonance (dashed line) states. The two-body threshold p +(pK − ) is shown by the dotted
line. The effect of the coupling is presented as a "repulsion of levels" and is shown by
connecting lines. The energies is reassured from the three-body threshold p + p + K − .
The spin of the nucleon pair is show.
We found deeply bound state of the N N K̄(sN N = 0) cluster with the energy about -72 MeV
below p + p + K − threshold using the phenomenological AY and MT potentials. Also, there
is weakly bound pnK − states with the energy -31 MeV. These states are corresponded to the
separated channels ppK − and np K̄ 0 , respectively. The nnK̄ 0 /npK − system has deeply bound
state with the energy above -87 MeV below n + p + K − threshold. This state corresponds to
the nnK̄ 0 channel.
Thus, the sequential particle model for N N K̄ kaonic cluster provides one deeply and one
shallow bound states.
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Abstract
We have extended our previous applications of the method of unitary clothing transformations (UCTs) in mesodynamics [1, 2] to quantum electrodynamics (QED) [3, 4].
An analytical expression for the QED Hamiltonian in the clothed-particle representation
(CPR) has been derived. Its distinctive feature is the appearance of a new family of the
Hermitian and energy independent interaction operators built up in the e2 -order for the
clothed electrons and positrons instead the primary canonical interaction between electromagnetic and electron-positron fields. The problem of describing the bound states in
QED in case of the positronium system has been considered. The first correction to the
energy of the ground state of the para-positronium and its decay rate to two photons has
been calculated by using the new interaction operators.
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1

Introduction

Starting from the primary canonical interaction between electromagnetic and electron-positron fields, the QED Hamiltonian has been expressed through a new family of the Hermitian
and energy independent interaction operators built up in the e2 -order for the clothed electrons
and positrons. In this context, we show the QED Hamiltonian Hqed (α) = H F (α) + Vqed (α) in
the bare particle representation (see, e.g., the monograph [5]), where Vqed is given by
Z
Vqed =

d x jk (x )a k (x ) + VCoul = V (1) + VCoul ,

(1)

with the electron-positron current density operator
jµ (x ) = eψ̄(x )γµ ψ(x )

(2)

and the Coulomb part
VC oul

1
=:
2

Z

Z
dx

dy

j 0 (x ) j 0 (y) −λ|x −y|
e
:.
4π|x − y|

(3)

In the CPR
Hqed (α) = H F (α) + Vqed (α) ≡ K(αc ) = K F (αc ) + K I (αc ).

(4)

Admittedly the exponential factor with the parameter λ > 0 set to zero at the end of all
calculations is introduced to deal with infrared divergences. Here αc denotes the set of all
creation and destruction operators for the clothed particles included. Note also that we use
the Coulomb gauge (CG), where the photon field aµ being transverse, has two independent
polarizations.
It is proved, that in the e2 -order the interaction part K I (αc ) is approximated by
(2)

K I (αc ) = Ke− e− →e− e− + Ke+ e+ →e+ e+ + Ke+ e− →e+ e− + Ke+ e− →γγ + Kγγ→e+ e− +
+Ke− γ→e− γ + Ke+ γ→e+ γ ,

(5)

where the separate contributions in the r.h.s are responsible for the different physical processes
in this system of interacting photons and leptons.

2

Analytical expressions

A distinctive feature of our approach is that all expressions in the r.h.s of (5) are obtained
simultaneously with mass and vertex renormalizations from the commutator of V from (1)
with the generator of the first unitary clothing operator [1]. In particular, we present the
interaction operator between clothed electrons and positrons
Z
d p 01 d p 02 d p 1 d p 2
Ve− e+ (p10 , p20 ; p1 , p2 )b† (p10 )d † (p20 )b(p1 )d(p2 ),
Ke− e+ →e− e+ =
(6)
p100 p200 p10 p20
Ve− e+ (p10 , p20 ; p1 , p2 )



e 2 m2
0
0
0
0
0
0
δ(p 2 + p 1 − p 2 − p 1 ) υS (p1 , p2 ; p1 , p2 ) + υA(p1 , p2 ; p1 , p2 ) , (7)
=
(2π)3

where m the physical electron (positron) mass, b(d) is the destruction operator for the clothed
electron (positron). Henceforth, we omit polarization indices where it does not lead to confusion. In addition, we have introduced the decomposition into the so-called scattering and
annihilation contributions υS and υA. Each of them has the structure
Feynman-like

υS/A = υS/A

off-energy-shell

+ υS/A

045.2

,

(8)

SciPost Phys. Proc. 3, 045 (2020)

ª
1
1
=
+
ῡ(p2 )γµ υ(p20 ),
2 (p10 − p1 )2 (p20 − p2 )2
ª
§ 0
(p10 + p20 − p1 − p2 )
(p20 − p2 )
1 (p1 − p1 )
off-energy-shell
0
0
ū(p1 )γ u(p1 )
+
υS
=
ῡ(p2 )γ0 υ(p20 ),
2 (p10 − p1 )2 (p20 − p2 )2
(p 01 − p 1 )2 + λ2
ª
§
1
1
Feynman-like
0
µ
0 1
ῡ(p2 )γµ u(p1 ),
+
υA
= ū(p1 )γ υ(p2 )
2 (p1 + p2 )2 (p10 + p20 )2
§ 0
ª
(p10 + p20 − p1 − p2 )
(p1 + p20 )
(p1 + p2 )
off-energy-shell
0
0
0 1
υA
=
ū(p1 )γ υ(p2 )
−
ῡ(p2 )γ0 u(p1 ) .
2 (p10 + p1 )2 (p1 + p2 )2
(p 01 + p 02 )2 + λ2
Feynman-like
υS

1
−ū(p10 )γµ u(p1 )

§

Such a decomposition implies that only the Feynman-like part survives on the energy shell,
i.e., on the condition p100 + p200 = p10 + p20 . Of course, all momenta included are defined on the
mass-shell: p2 = p02 − p 2 = m2 .
Furthermore, we present the operator of the process of the annihilation of clothed electron
and positron to two photons
Z
d k 1 dk 2 d p 1 d p 2
Ke− e+ →γγ =
Ve− e+ γγ (k2 , k1 ; p2 , p1 )c † (k2 )c † (k1 )b(p2 )d(p1 ),
(9)
k10 k20 p10 p20
where c † is the creation operator for the clothed photon. Similarly to (8), we separate offenergy-shell part which goes to zero if energy conservation law satisfied
Ve− e+ γγ (k2 , k1 ; p2 , p1 ) =

e2 m
δ(p 1 + p 2 − k 1 − k 2 )[υFeynman + υoff-energy-shell ],
2(2π)3

ῡ(p1 )e/(k1 )e/(k2 )u(p2 )
,
p/1 − k/1 + m


1 ῡ(p1 )e/(k1 )e/(k2 )u(p2 ) ῡ(p1 )e/(k2 )e/(k1 )u(p2 )
υoff-energy-shell = −
+
.
2
p/1 − k/1 + m
p/2 − k/1 − m

(10)

υFeynman =

3

(11)

Correction to the positronium ground state energy

The problem of describing the bound states in QED in the case of the positronium (Ps) has
been considered by using the new interaction (6). Positronium consisting of an electron and
a positron is the simplest bound system in QED. Its ground state (g.s.) has two possible configurations with total spin values S=0, 1. The singlet (triplet) lowest-energy state with S=0
(S=1) is known as the para-positronium (ortho-positronium). For this exposition, we will
restrict ourselves to the consideration of the para-positronium (p-Ps) system.
As noted in [6], the Fock subspace of all the clothed states can be divided into several
sectors (two electrons sector, photon-electron sector, etc.) such that K (2) (αc ) leaves each of
them to be invariant, i.e., for any state vector |Φ〉 of such sector K (2) (αc )|Φ〉 belongs to the same
sector. Here we make an assumption that the Ps state belongs only to the electron-positron
sector. The corresponding g.s., being the H eigenvector, viz.,
H|p-Ps(P)〉 = E|p-Ps(P)〉,

(12)

can be represented as
|P; p-Ps〉 =

Z

d p1 d p2
p10

p20

Ψ00 (P; p 1 , p 2 )b† (p1 )d † (p2 )|Ω〉.

045.3
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In the p-Ps rest system or center mass system (c.m.s.) the eigenvalue equation has the form
Z
d p0
V̄ (p0 , p)Ψ00 (p 0 ) = mp-Ps Ψ00 (p),
(14)
2p0 Ψ00 (p) +
p0 p00
where mp-Ps = me− + me+ + "p-Ps the para-positronium mass and "p-Ps its binding energy,
Ψ00 (p) ≡ Ψ00 (P = 0; p, −p) (since we work in c.m.s.) and V̄ (p0 , p) gets out from (6) in
c.m.s. (p ≡ p 1 = −p 2 , p 0 ≡ p 01 = −p 02 )
V̄ (p10 , p20 , p1 , p2 ) = 〈Ω|d(p20 )b(p10 )Ke− e+ →e− e+ b† (p1 )d † (p2 )|Ω〉.

(15)

In the non-relativistic limit (p0 = p00 = m) the eigenvalue equation reduces to the ordinary
Schrödinger equation for the Coulomb potential in momentum space. Therefore we come to
the well-known Coulomb problem with the g.s. energy "g.s. ≈ −6.8eV . By considering the
difference between V̄ (p0 , p) and the Coulomb potential as a perturbation (it is not evident)
and using the non-perturbative wave function of the ground state
p
2
2a3
Ψ00 (p) =
,
(16)
π (1 + a2 p2 )2
from Appendix C in [7] we have computed the energy shift
∆" = −4.7325 · 10−4 eV.
This value surprisingly coincides with those estimations given in [7] (see formula (1.1)
therein). In order to verify such a coincidence beyond the perturbation theory, we are addressing the partial wave decomposition of the positronium eigenvectors that has been successful
when finding the u and w components of the deuteron wave function (WF) [8].

4

The partial eigenvalue equation for para-positronium

In this context, we derive the partial eigenvalue equation for the para-positronium WFs that
belong to the total angular momentum J, viz.,
Z ∞ 02 0
p dp J 0 J
J
0
J
2p0 Ψ (p) +
(17)
0 Ψ (p ) V̄ (p, p ) = mp-Ps Ψ (p).
p
p
0 0
0
Here V̄ J (p, p0 ) is the partial electron-positron quasipotential derived in the momentum representation from the new e− e+ -interaction operator. In turn, we have
V̄ J (p, p0 ) = ῡJ (Feynman-like) + ῡJ (off-energy-shell).

(18)

Such p
a separation implies
pthat only the Feynman-like part survives on the energy shell, where
p00 = p02 + m2 = p0 = p2 + m2 . The task of solving the eigenvalue equation and obtaining
the corresponding positronium states in the CPR is underway (see Appendix C in [9]).

5

Positronium decay rates

The positronium decay to two photons has considered. The corresponding decay rate is given
by (see formula (9.337) in [10])
X Z dk Z d k
1
2
Γ=
πδ(k10 + k20 − EPs )δ(k 1 + k 2 − P)|T f i |2 ,
(19)
0
0
k
k
σ1 σ2
1
2
045.4
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where the T-matrix element T f i = 〈Ω|c(k1 σ1 )c(k2 σ2 )T |Ps〉 from the initial Ps ground state
to the final state of the two photons, respectively, with the momenta k1 = (k10 , k 1 ) and
k2 = (k20 , k 2 ) and their polarizations σ1 , σ2 . In this connection, we note an equivalence
theorem proved in [11], that allows us to use a recipe for calculating the S-matrix (T-matrix)
in the CPR.
In the rest frame of positronium (P = 0) one can do the integration with both δ-functions
Z
π X
Γ=
d k̂ 1 |T f i |2 ,
(20)
2σ σ
1

2

where k̂ 1 is the unit vector along vector k 1 .
The positronium state-vector with spin S can be represented as
XZ dp
|Ps(S)〉 =
ΨSMS (p)|p S MS 〉 ,
p0
M

(21)

S

where |p S MS 〉 =

P
µ1 µ2

( 12 µ1 12 µ2 |S MS )b† (p− µ2 )d † (pµ1 )|Ω〉 the electron-positron state-vector

in the total spin representation and p− = (p0 , −p).
T ≈ Ke− e+ →γγ one has

In the Born approximation where

Z
π X
Γ=
d k̂|〈kσ1 σ2 |Ke− e+ →γγ |p-Ps〉|2 ,
2σ σ
1 2
Z
dp
〈kσ1 σ2 |Ke− e+ →γγ |p-Ps〉 =
Ψ00 (p)〈kσ1 σ2 |Ke− e+ →γγ |p 0 0〉 ,
p0

(22)

where 〈kσ1 σ2 | ≡ 〈Ω|c(kσ1 )c(k− σ2 ). Here we use the g.s. Coulomb wave function as an
approximation.
The interaction (9) in an arbitrary frame has the form
〈Ω|c(k1 σ1 )c(k2 σ2 )Ke− e+ →γγ b† (p2 µ2 )d † (p1 µ1 )|Ω〉 =

αm
ῡe− e+ γγ ,
4π2

§
ª
1
1
1
ῡe− e+ γγ = ῡ(p1 µ1 )e/(k1 σ1 )
−
e/(k2 σ2 )u(p2 µ2 )+
2 p/2 − k/2 − m p/1 − k/1 + m

(23)

(24)

+(k1 , σ1 ↔ k2 , σ2 ) ,
whence in the static limit (p 1,2 = 0) we arrive at the well-known Pirenne-Wheeler result with
Γ = 21 α5 m ≈ 8.0325 · 109 sec−1 [12, 13]. After this, by using the CG we get
Γ=
with the integral
1
I(α) =
8

Z∞
du
0

128
mα7 I(α)2 ,
π2

u sinh u
(α2 /4 + sinh2 u)2

(25)

= 26.7535 .

(26)

Now we get the decay rate of para-positronium into two photons Γ = 7.9411 · 109 sec−1 . The
experimental result [14] for this value 7.9909 ± 0.0017 · 109 sec−1 .
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6

Conclusion

We have shown that the UCT method can be successfully applied to the treatment of the bound
states in QED. Our consideration gives one more application of a well-forgotten concept on
the clothed particles in quantum field theory, put forward by Greenberg and Schweber [15].
We have seen that our approach leads to new Hermitian and energy independent interactions
between clothed particles including the off-energy-shell and recoil effects (the latter in all
orders of the v 2 /c 2 - expansion).
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Abstract
We investigated three-nucleon (3N) force effects in the final state interaction (FSI) configuration of the d(n, nn)p breakup reaction at the incoming nucleon energy En = 200
MeV. Although 3N force effects for the elastic nucleon-deuteron scattering cross section
at comparable energies are located predominantly in the region of intermediate and
backward angles, the corresponding 3N force effects for the integrated FSI configuration breakup cross section are found also at forward scattering angles.
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Introduction

Our studies of 3N continuum are based on the exact solutions of the 3N Faddeev equation in
momentum space. They began in the 1980s and in the 1990s were performed with several
realistic two-nucleon (2N) forces: the AV18 [1], CD Bonn [2], NijmI, NijmII, Nijm93 and
Reid93 [3] potentials. The results of these studies (see for example Refs. [4, 5]) proved that
predictions of 3N scattering observables are in good agreement with the data at input nucleon
energies below about 30 MeV. The situation changed at highier energies, where theoretical
predictions using only 2N forces clearly deviated from the data [6, 7]. In particular, strong
discrepancies between such calculations based on 2N potentials and the data were found in
the minimum of the elastic scattering cross section. For energies smaller than approximately
140 MeV the agreement between theoretical predictions and the data for this observable was
regained, when the Tucson–Melbourne (TM) [8] or Urbana IX [9] 3N force (3NF) models
were included in the 3N Hamiltonian [10]. Thus the studies in Ref. [10] provided strong
evidence for the action of 3NF in 3N scattering. However, the description of many polarization
observables and generally the description of the data at still higher energies was not always
satisfactory [5, 11].
046.1
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At high energies one could expect deficiencies in the nonrelativistic Faddeev approach.
That is why we constructed a relativistic framework in the form of relativistic Faddeev equations [12–18] according to the Bakamjian-Thomas theory [19]. However, the relativistic effects turned out to be generally small and insufficient to significantly improve the data description.
Neither TM nor Urbana IX could be considered merely as phenomenological 3NF models,
since they are based on a meson theoretical picture. However, it was pointed out that these 3N
forces were not consistent with the widely used 2N forces. The QCD Lagrangian with massless
quarks possesses chiral symmetry. This chiral symmetry is explicitly broken because of the
quark mass terms. This feature of QCD and the mechanism of spontaneous chiral symmetry
breaking inspired Weinberg to use effective field theory of QCD in the form of chiral perturbation theory as a tool to construct nuclear interactions. This idea was then implemented by
many physicists, who strove for construction of precision 2N and many-nucleon potentials.
We mention here work by van Kolck [20], the early model of the Bochum-Bonn group [22]
and the nuclear forces developed by the Moscow (Idaho)-Salamanca group [21]. In particular
Epelbaum and collaborators for the first time used chiral 2N and 3N forces to study nucleondeuteron scattering [23].
Currently the investigations of few- and many-nucleon systems with the new generations of
chiral potentials from the Bochum-Bonn group are carried out within the LENPIC project [24].
More information about this initiative, coordinated by E. Epelbaum and J. Vary, can be found
in the contribution to this conference by J. Golak et al. [25].
In the present contribution we studied in detail one of the most important kinematical
configurations of the nucleon-induced deuteron breakup reaction, namely the final state interaction (FSI) configuration. We considered the case, where two neutrons emerged with the
same momenta, forming quasi dineutron, while the final proton momentum was restricted by
four-momentum conservation. Our purpose was to estimate 3NF effects for this effectively
two-body reaction.

2

Final State Interaction configuration

We investigated 3NF effects in the FSI configuration of the d(n, nn)p breakup reaction. To this
end we obtained solutions of the 3N Faddeev equations [4] with the CDBonn nucleon-nucleon
potential [2] and the Tucson-Melbourne 3NF [8]. From these solutions one can construct not
only the elastic scattering observables but also the observables for the breakup process. In this
contribution we restrict ourselves to an integrated breakup cross section around the final state
interaction condition for the two emerging neutrons:
Z S0 +∆S
d 2σ
d 3σ
≡
dS
(n + d → (nn) + p).
(1)
dΩ1 dΩ2
S −∆S dΩ1 dΩ2 dS
0

Ω1 =Ω2

Here Ω1 and Ω2 represent the directions of the momenta of the outgoing neutrons 1 and 2,
respectively. Note that for fixed Ω1 and Ω2 , the energies of the two neutrons, E1 and E2 lie
on a certain curve, the so-called "kinematical locus". Choosing an appropriate starting point
where by definition S = 0, the S parameter is calculated as a distance taken along the curve
from its starting point:
Z
Z
Æ
S = dS =
(d E1 )2 + (d E2 )2 .
(2)
This arc-length variable S defines uniquely the three-nucleon kinematics, yielding a specific
(E1 , E2 ) point on the kinematically allowed curve in the (E1 , E2 ) plane. The FSI occurs for the
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Figure 1: The integrated final state interaction configuration breakup cross section
for the incident neutron laboratory kinetic energy En = 200 MeV. The theoretical predictions based solely on a 2N interaction (here the the CDBonn potential [2]) are
represented by the dotted line, while the results obtained with the 2N potential augmented by the Tucson-Melbourne 3NF [8] are shown with the solid line.

condition E1 = E2 , where S ≡ S0 .
Figure 1 shows the breakup cross section of Eq. (1) for the incident neutron laboratory energy En =200 MeV resulting from integrations over the S variable in the interval S0 −∆S, S0 +∆S
with the width parameter ∆S= 20 MeV. The angle θlab is the common laboratory scattering
angle of nucleons 1 and 2, for which the FSI condition is realized.
We found a large deviation between the theoretical predictions for the FSI cross section
including or not including 3NF. Although the 3NF effects for the elastic scattering cross section
are located predominantly in the region starting from middle up to backward scattering angles,
the 3NF effects for the integrated FSI configuration breakup cross section are found also at
forward scattering angles.

3

Conclusion

We found a large deviation between the theoretical predictions including or not including
3NF. Although the 3NF effects for the elastic scattering cross section [6, 7, 26, 27] are most
pronounced for the intermediate and backward scattering angles, the 3NF effects for the integrated FSI configuration breakup cross section are found also at forward scattering angles.
We hope that our results can be in future confronted with experimental data.
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Abstract
Time-dependent Hartree-Fock calculations have been performed for fusion reactions of
4
He + 4 He → 8 Be∗ , followed by 4 He + 8 Be∗ . Depending on the orientation of the initial
state, a linear chain vibrational state or a triangular vibration is found in 12 C, with transitions between these states observed. The vibrations of the linear chain state and the
triangular state occur at '9 and 4 MeV respectively.
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Introduction

The triple-alpha reaction is established as the process by which helium is first burned to form
heavier elements in stars [1]. It is a two-stage process in which two 4 He nuclei combine to
form a short-lived 8 Be nucleus, which later reacts with a further 4 He nucleus to form 12 C.
In the stellar environment most 8 Be nuclei created through alpha fusion disintegrate back to
two alpha particles, but a small equilibrium concentration of 8 Be allows some triple-alpha
reactions to proceed. Understanding the details of the reaction is crucial to understanding this
key bottleneck reaction in stars, and is a test of nuclear models which need to produce the
right structures in 12 C in order to describe the reaction well [2, 3].
We use time-dependent Hartree-Fock to analyse this reaction. Our work is similar to a
previous TDHF study of the triple-alpha collision [4, 5], though our analysis and methods
differ somewhat in its use of a two-step process and the spectral analysis of the compound
nuclei. We note, too, work in which the excitation of shape isomers in the 6α 24 Mg nucleus
were studied [6], which has bearing on the use of TDHF for alpha cluster states, and on other
recent work on He nuclei in TDHF calculations [7], which serve to validate the general method.

2

Methodology

Our calculations use time-dependent Hartree-Fock (TDHF) [8] with the Skyrme interaction [9]
with an unmodified version of the Sky3D code [10, 11]. We use the SLy4d interaction [12]
which was fitted with no centre of mass correction as ideal for TDHF calculations.
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Figure 1: Upper panel shows the quadrupole moment of matter distribution of two
colliding alpha particles. Two solid circles show the snapshots after 2000 and 4000
iterations when the wave functions of the 8 Be∗ are taken to be used as starting points
in the triple alpha calculations. Starred points correspond to the density snapshots
in the inset frames. The lower panel shows the power spectrum of the oscillations of
the compound 8 Be nucleus.
A ground state alpha particle is calculated in static Hartree-Fock to a well-converged solution in a 16×16×16 fm coordinate space box with 1 fm grid spacing in each Cartesian direction.
Time-dependent calculations for 4 He+4 He collisions are performed by placing two identical
4
He ground states separated by a given amount and initialised with instantaneous boost vectors at t = 0 which are calculated from a user-defined impact parameter and centre of mass
energy of the collision, accounting for the Coulomb trajectory of the reacting 4 He nuclei as
they come from infinity.
At later times during the 4 He+4 He collision, the wave functions of the combined 8 Be∗
nucleus are saved to be used as a starting point for a further TDHF calculation in a larger
box. For each specific calculation, the particular parameters used are given as the results are
presented in the next section.

3

Results

The ground state alpha particle, as obtained form the static Hartree-Fock calculation with the
SLy4d interaction has a binding energy of 17.67 MeV, which compares with an experimental
value of 28.30 MeV [13]. This under-binding by 40% could clearly have a strong influence on
the results, but for the present study a known Skyrme force from the literature was chosen as
a baseline for investigation. A separate study with a Skyrme interaction which fits 4 He better
is certainly warranted but not pursued further here.

3.1

2-α reactions

To initiate a two alpha particle collision, two 4 He ground states were placed in a coordinate grid
box with dimension 20×16×20 fm with centres at (0, 0, −4) fm and (0, 0, 4) fm. The alphas
were given initial boosts to send them travelling towards each other with impact parameter
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Figure 2: Quadrupole moment of the matter density during collisions of 4 He with
compound 8 Be∗ nucleus with initial conditions as per the legend and discussed in
the text. The two insets show the Fourier power spectrum of parts of the quadrupole
moment: The upper inset panel shows the spectrum of the resonance created in a
tip collision (solid black) and a side collision (dashed red) both at b=0 and using
the 2000 configuration of 8 Be∗ . The lower panel shows two spectra from the b=1
tip 2000 configuration with the yellow (lighter) dotted line from the time signal as
shown in the yellow (lighter) dotted box, and the pink (darker) dotted line showing
the spectrum from the later time signal in the pink (darker) dotted box.
b = 0 fm and centre of mass energy EC M = 1.0 MeV. The nuclei fuse and remain fused for the
duration of the TDHF calculation. The quadrupole moment of the matter distribution, defined
as
v
Z
t 5
Q=
d 3 rρ(r)(2z 2 − x 2 − y 2 ) ,
(1)
16π
where ρ is the total nucleon density in the entire multinucleus system, is shown in Figure 1.
Also shown is the Fourier power spectrum of the time signal of the quadrupole oscillations.
The time-series for the transformation is sampled starting at 800 fm/c = 2.64 zs, for 2048
data points, which is up to ' 29.7 zs. The positions of the peaks are rather insensitive to the
sampling window. Two states are apparent in the spectrum: One at 8.5 MeV and the other at
14.7 MeV. Both shows some fragmentation, presumably due to artificial discretisation in the
coordinate space box [14].
The lowest known 2+ resonance state in 8 Be is at 3.03 MeV ± 10 keV [15]. This is either
not probed by the reaction mechanism in the TDHF calculation, or the energy is considerably overestimated. The second experimentally-observed excited state in 8 Be is a broad 4+
resonance at 11.35 MeV [15].

3.2

3-α reactions

The parameter space for triple alpha (8 Be∗ +4 He) reactions is much larger than for 4 He+4 He:
The 8 Be∗ is not spherical, so there will be dependence on the initial orientation of the reacting
nuclei. The 8 Be∗ nucleus is not in a stationary state, so there may be dependence upon the
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b=0 tip 8Be@2000

b=1 tip 8Be@2000

b=0 side 8Be@2000

b=1 side 8Be@2000

Figure 3: Snapshots of the time evolution of the total density for four of the trajectories shown in Figure 2, as labelled. Snapshots are every 20 fm/c (' 0.067 zs) starting
from the top left and reading first left-to right, then top to bottom. The final frames,
on the bottom right of each set, are at a time 1220 fm/c (' 4.0 zs).
exact configuration of the 8 Be∗ at the moment of impact. Here, we make a study of these extra
parameters, but concede that a much fuller study is needed for a complete picture.
Two different starting configurations are used for the 8 Be∗ nucleus, as indicated by the
solid circles on the line in Figure 1. These are somewhat arbitrarily chosen and labelled configurations 2000 and 4000 (because of the number of iterations in the 2-α TDHF calculation),
though we note that one of the configurations is near a maximum in the value of Q while the
other is near a minimum. Starting orientations are limited to the two extremes of impinging
along the long or short axes of the 8 Be, labelled “tip” and “side” collisions respectively, and with
impact parameters selected between b = 0 fm and b = 1 fm only. The centre of mass collision
energy is fixed at Ecm = 2.0 MeV. This energy is chosen as it is close to the Coulomb barrier,
which lies between 1 and 2 MeV, and we are interested in fusion reactions below the threshold
for other mechanisms (e.g. fusion-fission). This energy (Ecm = 2.0 MeV) was also the choice
made in a previous TDHF study of the triple-alpha reaction [4], though the results at other
energies deserve future study to check the energy-dependence of the reaction mechanism.
Figure 2 shows a summary of the results for simulations up to 5 zs. Figure 3 shows some
details of the evolution of the density leading to the results of Figure 2. The b=0 tip configurations lead to a rather stable large-amplitude oscillation which remain in a chain state.
Side configurations lead to more compact states with smaller-amplitude oscillations in which
triangular configurations appear.
Mixing of the mean-field TDHF configurations via a Fourier spectrum analysis gives an
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estimate for the energies of the excited states of 12 C involved. The upper inset panel in Figure
2 shows the power spectrum from the chain state oscillations at around 9 MeV, and from the
triangular oscillations at around 4 MeV. The lower inset panel shows that in a b=1 tip collision,
the nucleus initially oscillates in the 9 MeV chain state before quickly (∼2 zs) decaying to the
4 MeV triangular state. This interpretation is seen in the snapshots of the time-dependent
density in Figure 3, and qualitatively agrees with a previous study [4].
A more sophisticated treatment then mixing via Fourier analysis would be needed to obtain
definite spins for each state. Angular momentum projection, followed by the use of time as a
generator coordinate to give a basis for mixing Slater Determinants for structure information
[16], is our longer term goal to achieve this.

4

Conclusion

Time-dependent Hartree-Fock has been used to instigate the triple-alpha reaction, with the
dynamics analysed in terms of the energies of vibrational states within the compound nucleus.
Identifiable chain and triangular vibrational states at around 9 and 4 MeV respectively are
found, with decay from the chain to triangular states occurring with a time dependence on the
initial condition.
Perspectives for future study include a mixing of Slater Determinants using time as a generator coordinate, to analyse the spectrum more rigorously, and with the full degrees of freedom
that that TDHF calculations afford, rather than measuring only the quadrupole response. A
fuller mapping of the parameter space (EC M , b, orientation), and the form of the nuclear
interaction, may afford further insights.
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Abstract
In the framework of the Faddeev equations in configuration space we perform an analysis
of quasi-bound state of the N N K̄ system within a particle model. In our approach, the
system N N K̄(sN N = 0) (N N K̄(sN N = 1)) is described as a superposition of ppK − and pnK̄ 0
(nnK̄ 0 and pnK − ) states, which is possible due to a particle transition. The relation of the
particle model to the theory of a two-state quantum system is addressed and discussed
taking into account the possibilities of deep and shallow N N K̄(sN N = 0) quasi-bound
states.
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Introduction

Over 50 years ago a study of three possible isospin configurations of the K̄ N N system led
Nogami [1] to the assumption of the possible existence of the bound state in this system: in
a antikaon-nucleons system the presence of the K − meson attracts two unbound protons to
form a K − pp cluster. Calculations performed by Akaishi and Yamazaki [2] have predicted the
possible existence of discrete nuclear bound states of K̄ in few-body nuclear systems and this
prediction was confirmed by several subsequent publications (see [3] and references herein).
The theoretical prediction of the kaonic nuclei stimulated the experimental search of the
deeply bound states of K̄ in few-body nuclear clusters through different nuclear processes.
Both experimental and theoretical advances have been made in the last two decade for study
kaonic nuclear K − pp state. The experimental and theoretical status of the K − pp is summarized
in Refs. [4–8].
Based on the results of experimental search of the K − pp cluster, one can conclude that
the situation is still controversial and the existence of the K − pp bound state has not yet been
established [4]. However, the most recently, the J-PARC E15 collaboration reported the observation of a distinct peak in the Λp invariant mass spectrum of 3 He(K − , Λp)n, well below
mK + 2m p , i.e., the mass threshold of the K − meson to be bound to two protons. The simplest
044.1
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(s ys.) MeV having
fit to the observed peak gives a Breit–Wigner pole position at 47±3(st at.)+3
−6
+10
a width 115 ± 7(st at.)−20 (s ys.) MeV, which the authors claim as a new form of the nuclear
bound system with strangeness − K − pp [9]. At the same time, one can note the theoretical
analysis of this experiment in Ref. [8], where the two quasi-bound states was predicted. The
deeply bound state has energy about -100 MeV and second one has energy about -50 MeV.
The kaonic strange dibaryon K̄ N N represent a three-body systems and theoretically have
been treated in the framework of a few-body physics approaches: the variational method including the framework of antisymmetrized molecular dynamics, method of Faddeev equations
in momentum and configuration representations, the Faddeev equations in the fixed center
approximation and method of hyperspherical harmonics in configuration space and momentum representation (see reviews [5–8] and references herein). Calculations for a binding energy and width of the kaonic three-body system are performed using different potentials for
the N N interaction, as well as different potentials for the description of the kaon–nucleon
interaction. The latter are the energy-independent phenomenological K̄ N potential and the
energy-dependent chiral K̄ N interaction. All aforementioned approaches predict the existence
of a bound state for the K − pp. The K − pp cluster binding energy was theoretically estimated
to be approximately 10–20 MeV for energy-dependent chiral interactions and 40–90 MeV for
energy-independent K̄ N interactions. The predicted values for the binding energy and the
width are in considerable disagreement: 9–95 MeV and 20–110 MeV, respectively. Interestingly enough that theoretical models have disagreements related to theoretical values of the
binding energy and decay width and have a large ambiguity depending on the K̄ N interaction
models and the calculation methods. There are systematic discrepancies between the theoretical predictions and experimental observations. For the theoretical status of K − pp refer
to [5–7] and references therein.
In the present work we study the quasi-bound state of the system N N K̄ within the method
of Faddeev equations in configuration space. We are considering the system N N K̄(sN N = 0)
as a two-state quantum system ppK − /np K̄ 0 within a particle representation. The latter allows
us to analyze the quasi-bound state of the system N N K̄ within two-level approach by considering it as a superposition of K − pp/K̄ 0 pn in the framework of the potential model using N N
potential and energy-independent effective K̄ N interactions.

2

Particle representation for N N K̄(sN N = 0) system: ppK − and
np K̄ 0 channels

In the presented work we restrict the model space to the s-wave approach. The Coulomb
interaction is not taken into account and the mass differences for the K̄ 0 and K − mesons (5.1
MeV [10]), and neutron and proton (1.3 MeV [11]) are ignored. This input is corresponding to
one used within isospin formalism consideration. In this scenario isospin singlet N K̄ potential
is the same for K − p and K̄ 0 n interactions. Therefore, for N N K̄(sN N = 0) system, the singlet
isospin configurations (K − p)p and (K̄ 0 n)p have to be equivalent. However, the pK − and nK̄ 0
systems are different when are taken into account the presence of the Coulomb force in pK −
system and mass differences. In Fig. 1 are presented the results for calculation for the mass
differences for the systems n + K̄ 0 and p + K − using Akaishi and Yamasuki (AY) potential
[12], when the Coulomb repulsion between the proton and K − is ignored. These systems are
separated by the difference of the masses with the gap of about 5 MeV as is shown in Fig. 1.
This value is small with respect to the total mass of each system, however, it is significant in
the energy scale relatively to the binding energy 30 MeV of the N K̄.
The symmetry of the isospin picture which one wants to describe in the terms for ppK −
and np K̄ 0 channels is violated in the np K̄ 0 system. The system ppK − is described using two
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potentials (vpp and vpK − ), while for the description of the system np K̄ 0 we are using three
different potentials: vnp , vp K̄ 0 and vnK̄ 0 . The latter two are related to the interaction of K̄ 0
with the proton and neutron, respectively. Following Ref. [13] we are considering the system
N N K̄(sN N = 0) using the "particle representation" instead of the isospin formalism.

Figure 1: The mass differences for the systems n + K̄ 0 and p + K − . The binding
energies of the ground states for the n + K̄ 0 and p + K − are calculated with the AY
effective isospin singlet N K̄ potential [12]. The Coulomb force is not included in
calculations for p + K − system.
In the present work, we consider the particle picture for the N N K̄ system and propose to
describe it as a two-level system ppK − /np K̄ 0 by mixing ppK − and np K̄ 0 configurations. The
two-level also known as two-state system is a quantum system that can exist in any quantum
superposition of two independent and physically distinguishable quantum states [14]. We
assume that in the systems ppK − and np K̄ 0 , the nK̄ 0 and pK − interactions are equivalent
to singlet isospin N K̄ interaction, and the p K̄ 0 interaction equals to the triplet N K̄ isospin
interaction.
In the particle representation, the wave function Ψ of the coupled ppK − /np K̄ 0 system is
a column vector. Let’s decompose the wave functions of the systems ppK − and np K̄ 0 into the
usual Faddeev components [15] ψ ppK − = U1 + W1 + Y1 and ψnp K̄ 0 = U2 + W2 + Y2 , respectively.
The wave function Ψ of the coupled ppK − /np K̄ 0 system is presented as a superposition of the
wave functions of each system as:

 
 
 
 

ψ ppK −
U1
W1
Y1
ψ1
Ψ = Aψ,
ψ=
=
=
+
+
,
(1)
ψ pnK̄ 0
ψ2
U2
W2
Y2
A=



α −β
β α


,

α = sin θ ,

β = cos θ .

(2)

Here the parameter θ defines the coupling strength and A is an unitary matrix: AAT = I.
The Schrödinger equation for the ppK − and np K̄ 0 systems can be written in the following
matrix form:
(H0 + Vpp, np + VpK − , p K̄ 0 + VpK − , nK̄ 0 − E)ψ = 0.
(3)
In Eq. (3) H0 is the kinetic energy operator of three particles and the interactions are defined
as






vpK −
0
vpp 0
vpK −
0
Vpp, pn =
, VpK − , p K̄ 0 =
, VpK − , nK̄ 0 =
,
0
vp K̄ 0
0 vpn
0
vnK̄ 0
where the vpp and vnp are spin singlet components of the N N potential. Following Ref. [13] the
vpK − and vnK̄ 0 potentials are chosen as isospin singlet, while vp K̄ 0 isospin triplet components
of the N K̄ potential, respectively. The isospin singlet N K̄ state is related to the deeply quasibound state Λ(1405) which is represented as the pK − system (see Fig. 1).
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Let us apply the unitary transformation A to (3) taking into account that AAT = I and
the first three terms in Eq. (3) are invariants relative to the A transformation due to the
simplification: m p = mn , mK − = mK̄ 0 , vpp = vpn , vpK − = vnK̄ 0 . As a result we obtain the
following equation for the wave function Ψ of the coupled ppK − /np K̄ 0 :
((H0 + Vpp,np + VpK − ,nK̄ 0 )I + A(VpK − ,p K̄ 0 )AT − E)Ψ = 0.

(4)

The potential VpK − , p K̄ 0 generates the matrix A(VpK − ,p K̄ 0 )AT :
V=



V11
V21

V12
V22


,

(5)

where V11 = α2 vpK − + β 2 vp K̄ 0 , V12 = V21 = αβ(vpK − − vp K̄ 0 ), V22 = β 2 vpK − + α2 vp K̄ 0 . Thus,
the matrix A describes the coupling ppK − /np K̄ 0 via non-diagonal elements V12 and V21 . The
isospin states of ppK − and np K̄ 0 are the same and the possible transformation pK − → nK̄ 0 can
be described as a coupling between the systems. One should note that non-diagonal elements
V12 and V21 of the matrix (5) make the channel coupling. The coefficients α and β can be
chosen to present a coupling between the channels.
Now the Schrödinger equation (4) for the coupled ppK − /np K̄ 0 system can be written for
the corresponding Faddeev components. These components satisfy the following deferential
Faddeev equations (DFE):
(H0U + vpp − E)U1 = −vpp (W1 + Y1 ),
(H0W + vpK − − E)W1 = −vpK − (U1 + Y1 ),
(H0Y + V11 − E)Y1 + V12 Y2 = −V11 (U1 + W1 ) − V12 (U2 + W2 ),
(H0U + vpn − E)U2 = −vpn (W2 + Y2 ),
(H0W + vnK̄ 0 − E)W2 = −vnK̄ 0 (U2 + Y2 ),
(H0Y + V22 − E)Y2 + V21 Y1 = −V22 (U2 + W2 ) − V21 (U1 + W1 ).

(6)

If α = 1, β = 0 the system of equations (6) decouples and the first three equations describe
the kaonic cluster ppK − , while last three equations describe the kaonic cluster pnK̄ 0 . In the
case of a weak channel coupling one can assume that α ≈ 1 and β ≈ 0. Thus, describing
N N K̄ (sN N = 0) system we consider two separate states ppK − and pnK̄ 0 . For the first one, the
s-wave approach based on the DFE leads to the following equations [16]:
(H0U + vpp − E)U = −vpp (W + Y ),
(H0W + vpK − − E)W = −vpK − (U + Y ),
(H0Y + vpK − − E)Y = −vpK − (U + W ),

(7)

where vpK − corresponds to the isospin singlet potential of the N K̄ interaction. The s-wave
approach for the np K̄ 0 system leads to the following DFE:
(H0U + vnp − E)U = −vnp (W + Y ),
(H0W + vnK̄ 0 − E)W = −vnK̄ 0 (U + Y ),
(H0Y + vp K̄ 0 − E)Y = −vp K̄ 0 (U + W ).

(8)

In Eq. (8) vp K̄ 0 and vnK̄ 0 are chosen to be correspond to isospin singlet and triplet components
of the N K̄ potential, respectively.
A particular interest presents the case when α = β = p12 , which means strong coupling between the channels, and therefore we have v +
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v − ≡ V12 = V21 =

vpK − −vp K̄ 0
2

and the system (6) becomes:

(H0U + vpp − E)U1 = −vpp (W1 + Y1 ) ,
(H0W + vpK − − E)W1 = −vpK − (U1 + Y1 ) ,
(H0Y + v + − E)Y1 + v − Y2 = −v + (U1 + W1 ) − v − (U2 + W2 ) ,
(9)
(H0U + vpn − E)U2 = −vpn (W2 + Y2 ) ,
(H0W + vnK̄ 0 − E)W2 = −vnK̄ 0 (U2 + Y2 ) ,
(H0Y + v + − E)Y2 + v − Y1 = −v + (U2 + W2 ) − v − (U1 + W1 ) .


1 1
1
One can use the unitary transformation B = p2
for Y1 and Y2 in the following
−1 1
form: Y 0 = BY or Y = B T Y 0 , where Y = (Y1 , Y2 ) T and




v+ v−
vpK −
0
T
B
B =
v− v+
0
vpK 0
to simplify the set of Eqs. (9). The transformation leads to the following set of equations:
(H0U + vpp − E)U1 = −vpp (W1 + 21 (Y1 − Y2 )) ,
(H0W + vpK − − E)W1 = −vpK − (U1 + 12 (Y1 − Y2 )) ,
(H0Y + vpK − − E)Y1 = −vpK− (U1 + W1 + U2 + W2 ) ,
(H0U + vpn − E)U2 = −vpn (W2 + 12 (Y1 + Y2 )) ,
(H0W + vnK̄ 0 − E)W2 = −vnK̄ 0 (U2 + 21 (Y1 + Y2 )) ,
(H0Y + vp K̄ 0 − E)Y2 = −vp K̄ 0 (U2 − U1 + W2 − W1 ) .

(10)

The set of Eqs. (10) allows us to make comparison with Eqs. (7) - (8) which describe the
independent ppK − and np K̄ 0 systems. Taking into account that vpp = vpn and vpK − = vnK̄ 0 ,
the set (10) can be rewritten as
(H0U + vpp − E)A1 = −vpp (B1 + Y1 ) ,
(H0W + vpK − − E)B1 = −vpK − (A1 + Y1 ) ,
(H0Y + vpK − − E)Y1 = −vpK − (A1 + B1 ) ,
(H0U + vpn − E)A2 = −vpn (B2 + Y2 ) ,
(H0W + vnK̄ 0 − E)B2 = −vnK̄ 0 (A2 + Y2 ) ,
(H0Y + vp K̄ 0 − E)Y2 = −vp K̄ 0 (A2 + B2 ) ,

(11)

where A1 = U1 + U2 , A2 = U2 − U1 , B1 = W1 + W2 , B2 = W2 − W1 . As a result, one can see that
the set of Eqs. (11) is separated into two independent sets. The first one describes the ppK −
system, while the second one corresponds to the np K̄ 0 system. Thus, the coupling between
ppK − and np K̄ 0 is eliminated under the assumption α = β.
One can obtain approximation for the set (10) taking Y2 = 0 with the condition that the
p K̄ 0 potential is weak and U1 ≈ U2 and W1 ≈ W2 . The new set has the following form:
(H0U + vpp − E)A1 = −vpp (B1 + Y1 ) ,
(H0W + vpK − − E)B1 = −vpK − (A1 + Y1 ) ,
(H0Y + vpK − − E)Y1 = −vpK − (A1 + B1 ) ,
(H0U + vpn − E)A2 = −vpn B2 ,
(H0W + vnK̄ 0 − E)B2 = −vnK̄ 0 A2 .

(12)

The analysis of (12) shows that again we have two independent sets. The first one describes the
ppK − system, while the second one corresponds to the np K̄ 0 system when the weak p K̄ 0 interaction is neglected. We will see below that the assumed conditions are satisfied in ppK − /np K̄ 0
calculations. One can conclude that the parameters of the pK 0 interaction cannot be fixed by
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the study of ppK − /np K̄ 0 system due to small contribution of the corresponding Y2 component.
Note that the elimination U2 − U1 and W2 − W1 is not possible for the nnK̄ 0 /npK − coupled
system. In this case, the difference between nn and np spin triplet potentials violates the
symmetry of the equations.

3

Numerical Results

The ground state energy of "ppK − " cluster were calculated with effective AY potentials [12]
for the K̄ N interaction. We used the modified MT I-III potential [17] for the N N nuclear
interaction.
Firstly, let us pay attention to numerical analysis of Eq. (6) where we have single undefined
constant α (or β). If α = 1, β = 0 the system of equations (6) decouples and the first three
equations describe the kaonic cluster ppK − , while last three equations describe the kaonic
cluster pnK 0 . In opposite case we have coupling between the ppK − and pnK̄ 0 states. If
the coupling, defined by the potentials V12 and V21 , is ignored, the systems transit as one to
another when the coupling constant α increases from 0 to 1. In Fig. 2 we present the results
of calculations for the binding energies of the ppK − and np K̄ 0 versus α2 for the case when
V12 and V21 are omitted in Eq. (6). Important is that the "ppK − " cluster can be described as
having two levels with the same energy for the α = p12 . Taking into account that the transition

pK − /nK̄ 0 makes the same probability for the pK − and nK̄ 0 states of N K̄ system, we assume
the same probability for ppK − and np K̄ 0 states. According to the two-level system theory, two
levels of the ppK − /np K̄ 0 system are crossing when the coupling is absent. When α2 = 21 and
V12 = V21 =0, the Hamiltonians corresponding to the ppK − and np K̄ 0 states are the same. It is
initial point of the theory. Switching on the coupling, i.e. considering V12 and V21 as non-zero
terms in Eq. (6), has to lead to "repulsion of the levels" or anti-crossing of the levels. Thus, the
coupling constant has to be chosen as p12 . It means that the probability of the ppK − and np K̄ 0
states is equal in the "ppK − " cluster. The energy in this point is different from one obtained
in the framework of the "traditional" isospin N N K̄ model [16]. However, the same coupling
constant was used in Ref. [13], where an isospin model was actually employed based on a
"charge isospin basis". This choice for α creates a correspondence between the isospin and
particle models.
The numerical results for the quasi-bound state energy |EN N K̄ | of the "ppK − " cluster are
presented in Table 1. We compare the results of the isospin and particle models. The result for
isospin model is the same which was obtained early in Ref. [16] where the configuration space
Faddeev equations was also used. It can be mentioned that the nucleon-nucleon interaction is
appeared as an attractive one. The values for |EN N K̄ (VN N = 0)| in the isospin model is smaller
than the value of |EN N K̄ |. In other words when the N N interaction is switched off then the
binding energy decreases. For the particle model we have calculated the energy in different
cases. For the first one, we calculated energies taking into account the coupling between the
ppK − and np K̄ 0 states. We obtained two energies ε1 and ε2 , which are the lower and upper
energies of the quasi-doublet state ppK − /np K̄ 0 . For the second one, we calculated energies
of separated ppK − and np K̄ 0 states. In this case, we had also two values for ppK − and np K̄ 0
system, respectively.
The attraction/repulsion character of pp potential at different distances can be explained
by Table 1. The attraction/repulsion behavior of the pp potential is appeared by comparison
of the bound state energy to one when the interaction between two nucleons is turned off
(case VN N = 0). This effect is caused by strong attractive singlet pK − potential which allows
the identical particles to be closer together. The compact system has larger binding energy.
Within the isospin model, the energy is larger than in the case when the N N potential is
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Figure 2: The binding energies of the ppK − and np K̄ 0 states as solutions of Eq. (6)
when V12 = 0 and V21 = 0 for different values of the coupling parameter α. The
difference of the masses of kaons does not taken into account. The energies are
measured from three-body threshold. The energy of two-body threshold is shown by
the dotted line, while the solid line presents the energy of quasi-bound state obtained
within the isospin model.
omitted. Thus, the N N potential is weakly attractive. In the particle model, the N N potential
gives the repulsive effect due to the more compact spacial configuration of the system when
the repulsive core of the potential becomes effective on short distances.
The numerical results for the N N K̄(sN N = 1) system are presented in Table 2. The system
is unbound within isospin consideration. Comparing the results to the results in Table. 1, we
see that the npK − (sN N = 1) level is located lower than npK − (sN N = 0) on 7 MeV. It is effect
of the difference of the states of nucleon pairs. The sN N = 1 state (deuteron) corresponds to
the bound state of the pair with energy of -2.23 MeV. This additional bound pair in the system
npK − (sN N = 1) leads to increasing three-body binding energy for the 7 MeV.
The nucleon-nucleon potential is not effective in triplet/triplet isospin/spin state. In used
MT-I-III potential, the corresponding component is equal to zero. The results for the nnK̄ 0
and ppK − (VN N = 0) systems are the same. We can evaluate the mass polarization effect [18]
for nnK̄ 0 system as difference between |EnnK̄ 0 | and 2|EN K̄ |. The value is about 20 MeV and
the relative contribution of the mass polarization to the binding energy is about 25%. Notice,
the last value depends mainly on the mass ratio of the particles in the system. For the system
where the mass of non-identical particle is essentially larger then the mass of identical particles
the effect can be neglected and |E3 | ≈ 2|E2 |.
The results for the coupled nnK̄ 0 /npK − system demonstrate so called "repulsion of levels",
which we defined as extension of the energy distance between nnK̄ 0 and npK − levels due
to the channel coupling. The upper level of the system with the energy ε2 becomes to be
unbound. The lower level with the energy ε1 becomes to be more deeper.
It is interesting to mention that nnK̄ 0 system is significantly more bound than the npK −
due to two strong nK̄ 0 interactions which are specularly associated with the Lambda(1405)
state, while npK − is formed by the week nK − and strong pK − interactions. The attractive
contribution of the spin triplet np potential cannot compensate the weak contribution of the
nK − potential.
Finally, we present spectrum of ppK − /np K̄ 0 and nnK̄ 0 /npK − bound and resonance states
in Fig. 3. The effect of coupling is shown as a "repulsion of the levels". On the left hand side
of Fig. 3, we present the results obtained for the separated systems ppK − and np K̄ 0 (also for
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Table 1: The quasi-bound state energy |EN N K̄ | of the "ppK − " cluster calculated within
the isospin formalism and particle model with the AY K̄ N and MT I-III nucleonnucleon potentials. |EN K̄ | is the binding energy of the pair N K̄ (pK − or nK̄ 0 ). The
energies of the separated ppK − and np K̄ 0 systems are presented. The values of
|EN N K̄ (VN N = 0)| when the interaction between two nucleons is turned off are shown.
ε1 and ε2 are the lower and upper energies of the quasi-doublet state ppK − /np K̄ 0 ,
respectively. The energies are given in MeV. The masses of the kaons (nucleons) are
equal to the value for averaged mass.
Model
Isospin
Particle

System
N N K̄(sN N = 0)
ppK − /np K̄ 0

|EN K̄ |
30.3
ε1
ε2

ppK −
np K̄ 0

|EN N K̄ |
46.0
70.6
30.3
70.6
30.8

|EN N K̄ (VN N = 0)|
42.9
80.8
–
80.8
–

Table 2: The quasi-bound state energy |EN N K̄ | of the N N K̄(sN N = 1) system calculated within the isospin formalism and particle two-level system model with the AY
K̄ N and MT I-III nucleon-nucleon potentials. |EN K̄ is the binding energy of the singlet state of N K̄ pair (pK − or nK̄ 0 ). The energies for the separated nnK̄ 0 and npK −
systems are presented. The values of |EN N K̄ (VN N = 0)| when the interaction between
two nucleons is turned off are shown. ε1 and ε2 are the energies of the quasi-doublet
of nnK̄ 0 /npK − state, respectively. The energies are given in MeV.
Model
Isospin
Particle

System
N N K̄(sN N = 1)
nnK̄ 0 /npK −
nnK̄ 0
npK −

|EN K̄ |
30.3
ε1
ε2

|EN N K̄ |
unbound
87.7
unbound
80.8
37.9

|EN N K̄ (VN N = 0)|
–
80.8
–
80.8
–

separated nnK̄ 0 and npK − ). For comparison, the results for corresponding coupled system are
shown on the right hand site. If the repulsion of levels is take place, the energy splitting for
the quasi-doublets of coupled systems becomes larger that was for separated systems. One
can see, that this effect is only appeared for the case nnK̄ 0 /npK − . According to Eq. (12), the
effect is not visible for the ppK − /np K̄ 0 case.

4

Conclusions

We proposed the two-level system treatment for N N K̄ kaonic system based on particle representation. The cluster N N K̄(sN N = 0) is presented as two-level system including ppK −
and pnK̄ 0 states. The same approach is applied for the N N K̄(sN N = 1) system considered as
nnK̄ 0 /npK − coupled states. The coupled coefficients were chosen to be α = β = p12 for both

N N K̄ kaonic systems. It means that the probabilities to find the N N K̄(sN N = 0) system as
ppK − or pnK̄ 0 are equal.
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Figure 3: Spectrum of ppK − /np K̄ 0 and nnK̄ 0 /npK − bound (double lines) and resonance (dashed line) states. The two-body threshold p +(pK − ) is shown by the dotted
line. The effect of the coupling is presented as a "repulsion of levels" and is shown by
connecting lines. The energies is reassured from the three-body threshold p + p + K − .
The spin of the nucleon pair is show.
We found deeply bound state of the N N K̄(sN N = 0) cluster with the energy about -72 MeV
below p + p + K − threshold using the phenomenological AY and MT potentials. Also, there
is weakly bound pnK − states with the energy -31 MeV. These states are corresponded to the
separated channels ppK − and np K̄ 0 , respectively. The nnK̄ 0 /npK − system has deeply bound
state with the energy above -87 MeV below n + p + K − threshold. This state corresponds to
the nnK̄ 0 channel.
Thus, the sequential particle model for N N K̄ kaonic cluster provides one deeply and one
shallow bound states.
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Abstract
We have extended our previous applications of the method of unitary clothing transformations (UCTs) in mesodynamics [1, 2] to quantum electrodynamics (QED) [3, 4].
An analytical expression for the QED Hamiltonian in the clothed-particle representation
(CPR) has been derived. Its distinctive feature is the appearance of a new family of the
Hermitian and energy independent interaction operators built up in the e2 -order for the
clothed electrons and positrons instead the primary canonical interaction between electromagnetic and electron-positron fields. The problem of describing the bound states in
QED in case of the positronium system has been considered. The first correction to the
energy of the ground state of the para-positronium and its decay rate to two photons has
been calculated by using the new interaction operators.
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1

Introduction

Starting from the primary canonical interaction between electromagnetic and electron-positron fields, the QED Hamiltonian has been expressed through a new family of the Hermitian
and energy independent interaction operators built up in the e2 -order for the clothed electrons
and positrons. In this context, we show the QED Hamiltonian Hqed (α) = H F (α) + Vqed (α) in
the bare particle representation (see, e.g., the monograph [5]), where Vqed is given by
Z
Vqed =

d x jk (x )a k (x ) + VCoul = V (1) + VCoul ,

(1)

with the electron-positron current density operator
jµ (x ) = eψ̄(x )γµ ψ(x )

(2)

and the Coulomb part
VC oul

1
=:
2

Z

Z
dx

dy

j 0 (x ) j 0 (y) −λ|x −y|
e
:.
4π|x − y|

(3)

In the CPR
Hqed (α) = H F (α) + Vqed (α) ≡ K(αc ) = K F (αc ) + K I (αc ).

(4)

Admittedly the exponential factor with the parameter λ > 0 set to zero at the end of all
calculations is introduced to deal with infrared divergences. Here αc denotes the set of all
creation and destruction operators for the clothed particles included. Note also that we use
the Coulomb gauge (CG), where the photon field aµ being transverse, has two independent
polarizations.
It is proved, that in the e2 -order the interaction part K I (αc ) is approximated by
(2)

K I (αc ) = Ke− e− →e− e− + Ke+ e+ →e+ e+ + Ke+ e− →e+ e− + Ke+ e− →γγ + Kγγ→e+ e− +
+Ke− γ→e− γ + Ke+ γ→e+ γ ,

(5)

where the separate contributions in the r.h.s are responsible for the different physical processes
in this system of interacting photons and leptons.

2

Analytical expressions

A distinctive feature of our approach is that all expressions in the r.h.s of (5) are obtained
simultaneously with mass and vertex renormalizations from the commutator of V from (1)
with the generator of the first unitary clothing operator [1]. In particular, we present the
interaction operator between clothed electrons and positrons
Z
d p 01 d p 02 d p 1 d p 2
Ve− e+ (p10 , p20 ; p1 , p2 )b† (p10 )d † (p20 )b(p1 )d(p2 ),
Ke− e+ →e− e+ =
(6)
p100 p200 p10 p20
Ve− e+ (p10 , p20 ; p1 , p2 )



e 2 m2
0
0
0
0
0
0
δ(p 2 + p 1 − p 2 − p 1 ) υS (p1 , p2 ; p1 , p2 ) + υA(p1 , p2 ; p1 , p2 ) , (7)
=
(2π)3

where m the physical electron (positron) mass, b(d) is the destruction operator for the clothed
electron (positron). Henceforth, we omit polarization indices where it does not lead to confusion. In addition, we have introduced the decomposition into the so-called scattering and
annihilation contributions υS and υA. Each of them has the structure
Feynman-like

υS/A = υS/A

off-energy-shell

+ υS/A

045.2
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ª
1
1
=
+
ῡ(p2 )γµ υ(p20 ),
2 (p10 − p1 )2 (p20 − p2 )2
ª
§ 0
(p10 + p20 − p1 − p2 )
(p20 − p2 )
1 (p1 − p1 )
off-energy-shell
0
0
ū(p1 )γ u(p1 )
+
υS
=
ῡ(p2 )γ0 υ(p20 ),
2 (p10 − p1 )2 (p20 − p2 )2
(p 01 − p 1 )2 + λ2
ª
§
1
1
Feynman-like
0
µ
0 1
ῡ(p2 )γµ u(p1 ),
+
υA
= ū(p1 )γ υ(p2 )
2 (p1 + p2 )2 (p10 + p20 )2
§ 0
ª
(p10 + p20 − p1 − p2 )
(p1 + p20 )
(p1 + p2 )
off-energy-shell
0
0
0 1
υA
=
ū(p1 )γ υ(p2 )
−
ῡ(p2 )γ0 u(p1 ) .
2 (p10 + p1 )2 (p1 + p2 )2
(p 01 + p 02 )2 + λ2
Feynman-like
υS

1
−ū(p10 )γµ u(p1 )

§

Such a decomposition implies that only the Feynman-like part survives on the energy shell,
i.e., on the condition p100 + p200 = p10 + p20 . Of course, all momenta included are defined on the
mass-shell: p2 = p02 − p 2 = m2 .
Furthermore, we present the operator of the process of the annihilation of clothed electron
and positron to two photons
Z
d k 1 dk 2 d p 1 d p 2
Ke− e+ →γγ =
Ve− e+ γγ (k2 , k1 ; p2 , p1 )c † (k2 )c † (k1 )b(p2 )d(p1 ),
(9)
k10 k20 p10 p20
where c † is the creation operator for the clothed photon. Similarly to (8), we separate offenergy-shell part which goes to zero if energy conservation law satisfied
Ve− e+ γγ (k2 , k1 ; p2 , p1 ) =

e2 m
δ(p 1 + p 2 − k 1 − k 2 )[υFeynman + υoff-energy-shell ],
2(2π)3

ῡ(p1 )e/(k1 )e/(k2 )u(p2 )
,
p/1 − k/1 + m


1 ῡ(p1 )e/(k1 )e/(k2 )u(p2 ) ῡ(p1 )e/(k2 )e/(k1 )u(p2 )
υoff-energy-shell = −
+
.
2
p/1 − k/1 + m
p/2 − k/1 − m

(10)

υFeynman =

3

(11)

Correction to the positronium ground state energy

The problem of describing the bound states in QED in the case of the positronium (Ps) has
been considered by using the new interaction (6). Positronium consisting of an electron and
a positron is the simplest bound system in QED. Its ground state (g.s.) has two possible configurations with total spin values S=0, 1. The singlet (triplet) lowest-energy state with S=0
(S=1) is known as the para-positronium (ortho-positronium). For this exposition, we will
restrict ourselves to the consideration of the para-positronium (p-Ps) system.
As noted in [6], the Fock subspace of all the clothed states can be divided into several
sectors (two electrons sector, photon-electron sector, etc.) such that K (2) (αc ) leaves each of
them to be invariant, i.e., for any state vector |Φ〉 of such sector K (2) (αc )|Φ〉 belongs to the same
sector. Here we make an assumption that the Ps state belongs only to the electron-positron
sector. The corresponding g.s., being the H eigenvector, viz.,
H|p-Ps(P)〉 = E|p-Ps(P)〉,

(12)

can be represented as
|P; p-Ps〉 =

Z

d p1 d p2
p10

p20

Ψ00 (P; p 1 , p 2 )b† (p1 )d † (p2 )|Ω〉.

045.3
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In the p-Ps rest system or center mass system (c.m.s.) the eigenvalue equation has the form
Z
d p0
V̄ (p0 , p)Ψ00 (p 0 ) = mp-Ps Ψ00 (p),
(14)
2p0 Ψ00 (p) +
p0 p00
where mp-Ps = me− + me+ + "p-Ps the para-positronium mass and "p-Ps its binding energy,
Ψ00 (p) ≡ Ψ00 (P = 0; p, −p) (since we work in c.m.s.) and V̄ (p0 , p) gets out from (6) in
c.m.s. (p ≡ p 1 = −p 2 , p 0 ≡ p 01 = −p 02 )
V̄ (p10 , p20 , p1 , p2 ) = 〈Ω|d(p20 )b(p10 )Ke− e+ →e− e+ b† (p1 )d † (p2 )|Ω〉.

(15)

In the non-relativistic limit (p0 = p00 = m) the eigenvalue equation reduces to the ordinary
Schrödinger equation for the Coulomb potential in momentum space. Therefore we come to
the well-known Coulomb problem with the g.s. energy "g.s. ≈ −6.8eV . By considering the
difference between V̄ (p0 , p) and the Coulomb potential as a perturbation (it is not evident)
and using the non-perturbative wave function of the ground state
p
2
2a3
Ψ00 (p) =
,
(16)
π (1 + a2 p2 )2
from Appendix C in [7] we have computed the energy shift
∆" = −4.7325 · 10−4 eV.
This value surprisingly coincides with those estimations given in [7] (see formula (1.1)
therein). In order to verify such a coincidence beyond the perturbation theory, we are addressing the partial wave decomposition of the positronium eigenvectors that has been successful
when finding the u and w components of the deuteron wave function (WF) [8].

4

The partial eigenvalue equation for para-positronium

In this context, we derive the partial eigenvalue equation for the para-positronium WFs that
belong to the total angular momentum J, viz.,
Z ∞ 02 0
p dp J 0 J
J
0
J
2p0 Ψ (p) +
(17)
0 Ψ (p ) V̄ (p, p ) = mp-Ps Ψ (p).
p
p
0 0
0
Here V̄ J (p, p0 ) is the partial electron-positron quasipotential derived in the momentum representation from the new e− e+ -interaction operator. In turn, we have
V̄ J (p, p0 ) = ῡJ (Feynman-like) + ῡJ (off-energy-shell).

(18)

Such p
a separation implies
pthat only the Feynman-like part survives on the energy shell, where
p00 = p02 + m2 = p0 = p2 + m2 . The task of solving the eigenvalue equation and obtaining
the corresponding positronium states in the CPR is underway (see Appendix C in [9]).

5

Positronium decay rates

The positronium decay to two photons has considered. The corresponding decay rate is given
by (see formula (9.337) in [10])
X Z dk Z d k
1
2
Γ=
πδ(k10 + k20 − EPs )δ(k 1 + k 2 − P)|T f i |2 ,
(19)
0
0
k
k
σ1 σ2
1
2
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where the T-matrix element T f i = 〈Ω|c(k1 σ1 )c(k2 σ2 )T |Ps〉 from the initial Ps ground state
to the final state of the two photons, respectively, with the momenta k1 = (k10 , k 1 ) and
k2 = (k20 , k 2 ) and their polarizations σ1 , σ2 . In this connection, we note an equivalence
theorem proved in [11], that allows us to use a recipe for calculating the S-matrix (T-matrix)
in the CPR.
In the rest frame of positronium (P = 0) one can do the integration with both δ-functions
Z
π X
Γ=
d k̂ 1 |T f i |2 ,
(20)
2σ σ
1

2

where k̂ 1 is the unit vector along vector k 1 .
The positronium state-vector with spin S can be represented as
XZ dp
|Ps(S)〉 =
ΨSMS (p)|p S MS 〉 ,
p0
M

(21)

S

where |p S MS 〉 =

P
µ1 µ2

( 12 µ1 12 µ2 |S MS )b† (p− µ2 )d † (pµ1 )|Ω〉 the electron-positron state-vector

in the total spin representation and p− = (p0 , −p).
T ≈ Ke− e+ →γγ one has

In the Born approximation where

Z
π X
Γ=
d k̂|〈kσ1 σ2 |Ke− e+ →γγ |p-Ps〉|2 ,
2σ σ
1 2
Z
dp
〈kσ1 σ2 |Ke− e+ →γγ |p-Ps〉 =
Ψ00 (p)〈kσ1 σ2 |Ke− e+ →γγ |p 0 0〉 ,
p0

(22)

where 〈kσ1 σ2 | ≡ 〈Ω|c(kσ1 )c(k− σ2 ). Here we use the g.s. Coulomb wave function as an
approximation.
The interaction (9) in an arbitrary frame has the form
〈Ω|c(k1 σ1 )c(k2 σ2 )Ke− e+ →γγ b† (p2 µ2 )d † (p1 µ1 )|Ω〉 =

αm
ῡe− e+ γγ ,
4π2

§
ª
1
1
1
ῡe− e+ γγ = ῡ(p1 µ1 )e/(k1 σ1 )
−
e/(k2 σ2 )u(p2 µ2 )+
2 p/2 − k/2 − m p/1 − k/1 + m

(23)

(24)

+(k1 , σ1 ↔ k2 , σ2 ) ,
whence in the static limit (p 1,2 = 0) we arrive at the well-known Pirenne-Wheeler result with
Γ = 21 α5 m ≈ 8.0325 · 109 sec−1 [12, 13]. After this, by using the CG we get
Γ=
with the integral
1
I(α) =
8

Z∞
du
0

128
mα7 I(α)2 ,
π2

u sinh u
(α2 /4 + sinh2 u)2

(25)

= 26.7535 .

(26)

Now we get the decay rate of para-positronium into two photons Γ = 7.9411 · 109 sec−1 . The
experimental result [14] for this value 7.9909 ± 0.0017 · 109 sec−1 .
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6

Conclusion

We have shown that the UCT method can be successfully applied to the treatment of the bound
states in QED. Our consideration gives one more application of a well-forgotten concept on
the clothed particles in quantum field theory, put forward by Greenberg and Schweber [15].
We have seen that our approach leads to new Hermitian and energy independent interactions
between clothed particles including the off-energy-shell and recoil effects (the latter in all
orders of the v 2 /c 2 - expansion).
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Abstract
We investigated three-nucleon (3N) force effects in the final state interaction (FSI) configuration of the d(n, nn)p breakup reaction at the incoming nucleon energy En = 200
MeV. Although 3N force effects for the elastic nucleon-deuteron scattering cross section
at comparable energies are located predominantly in the region of intermediate and
backward angles, the corresponding 3N force effects for the integrated FSI configuration breakup cross section are found also at forward scattering angles.
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Introduction

Our studies of 3N continuum are based on the exact solutions of the 3N Faddeev equation in
momentum space. They began in the 1980s and in the 1990s were performed with several
realistic two-nucleon (2N) forces: the AV18 [1], CD Bonn [2], NijmI, NijmII, Nijm93 and
Reid93 [3] potentials. The results of these studies (see for example Refs. [4, 5]) proved that
predictions of 3N scattering observables are in good agreement with the data at input nucleon
energies below about 30 MeV. The situation changed at highier energies, where theoretical
predictions using only 2N forces clearly deviated from the data [6, 7]. In particular, strong
discrepancies between such calculations based on 2N potentials and the data were found in
the minimum of the elastic scattering cross section. For energies smaller than approximately
140 MeV the agreement between theoretical predictions and the data for this observable was
regained, when the Tucson–Melbourne (TM) [8] or Urbana IX [9] 3N force (3NF) models
were included in the 3N Hamiltonian [10]. Thus the studies in Ref. [10] provided strong
evidence for the action of 3NF in 3N scattering. However, the description of many polarization
observables and generally the description of the data at still higher energies was not always
satisfactory [5, 11].
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At high energies one could expect deficiencies in the nonrelativistic Faddeev approach.
That is why we constructed a relativistic framework in the form of relativistic Faddeev equations [12–18] according to the Bakamjian-Thomas theory [19]. However, the relativistic effects turned out to be generally small and insufficient to significantly improve the data description.
Neither TM nor Urbana IX could be considered merely as phenomenological 3NF models,
since they are based on a meson theoretical picture. However, it was pointed out that these 3N
forces were not consistent with the widely used 2N forces. The QCD Lagrangian with massless
quarks possesses chiral symmetry. This chiral symmetry is explicitly broken because of the
quark mass terms. This feature of QCD and the mechanism of spontaneous chiral symmetry
breaking inspired Weinberg to use effective field theory of QCD in the form of chiral perturbation theory as a tool to construct nuclear interactions. This idea was then implemented by
many physicists, who strove for construction of precision 2N and many-nucleon potentials.
We mention here work by van Kolck [20], the early model of the Bochum-Bonn group [22]
and the nuclear forces developed by the Moscow (Idaho)-Salamanca group [21]. In particular
Epelbaum and collaborators for the first time used chiral 2N and 3N forces to study nucleondeuteron scattering [23].
Currently the investigations of few- and many-nucleon systems with the new generations of
chiral potentials from the Bochum-Bonn group are carried out within the LENPIC project [24].
More information about this initiative, coordinated by E. Epelbaum and J. Vary, can be found
in the contribution to this conference by J. Golak et al. [25].
In the present contribution we studied in detail one of the most important kinematical
configurations of the nucleon-induced deuteron breakup reaction, namely the final state interaction (FSI) configuration. We considered the case, where two neutrons emerged with the
same momenta, forming quasi dineutron, while the final proton momentum was restricted by
four-momentum conservation. Our purpose was to estimate 3NF effects for this effectively
two-body reaction.

2

Final State Interaction configuration

We investigated 3NF effects in the FSI configuration of the d(n, nn)p breakup reaction. To this
end we obtained solutions of the 3N Faddeev equations [4] with the CDBonn nucleon-nucleon
potential [2] and the Tucson-Melbourne 3NF [8]. From these solutions one can construct not
only the elastic scattering observables but also the observables for the breakup process. In this
contribution we restrict ourselves to an integrated breakup cross section around the final state
interaction condition for the two emerging neutrons:
Z S0 +∆S
d 2σ
d 3σ
≡
dS
(n + d → (nn) + p).
(1)
dΩ1 dΩ2
S −∆S dΩ1 dΩ2 dS
0

Ω1 =Ω2

Here Ω1 and Ω2 represent the directions of the momenta of the outgoing neutrons 1 and 2,
respectively. Note that for fixed Ω1 and Ω2 , the energies of the two neutrons, E1 and E2 lie
on a certain curve, the so-called "kinematical locus". Choosing an appropriate starting point
where by definition S = 0, the S parameter is calculated as a distance taken along the curve
from its starting point:
Z
Z
Æ
S = dS =
(d E1 )2 + (d E2 )2 .
(2)
This arc-length variable S defines uniquely the three-nucleon kinematics, yielding a specific
(E1 , E2 ) point on the kinematically allowed curve in the (E1 , E2 ) plane. The FSI occurs for the
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Figure 1: The integrated final state interaction configuration breakup cross section
for the incident neutron laboratory kinetic energy En = 200 MeV. The theoretical predictions based solely on a 2N interaction (here the the CDBonn potential [2]) are
represented by the dotted line, while the results obtained with the 2N potential augmented by the Tucson-Melbourne 3NF [8] are shown with the solid line.

condition E1 = E2 , where S ≡ S0 .
Figure 1 shows the breakup cross section of Eq. (1) for the incident neutron laboratory energy En =200 MeV resulting from integrations over the S variable in the interval S0 −∆S, S0 +∆S
with the width parameter ∆S= 20 MeV. The angle θlab is the common laboratory scattering
angle of nucleons 1 and 2, for which the FSI condition is realized.
We found a large deviation between the theoretical predictions for the FSI cross section
including or not including 3NF. Although the 3NF effects for the elastic scattering cross section
are located predominantly in the region starting from middle up to backward scattering angles,
the 3NF effects for the integrated FSI configuration breakup cross section are found also at
forward scattering angles.

3

Conclusion

We found a large deviation between the theoretical predictions including or not including
3NF. Although the 3NF effects for the elastic scattering cross section [6, 7, 26, 27] are most
pronounced for the intermediate and backward scattering angles, the 3NF effects for the integrated FSI configuration breakup cross section are found also at forward scattering angles.
We hope that our results can be in future confronted with experimental data.
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Abstract
Time-dependent Hartree-Fock calculations have been performed for fusion reactions of
4
He + 4 He → 8 Be∗ , followed by 4 He + 8 Be∗ . Depending on the orientation of the initial
state, a linear chain vibrational state or a triangular vibration is found in 12 C, with transitions between these states observed. The vibrations of the linear chain state and the
triangular state occur at '9 and 4 MeV respectively.
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Introduction

The triple-alpha reaction is established as the process by which helium is first burned to form
heavier elements in stars [1]. It is a two-stage process in which two 4 He nuclei combine to
form a short-lived 8 Be nucleus, which later reacts with a further 4 He nucleus to form 12 C.
In the stellar environment most 8 Be nuclei created through alpha fusion disintegrate back to
two alpha particles, but a small equilibrium concentration of 8 Be allows some triple-alpha
reactions to proceed. Understanding the details of the reaction is crucial to understanding this
key bottleneck reaction in stars, and is a test of nuclear models which need to produce the
right structures in 12 C in order to describe the reaction well [2, 3].
We use time-dependent Hartree-Fock to analyse this reaction. Our work is similar to a
previous TDHF study of the triple-alpha collision [4, 5], though our analysis and methods
differ somewhat in its use of a two-step process and the spectral analysis of the compound
nuclei. We note, too, work in which the excitation of shape isomers in the 6α 24 Mg nucleus
were studied [6], which has bearing on the use of TDHF for alpha cluster states, and on other
recent work on He nuclei in TDHF calculations [7], which serve to validate the general method.

2

Methodology

Our calculations use time-dependent Hartree-Fock (TDHF) [8] with the Skyrme interaction [9]
with an unmodified version of the Sky3D code [10, 11]. We use the SLy4d interaction [12]
which was fitted with no centre of mass correction as ideal for TDHF calculations.
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Figure 1: Upper panel shows the quadrupole moment of matter distribution of two
colliding alpha particles. Two solid circles show the snapshots after 2000 and 4000
iterations when the wave functions of the 8 Be∗ are taken to be used as starting points
in the triple alpha calculations. Starred points correspond to the density snapshots
in the inset frames. The lower panel shows the power spectrum of the oscillations of
the compound 8 Be nucleus.
A ground state alpha particle is calculated in static Hartree-Fock to a well-converged solution in a 16×16×16 fm coordinate space box with 1 fm grid spacing in each Cartesian direction.
Time-dependent calculations for 4 He+4 He collisions are performed by placing two identical
4
He ground states separated by a given amount and initialised with instantaneous boost vectors at t = 0 which are calculated from a user-defined impact parameter and centre of mass
energy of the collision, accounting for the Coulomb trajectory of the reacting 4 He nuclei as
they come from infinity.
At later times during the 4 He+4 He collision, the wave functions of the combined 8 Be∗
nucleus are saved to be used as a starting point for a further TDHF calculation in a larger
box. For each specific calculation, the particular parameters used are given as the results are
presented in the next section.

3

Results

The ground state alpha particle, as obtained form the static Hartree-Fock calculation with the
SLy4d interaction has a binding energy of 17.67 MeV, which compares with an experimental
value of 28.30 MeV [13]. This under-binding by 40% could clearly have a strong influence on
the results, but for the present study a known Skyrme force from the literature was chosen as
a baseline for investigation. A separate study with a Skyrme interaction which fits 4 He better
is certainly warranted but not pursued further here.

3.1

2-α reactions

To initiate a two alpha particle collision, two 4 He ground states were placed in a coordinate grid
box with dimension 20×16×20 fm with centres at (0, 0, −4) fm and (0, 0, 4) fm. The alphas
were given initial boosts to send them travelling towards each other with impact parameter
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Figure 2: Quadrupole moment of the matter density during collisions of 4 He with
compound 8 Be∗ nucleus with initial conditions as per the legend and discussed in
the text. The two insets show the Fourier power spectrum of parts of the quadrupole
moment: The upper inset panel shows the spectrum of the resonance created in a
tip collision (solid black) and a side collision (dashed red) both at b=0 and using
the 2000 configuration of 8 Be∗ . The lower panel shows two spectra from the b=1
tip 2000 configuration with the yellow (lighter) dotted line from the time signal as
shown in the yellow (lighter) dotted box, and the pink (darker) dotted line showing
the spectrum from the later time signal in the pink (darker) dotted box.
b = 0 fm and centre of mass energy EC M = 1.0 MeV. The nuclei fuse and remain fused for the
duration of the TDHF calculation. The quadrupole moment of the matter distribution, defined
as
v
Z
t 5
Q=
d 3 rρ(r)(2z 2 − x 2 − y 2 ) ,
(1)
16π
where ρ is the total nucleon density in the entire multinucleus system, is shown in Figure 1.
Also shown is the Fourier power spectrum of the time signal of the quadrupole oscillations.
The time-series for the transformation is sampled starting at 800 fm/c = 2.64 zs, for 2048
data points, which is up to ' 29.7 zs. The positions of the peaks are rather insensitive to the
sampling window. Two states are apparent in the spectrum: One at 8.5 MeV and the other at
14.7 MeV. Both shows some fragmentation, presumably due to artificial discretisation in the
coordinate space box [14].
The lowest known 2+ resonance state in 8 Be is at 3.03 MeV ± 10 keV [15]. This is either
not probed by the reaction mechanism in the TDHF calculation, or the energy is considerably overestimated. The second experimentally-observed excited state in 8 Be is a broad 4+
resonance at 11.35 MeV [15].

3.2

3-α reactions

The parameter space for triple alpha (8 Be∗ +4 He) reactions is much larger than for 4 He+4 He:
The 8 Be∗ is not spherical, so there will be dependence on the initial orientation of the reacting
nuclei. The 8 Be∗ nucleus is not in a stationary state, so there may be dependence upon the
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Figure 3: Snapshots of the time evolution of the total density for four of the trajectories shown in Figure 2, as labelled. Snapshots are every 20 fm/c (' 0.067 zs) starting
from the top left and reading first left-to right, then top to bottom. The final frames,
on the bottom right of each set, are at a time 1220 fm/c (' 4.0 zs).
exact configuration of the 8 Be∗ at the moment of impact. Here, we make a study of these extra
parameters, but concede that a much fuller study is needed for a complete picture.
Two different starting configurations are used for the 8 Be∗ nucleus, as indicated by the
solid circles on the line in Figure 1. These are somewhat arbitrarily chosen and labelled configurations 2000 and 4000 (because of the number of iterations in the 2-α TDHF calculation),
though we note that one of the configurations is near a maximum in the value of Q while the
other is near a minimum. Starting orientations are limited to the two extremes of impinging
along the long or short axes of the 8 Be, labelled “tip” and “side” collisions respectively, and with
impact parameters selected between b = 0 fm and b = 1 fm only. The centre of mass collision
energy is fixed at Ecm = 2.0 MeV. This energy is chosen as it is close to the Coulomb barrier,
which lies between 1 and 2 MeV, and we are interested in fusion reactions below the threshold
for other mechanisms (e.g. fusion-fission). This energy (Ecm = 2.0 MeV) was also the choice
made in a previous TDHF study of the triple-alpha reaction [4], though the results at other
energies deserve future study to check the energy-dependence of the reaction mechanism.
Figure 2 shows a summary of the results for simulations up to 5 zs. Figure 3 shows some
details of the evolution of the density leading to the results of Figure 2. The b=0 tip configurations lead to a rather stable large-amplitude oscillation which remain in a chain state.
Side configurations lead to more compact states with smaller-amplitude oscillations in which
triangular configurations appear.
Mixing of the mean-field TDHF configurations via a Fourier spectrum analysis gives an
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estimate for the energies of the excited states of 12 C involved. The upper inset panel in Figure
2 shows the power spectrum from the chain state oscillations at around 9 MeV, and from the
triangular oscillations at around 4 MeV. The lower inset panel shows that in a b=1 tip collision,
the nucleus initially oscillates in the 9 MeV chain state before quickly (∼2 zs) decaying to the
4 MeV triangular state. This interpretation is seen in the snapshots of the time-dependent
density in Figure 3, and qualitatively agrees with a previous study [4].
A more sophisticated treatment then mixing via Fourier analysis would be needed to obtain
definite spins for each state. Angular momentum projection, followed by the use of time as a
generator coordinate to give a basis for mixing Slater Determinants for structure information
[16], is our longer term goal to achieve this.

4

Conclusion

Time-dependent Hartree-Fock has been used to instigate the triple-alpha reaction, with the
dynamics analysed in terms of the energies of vibrational states within the compound nucleus.
Identifiable chain and triangular vibrational states at around 9 and 4 MeV respectively are
found, with decay from the chain to triangular states occurring with a time dependence on the
initial condition.
Perspectives for future study include a mixing of Slater Determinants using time as a generator coordinate, to analyse the spectrum more rigorously, and with the full degrees of freedom
that that TDHF calculations afford, rather than measuring only the quadrupole response. A
fuller mapping of the parameter space (EC M , b, orientation), and the form of the nuclear
interaction, may afford further insights.
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Abstract
Electron-induced proton, neutron and deuteron knock-out remains the most versatile
probe of the electro-magnetic properties and spin structure of light nuclei. The advent
of highly polarized beams and targets and improvements in recoil polarization methods,
as well as analysis and simulation techniques, have enabled us to study the static and
dynamical properties of few-body systems with unprecedented precision. Recent experiments at Jefferson Lab and MAMI are presented and put into perspective of state-of-the
art Faddeev calculations, with focus on the 3 He nucleus.
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1

Introduction

All modern electron-scattering experiments involving polarization degrees of freedom are being performed either at the Thomas Jefferson National Accelerator Facility (TJNAF or JLab) in
Newport News, USA, or at the MAMI Accelerator Facility in Mainz, Germany. In this paper we
present the results of a select list of the most relevant recent experiments: TJNAF E05–102,
~ e, e0 d)p, 3 He(~
~ e, e0 p)d
dedicated to the measurement of double-spin asymmetries in the 3 He(~
~ e, e0 p)pn processes in the quasi-elastic region; the TJNAF E05–015, whose main goal
and 3 He(~
was the determination of target single-spin asymmetry in the quasi-elastic 3 He↑ (e, e0 ) process; the TJNAF E08–005 in which we studied target single-spin asymmetries in quasi-elastic
3
~ e, e0 n); and the MAMI Project
He↑ (e, e0 n) and double-spin asymmetries in quasi-elastic 3 He(~
~ e, e0 p
~) in order to
‘N’ with the first-ever attempt to investigate the triple-polarized process 3 He(~
3
3
study the spin-dependent distribution of polarized pd clusters in He. The He nucleus is indeed the playground for tests of few-body nuclear dynamics [1, 2], but lately 2 H and 12 C have
also received renewed attention due to their relevance for the study of medium modifications
of elastic form-factors of nucleons; here we outline our efforts to determine the single-spin
~) and 12 C(~e, e0 p
~) processes.
asymmetries in 12 C(e↑ , e0 ) as well as recoil polarizations in 2 H(~e, e0 p

2

Double-spin asymmetries in 3 He breakup

A precise knowledge of ground-state structure of 3 He is needed to extract the information on
the neutron from all types of exclusive or inclusive experiments on polarized 3 He, for instance,
n
measurements of GEn , GM
, An1 , g1n , g2n or determinations of the GDH sum rule. The ground state
3
of He, however, is quite complex, with the dominant S-state configuration complicated by
D and S 0 -states as well as a multitude of sub-leading Faddeev components [3]. Polarization
observables turn out to be most sensitive to 3 He ground-state structure, and several stateof-the-art calculations have been confronted with the measurements of double-polarization
~ e, e0 d), 3 He(~
~ e, e0 p), and 3 He(~
~ e, e0 n) processes. These three channels are
observables in 3 He(~
discussed separately in the following.
The differential cross-section for electron-induced deuteron knockout from a polarized 3 He
is given by


dσ(h, S~)
~ ,
= σ0 1 + S~ · A~0 + h(Ae + S~ · A)
dΩe dEe dΩd dpd
where σ0 is the “unpolarized” cross-section, the nuclear spin vector S~ and the helicity of the
electron beam is h. The measured beam-target asymmetry
A(θ ∗ , φ ∗ ) = S~(θ ∗ , φ ∗ ) · A~ =

[ dσ++ + dσ−− ] − [ dσ+− + dσ−+ ]
[ dσ++ + dσ−− ] + [ dσ+− + dσ−+ ]

depends on the orientation of S~, specified by the angles θ ∗ and φ ∗ with respect to momentum
transfer. The same formalism applies to the remaining two channels, with the particle subscript
‘d’ replaced by ‘p’ or ‘n’.

2.1

Deuteron channel

The results on beam-target asymmetries in the deuteron channel have been described in detail
in Ref. [4]. Figure 1 shows the A(71◦ , 0◦ ) and A(160◦ , 0◦ ) asymmetries as functions of missing
momentum, pm , together with the calculations of the Vilnius (V; formerly Hannover/Lisbon)
[5–8], the Krakow (K; formerly Bochum/Krakow) [9,10] and Pisa (P) [11] groups. The K and
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A(71o,0o)

V calculations are Faddeev calculations with a complete treatment of final-state interactions
(FSI) and meson-exchange currents (MEC); they differ only in their choice of the nucleonnucleon potential (AV18 vs. charge-dependent Bonn, respectively) and the inclusion of the
three-nucleon force (typically Urbana IX vs. ∆ isobar as an active degree of freedom to provide
the effective three-nucleon strength); the V calculations also include a point Coulomb interaction in the partial waves involving two charged baryons. The P calculations (not Faddeev
but of equivalent precision) are based on variational pair-correlated hyper-spherical harmonic
expansions to render the FSI, and also include MEC.
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Figure 1: The measured asymmetries A(71◦ , 0◦ ) (top) and A(160◦ , 0◦ ) (bottom) in
~ e, e0 d) process as functions of missing momentum, compared
the quasi-elastic 3 He(~
to the acceptance-averaged V, K and P calculations (see text for notation). The empty
symbols (shifted for clarity) denote the data with a cut on the quasi-elastic peak.
The measured A(71◦ , 0◦ ) asymmetry crosses zero at pm ≈ 130 MeV/c; this behavior is qualitatively mirrored by all calculations, although the zero crossing occurs at lower pm . Neither
of the considered calculations reproduces the measured A(160◦ , 0◦ ) asymmetry (leveled at approximately −4 % throughout the pm range). Modern theoretical treatments of the 3 He system
are therefore only able to qualitatively account for the bulk of our data set; however, given
the small magnitude of the asymmetries and the delicate interplay of their ingredients, the
agreement can be considered to be satisfactory. The revealed deficiencies in the calculations
indicate a need for further refinement in the treatment of two- and/or three-body dynamics,
and this is an ongoing effort.

2.2

Proton channel

The results on beam-target asymmetries in the proton channel have been described in detail in
Ref. [12]. In this channel, the energy resolution of the apparatus was insufficient to directly disentangle the two-body and three-body breakup contributions (2bbu and 3bbu, respectively).
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The individual asymmetries were therefore extracted by studying the missing-energy dependence of the asymmetries and relying on a Monte-Carlo simulation weighted with the corresponding unpolarized cross-sections. Figure 2 shows the A(67◦ , 0◦ ) asymmetry (top panel)
and the A(156◦ , 0◦ ) asymmetry (bottom panel), together with the K and V calculations.
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Figure 2: The measured asymmetries A(67◦ , 0◦ ) (top) and A(156◦ , 0◦ ) (bottom) in
~ e, e0 p) process as functions of missing momentum, compared to
the quasi-elastic 3 He(~
the acceptance-averaged K and V calculations (see text for notation). The calculated
two-body and three-body breakup contributions are also shown.
The situation in the proton channel is similar to the one in the deuteron channel: the stateof-the-art theoretical approaches are able to approximately describe only the overall behavior
of the data. We note, however, that the asymmetries are relatively small and therefore hard to
reproduce, given the strong cancellations of the 2bbu and 3bbu contributions.
We have tried to assess the relative importance of 2bbu and 3bbu contributions by dividing
~ scattering at the same
the measured nuclear asymmetries by the asymmetries for elastic ~ep
~ e, e0 p)
value of Q2 ; see Fig. 3. In the plane-wave approximation, the 2bbu ratio for the 3 He(~
process at pm ≈ 0 should be −1/3, corresponding to the effective polarization of the (almost
free) proton inside the polarized 3 He nucleus, while the 3bbu ratio should vanish because the
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A(pm ≈ 0)/A(~
e~
p)

knockout process may involve any of the two oppositely polarized protons in the target. In
the 2bbu case this is indeed what one observes — the experimental and the predicted ratios
coincide — while in the 3bbu case the calculations and the data deviate significantly.

1

3bbu

2bbu

K

V

0
data

− 31

data

K

V

P

−1
Figure 3: The A(67◦ , 0◦ ) (full symbols) and A(156◦ , 0◦ ) (empty symbols) asymmetries
for 2bbu (left) and 3bbu (right) divided by the corresponding asymmetries for elastic
~ep
~ scattering at the same value of Q2 .
The measurements therefore indicate that the calculated 3bbu asymmetry is overestimated,
and point to a mismatch between the true relativistic kinematics used in the analysis and
non-relativistic spin-dependent nuclear dynamics employed in the calculations. This is also a
matter of ongoing theoretical work; in particular, one would wish to verify whether consistent
chiral two-nucleon and three-nucleon interactions with chiral two-nucleon and three-nucleon
contributions in the electromagnetic current operator could provide a viable solution.
The measurements presented in Subsections 2.1 and 2.2 have been performed at momentum transfers of Q2 ≈ 0.25 GeV2 . High-statistics data in both channels are available also at
Q ≈ 0.35 GeV2 . The analysis of this data set is work in progress; one of the obstacles is the
lack of reliable Faddeev calculations in this momentum range (large relative kinetic energies
of the outgoing particles).

2.3

Neutron channel

As part of the BigFamily group of experiments performed at TJNAF in 2009, we have also
~ e, e0 n) process in quasi-elastic kinematics at Q2 ≈ 0.5 GeV2
acquired precise data for the 3 He(~
2
2
and Q ≈ 0.95 GeV . The analysis of this data set is ongoing.

2.4

Extension to triple polarization

In a novel type of experiment, the A1 Collaboration at MAMI has also performed a measurement of proton knockout from 3 He using polarized electrons, polarized target, and detecting
~ e, e0 p
~). This process offers a tool to study
the polarization of the ejected protons, i. e. 3 He(~
~
~d clusters in polarized 3 He [9]. In this formalism
spin-dependent momentum distributions of p
the yields Y in a specific target-ejectile spin configuration (M and Md /m, respectively) are
related to the matrix elements
¬
¶
(−)
Nµ = Ψpd Md m |bjµ (~
q)|Ψ M
for the transition between the ground state, Ψ, and the final polarized pd pair, Ψpd , through


1
1
Y M = , Md = 0, m = +
∝
2
2


1
1
Y M = , Md = 1, m = −
∝
2
2
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What is measured is the asymmetry
A=

Y (1/2, 0, 1/2) − Y (1/2, 1, −1/2)
.
Y (1/2, 0, 1/2) + Y (1/2, 1, −1/2)

(1)

The first result [13] is shown in Fig. 4.

~ e, e0 p
~) process.
Figure 4: The asymmetry A (defined by Eq. (1)) in the 3 He(~
Although this was was a pioneering study plagued by large statistical errors, it has shown
that polarized 3 He can be used not only as an effective polarized neutron target, but also —
by simultaneous detection of the deuteron — as a polarized proton target. More theoretical
work and more favorable experimental conditions are needed to further pursue this research.

3

Single-spin asymmetries with transverse polarization

The common denominator of electron scattering experiments on transversely polarized nuclear
targets is their sensitivity to two-photon (2γ) exchange processes. One can investigate both
inclusive or exclusive channels, and the key observable is the asymmetry
Ay =

σ↑ − σ↓
∝ S~ · (~k × ~k0 ) ,
σ↑ + σ↓

(2)

where S~ is the target spin vector and ~k (~k0 ) are the momenta of incoming (outgoing) electrons.
∗
This asymmetry is proportional to the Im{ T1γ T2γ
} interference. Assuming T -invariance, A y
should vanish in the Born approximation, thus any deviation of A y from zero is indicative of
p
p
2γ effects and becomes relevant e. g. for the extraction of elastic form-factor ratios, GE /GM ,
from polarimetry experiments, or determinations of generalized parton distributions (GPDs).
Some data on A y for the proton exist, but until recently there was no measurement of
comparable precision on the neutron. The E05-015 experiment at TJNAF [14] yielded the first
results on the target-normal single-spin asymmetry Any from the inclusive 3 He↑ (e, e0 ) process
with an uncertainty several times better than previous proton data. The results are shown in
Fig. 5. The asymmetry is clearly non-zero and negative. In particular, at the highest measured
Q2 it agrees well with a prediction based on 2γ-exchange involving a model based on GPDs
and therefore provides a new and independent constraint on these distributions.
The target-normal single-spin asymmetry has also been measured in the exclusive
3
He↑ (e, e0 n) reaction at 0.4 ≤ Q2 ≤ 1.0 GeV2 [15]. This process constitutes and ideal probe of
FSI and MEC: it should vanish in the plane-wave impulse approximation and is expected to
fall off rapidly with increasing Q2 . The results shown in Fig. 6 confirm this expectation.
The kinematic reach of the presented measurements extends above the range of validity of
Faddeev calculations (approximately up to 0.4 GeV2 ) which lack relativistic effects, thus our
data can not at present be analyzed by using these approaches. Still, it is remains clear that
almost up to 1 GeV2 any extraction of a neutron quantity from scattering on polarized 3 He,
048.6
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as any deviation from zero indicates effects beyond plane wave impulse approximation. New measurements of the
target single spin asymmetry A0y at Q2 of 0.46 and 0.96 (GeV/c)2 were made at Jefferson Lab using the quasi-elastic
0.6
SciPost
Phys. Proc.
3,2048
(2020)
3
results
A0y scaled
10−2 . zero
He↑ (e, e′ n) reaction. Our measured asymmetry decreases rapidly, Table
from 5:>Experimental
20% at Q2 =
0.46for
(GeV/c)
tobynearly
0
Ay
at Q2 = 0.96 (GeV/c)2 , demonstratingPRL
the 115,
fall-off
of the(2015)
reaction mechanism
We also
P2Heffects
Y S I CasA2QL2 increases.
R0 E V I E
W
L Esys
Tobserved
TERS
172502
stat
Q
(GeV/c)
A
±
δA
±
δA
0
2
y
yQ . Thisy indicates
a small ǫ-dependent increase in Ay compared to previous measurements, particularly at moderate
23.5neutron
± M.
1.58Vanderhaeghen,
±
2.15
that upcoming high Q2 measurements from the Jefferson Lab 12 GeV program 0.46
can cleanly probe
structure
from MAINZ, and J
0.4
3
0.96
1.42
±
0.43
±
0.13
0
polarized He using plane wave impulse approximation.
National Lab for their theoretical g

tions. This work was supported in pa

2
Keywords: neutron, quasi-elastic, polarized, 3 He, electron scattering, single spin asymmetry
Q 2=0.46 (GeV/c)
Science
Foundation, the U.S. Depar
0.4
-2
2010 MSC: 81V35, 81-05
3
0

Single-spin asymmetries in QE He(~
e, e n)

Elastic only

0.3

DOE
Contract No. DE-AC05-06OR
E08–005
0.2
Jefferson Science Associates, LLC
Jefferson National Accelerator F
HAND
Science Foundation of China, an
No. 57071/1 and No. 50727/1.
1.0
0.5
1.0

Mod. Regge GPD
Ay0
One of the fundamental goals of nuclear -4
physics is to
Neutron asymmetries
understand the structure
behavior
of strongly
inter• Idealand
probe
of FSI
and MEC
xˆ
0.2
acting matter in terms of its basic quark and gluon conyˆ
-6
• Should
be zero in PWIA
and
0.0
zˆ θn
stituents. Understanding
internal structure
of0Anucleons
0.6
0 scaled
0.5
1
0°
Table 5:the
Experimental
results for
by 10−2 . 180°
2
y
θe'
2
2
ɛ 0.8
should
die
out
at
high
Q
Incident
Polarized
0.1
This Work
0
Q (GeV ) A
is an important step towards this goal. Scattering elec0.6
y
NIKHEF
HRS
Electron
2
2 method
0
stat
sys
trons from light nuclei
has
been
a
proven
to
probe
0.4
*
MAMI
Q
(GeV/c)
A
±
δA
±
δA
• Difficult calculations
y
y
y
Deceased.
Figure
5: The
single-spin
asymmetry
in inclusiveAny3,He↑ (e, e0†).
FIG. target-normal
4 of
(color
online).
Results
for the
neutron
asymmetries,
Mod.
PWIA
these interactions [1]. While
the
structure
the
proton
0
2
0.46
23.5 ± 1.582 ± 2.15
author.
at high Q
0.15
0.20
0.25Corresponding
0.30
Faddeev
(FSI)
. Uncertainties shown for the
are
asofa electrons
function ofonQhyis readily accessed by direct scattering
0.4data points
0.96
1.42 ± 0.43 ± 0.13Figure 1: Hall A experimental
tdaver@wm.edu
set-up, where ŷ νis (GeV)
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leading-log dominance and the independence of the FCompton (Q2 )/Fcharge (Q2 ) on the target
nucleus may be too restrictive, and that even larger disagreements between the data and the
calculations may be expected for heavier nuclei.

4

Medium modification of elastic form-factors

A number of models predict that the proton elastic form-factors are modified when the protons
are embedded in a nucleus. The optimal way to test this hypothesis is to study the process of
electron-induced quasi-elastic proton knockout from a nucleus with mass number A by using
~)A−1 X.
polarized electrons and by detecting the polarization of the ejected protons, AX(~e, e0 p
2
The embedding effect is thought to be Q - and density-dependent: for example, protons in p
and s shells of 12 C reside in local densities which differ roughly by a factor of two, and this
is expected to bring about a medium modification of their form-factors at the level of a few
percent [17]. The best current approach is to use polarimetry techniques to extract the proton
polarization components Px0 and Pz0 which, for a free proton, can be related to its form-factor
ratio by
 0
p
Ee + Ee0
Px
GE
θe
.
tan
p =−
0
P
2M
2
GM
p
z p
One then measures these two components for the nucleus A and forms the “ratio of ratios”,
 0  Â 0 
Px
Px
,
(3)
0
Pz A
Pz0 p
which can be studied as a function of pm , but a more natural independent variable is virtuality,
a measure of “off-shellness” of the proton prior to its ejection. It can be defined somewhat
arbitrarily, e. g. like
ν = p2 − m2p ,
but a more informed choice, taking into account the motion of the proton inside the nucleus,
is
q


ν = mA −

2
m2A−1 + pm

2

2
− pm
− m2p .

The ratios (3) for three nuclei (2 H, 4 He and 12 C) measured at TJNAF and MAMI (see [18] and
references therein), shown as functions of ν, are shown in Fig. 7.
The most striking characteristic of the plot is the (approximate) independence of the double ratio on A (on the nucleus), that is, a sort of universality. Clearly the double ratio changes
substantially over the covered virtuality range, but from theoretical studies [19] it is also understood that a large (and likely dominant) contribution to this effect is due to FSI and the
wave-function of the proton inside the nucleus. This makes the nuclear effects difficult to
disentangle from the genuine medium form-factor modifications (if they exist). A new experiment at TJNAF has been proposed [20] to address the relative importance of these competing
mechanisms at high Q2 . Further measurements at MAMI with other nuclei are also planned.

5

Conclusion

Electron scattering involving polarization degrees of freedom is an extremely sensitive tool
to probe the electro-magnetic and spin structure of nuclei, with a much better selectivity and
model-testing capability than “traditional” (unpolarized) cross-section measurements. Its use
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Figure 7: The double ratio (3) for (2 H, 4 He and 12 C) as a function of virtuality. As
virtuality is always negative, the two branches of the plot are defined by the sign of
missing momentum (its direction relative to momentum transfer).
in recent years has yielded important new results on the dynamics of breakup processes of
3
He, on two-photon exchange effects, and (possible) medium modifications of proton elastic
form-factors.
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[1] W. Glöckle, J. Golak, R. Skibiński, H. Witała, H. Kamada and A. Nogga, Electron scattering on 3 He –A playground to test nuclear dynamics, Eur. Phys. J. A 21, 335 (2004),
doi:10.1140/epja/i2004-10001-5.
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Abstract
Virial expansion is widely used in cold atoms to analyze high temperature strongly correlated many-body systems. As the n-th order virial expansion coefficient can be accurately
obtained by exactly solving up to n-body problems, the virial expansion offers a few-body
approach to study strongly correlated many-body problems. In particular, the virial expansion has successfully been applied to unitary Fermi gas. We review recent progress
of the virial expansion studies in the unitary Fermi gas, in particular the fourth order
virial coefficient.
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Introduction

Ultracold atoms have become nice platforms for studying various strongly correlated quantum
phenomena thanks to their high controllability. In particular, the s-wave scattering length
049.1

SciPost Phys. Proc. 3, 049 (2020)

between the atoms can be controlled by the Feshbach resonance [40, 42], so that systems
with divergently large scattering length have been realized. Such systems are called unitary
systems, and they have two important features: scale invariance and universality [46]. As a
consequence, various few and many-body phenomena observed in cold atoms can be utilized
as quantum simulators to understand similar phenomena found in other physical systems, such
as nuclear and condensed matter systems [6, 30].
A prime example is the Efimov state [1, 37–39, 59]. As is shown by Efimov in 1970 [59],
three-body systems interacting with divergently large s-wave scattering lengths show a series
of weakly bound three-body states which can be related to each other by a discrete scale
transformation. The Efimov states and their discrete scale invariance have been recently been
observed in cold atom experiments in the unitary gases [33–36, 56]. The Efimov states have
also been studied in various nuclear systems, such as halo states of neutron rich nuclei [31],
Hoyle state of 12 C [18, 19, 32], and triton [1, 59]. With recent studies on the Efimov states
[20, 27, 29], it is now conjectured that the Efimov states and their characteristic length scale
in various different atomic and nuclear systems may behave universally, and there have been
active experimental and theoretical studies to scrutinize under what conditions the Efimov
states can show such universality [10–16, 21, 22, 26, 28].
Another example of the universal quantum systems is the unitary Fermi gas [7, 43–45], a
system of spin-up and spin-down fermions interacting with divergently large s-wave scattering length. Thanks to its scale invariance, the unitary Fermi gas in various physical systems
should show the same behaviour independent of their energy scales and details of microscopic
interactions [7,62]. As the s-wave scattering length between the neutrons ann ≈ −23 fm [8,9]
is so large that they can be approximately regarded as the unitary Fermi system, the knowledge of the equation of state of the unitary Fermi gas is relevant for understanding neutron
stars [2, 3, 48–51]. For example, the low temperature equation of state of the unitary gas is
useful for understanding the inner crust region of the neutron star [50–52]. The high temperature equation of state of the unitary gas is also relevant for understanding neutrino-neutron
scattering processes during core-collapse supernovae and their neutrino radiation [2, 3]. By
measuring the equation of state of the unitary Fermi gas in cold atom experiments, various
universal physical quantities have been accurately determined, such as the Bertsch parameter [43–45] and Tan’s contact [62, 81–84].
While these are few-body and many-body examples of universal phenomena, there is a way
to bridge few-body and many-body phenomena. The virial expansion, sometimes also referred
to as the cluster expansion, is a standard method in quantum statistical mechanics [41, 85]. A
key idea of the virial expansion is that the quantum correlations between the particles generally
becomes weaker as the temperature gets higher for a quantum many-body system. Therefore,
we can take into account quantum correlations order by order in a systematic manner at hightemperature. Because the n-th order expansion coefficients of the virial expansion can be
calculated from n-body solutions, the virial expansion provides a few-body perspective to study
strongly correlated quantum many-body systems.
In this paper, we review how the virial expansion has been applied to the unitary Fermi
gas. In particular, we compare the virial expansion coefficients of the equation of state of the
unitary Fermi gas. While the virial expansion coefficients calculated from few-body solutions
agree excellently up to the third order with those obtained from cold atom experiments, there
is a discrepancy between them for the fourth order. We argue that the discrepancies are due
to a non-monotonic behaviour of the equation of state of the unitary Fermi gas.
The paper is organized as follows: in the next section, we review the theoretical aspects of
the virial expansion of the equation of state of the unitary Fermi gas. In Sec. 3, we discuss the
fourth virial expansion coefficients of the unitary Fermi gas, comparing experimental and theoretical values. We argue that the origin of the discrepancies between them can be attributed
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to the non-monotonic behaviour of the equation of state. We conclude in Sec. 4.

2

Virial expansion

In the virial expansinon, the thermodynamic potential Ω of the many-body system is expanded
as [41, 85]

ns k B T 
Ω
βµ
2βµ
3βµ
4βµ
=−
b
e
+
b
e
+
b
e
+
b
e
+
...
,
1
2
3
4
V
λ3

(1)

−1
where kB is the
pBoltzman constant, µ and T = β are the chemical potential and temperature, and λ = 2πħ
h/mkB T is the thermal de Brogie length. ns is the number of components:
ns = 1 for a spinless single component system, and ns = 2 for a unitary Fermi gas which comprises of two spin states. The n-th order coefficients bn are called n-th order virial expansion
coefficients, and they characterize the thermodynamic properties of the system. For example,
pressure P, density n, and entropy S of the system can be expressed using bn as

P

=

n =


ns k B T 
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.
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∂T
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At high temperature T → ∞, the chemical potential becomes large and negative µ → −∞,
so that the fugacity eβµ becomes very small. Therefore, the above virial expansion works
well at high temperature. On the other hand, when the temperature becomes small and the
system becomes quantum degenerate, the virial expansion breaks down. Indeed, this can be
understood by noting that eβµ ≈ nλ3 at high temperature (see the first term of Eq. (3)). The
system becomes quantum degenerate when nλ3 ∼ 1, which suggests eβµ ∼ 1. Therefore, the
virial expansion is valid if and only if the system is well away from quantum degeneracy.
The n-th order virial expansion coefficient can be calculated from up to n-body solutions.
To see this, we represent the thermodynamic potential by the canonical partition function:


k T
Ω
= − B log 1 + Z1 eβµ + Z2 e2βµ + Z3 e3βµ + Z4 e4βµ + ...
V
V

1 3
1 2
ns kB T βµ Z2 − 2 Z1 2βµ Z3 − Z2 Z1 + 3 Z1 3βµ
e +
=−
e
+
e
λ3
Z1
Z1

Z4 − Z3 Z1 + Z2 Z12 − 21 Z22 − 14 Z14 4βµ
+
e
+ ... ,
Z1

(5)

where Zn is the canonical partition function of the n-body system. In the second line of Eq. (5),
we have used Z1 = ns V /λ3 for a uniform system. Comparing Eq. (1) and Eq. (5), we can see
that N -th order virial coefficients can be calculated from Z1 , Z2 , ... ,ZN . As the canonical partition function of the n-body system Zn can be calculated by taking the canonical partition sum
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of all the energy levels of the n-body system, this means that the n-th order virial coefficients
can be accurately obtained if we know all the energy levels of the 1-body, 2-body,...., and nbody systems. Although it is practically impossible to obtain all the n-body energy eigenvalues
for arbitrary n, it is still possible to accurately solve few-body problems for n = 1, 2, 3, 4 and
obtain bn up to fourth order. One-body problem is trivially solved and we find b1 = 1 (compare
the first term of Eq. (1) and Eq. (5) ).
Even after accurately solving few-body problems and obtaining all the energy eigenvalues,
we still need to take the canonical partition sum of them. They include not only the bound
states, but also highly degenerate continuum states. This sum can be performed analytically
for n = 2: the second virial coefficient is found to be related with the scattering phase shift by
Beth and Uhlenbeck [80]
Z∞
X
λ2 k2
dδ
1
1X
(0)
−EBi /kB T
e
+
(2` + 1)
(6)
d k ` e− 2π
p (b2 − b2 ) =
π `
dk
2
0
i
p
(0)
where b2 = −1/4 2 is the virial coefficient for the non-interacting system, δ` is the `-th
wave scattering phase shift, EBi is the energy of the bound state. The first and second terms are
bound-state and continuum state contributions, respectively. Using δ`>0 = 0,pk cot δ0 = −1/a,
and that there is no bound state for the unitary Fermi gas, one finds b2 = 3/4 2. This is found
to be consistent with the unitary Fermi gas experiment [43–45].
On the other hand, for a system with more than two particles, it is not easy to take the
canonical partition sum of such highly degenerate energy levels analytically. We therefore
often consider a finite size n-body system under confinement: after calculating bn for such
a trapped system, we take the infinite system limit to obtain bn in a homogeneous system.
We typically consider a system in an isotropic harmonic trap because the unitary Fermi gas
in an isotropic harmonic trap possesses good symmetry feature. In particular, hyper-radial
and hyper-angular equations become separable for a unitary Fermi gas since the system is
scale invariant [7]. This facilitates solving few-body problem in this system both numerically
and analytically. Using analytical solutions of the unitary three-body system in the harmonic
trap [78], Liu, Hu, and Drummond have accurately obtained b3 of the unitary Fermi gas to be
b3 = −0.29095295 [79] after extrapolating it to a homogeneous system. This is consistent with
what is experimentally obtained in the unitary Fermi gas experiment b3 = −0.29(2) [43, 44].
Other theory groups have independently calculated b3 and obtained essentially the same value:
Castin and Endo [23] used a contour integral in the complex plane to take the canonical partition sum of the energy levels and obtained b3 = −0.2909529965421. Rakshit, Daily, and
Blume [76] used numerical few-body solutions of the harmonically trapped system, and obtained b3 = −0.2909529965797 after extrapolating it to a homogeneous system. We note that
some others used field theoretic methods to directly calculate b3 without using the trapped system: Kaplan and Sun obtained b3 = −0.2931 [64] and Leyronas obtained b3 = −0.2909 [75]

3

Fourth order virial expansion coefficient in the unitary Fermi gas

From the equation of state of the unitary Fermi gas experiment in cold atoms, the fourth order virial expansion coefficient has also been observed [43, 44]. By using b1 , b2 , b3 values
obtained theoretically as above, they have fitted b4 to their observed equation of state at high
temperature. In 2010-2012, two experimental groups have found b4 = 0.065(10) [44] and
b4 = 0.065(15) [43], respectively. At the time, there was one work which theoretically calculated the fourth order virial coefficient b4 [76]. However, its value b4 = −0.047(4) was in
contradiction with what was found in the experiments.
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To solve this puzzle, several groups have independently calculated b4 of the unitary Fermi
gas. We compare their results in Table 1. Ngampruetikorn, Parish, and Levinsen [77] used
a field theoretic method for a homogeneous system and approximately obtained b4 ≈ 0.03.
Endo and Castin [25] applied the contour integral method to take the canonical partition
sum in a homogeneous system and obtained b4 = 0.031(1). While their contour integral
method uses exact few-body solutions and has a rather small error bar, we note that it is
based on a conjecture that b4 can be obtained from a similar contour integral formula as b3
supplemented with a counter term they introduce to cancel the dimer-dimer like contribution
in the four-body equation kernel [23, 25]. Yan and Blume [77] use the Path Integral Monte
Carlo method to obtain b4 in a harmonic trap, and obtain b4 = 0.047(18) after extrapolating
it to a homogeneous system by taking ω → 0. Therefore, all the theoretical results [24, 25,
77] obtained after 2013 seem to suggest b4 = 0.03. This value is more consistent with the
experimental results b4 = 0.065 than that in Ref. [76], but in a slight disagreement.
The origin of this disagreement can be attributed to a peculiar non-monotonic behaviour of
the equation of state of the unitary Fermi gas. In Refs [24,25], it is found that the fourth virial
expansion coefficient of the harmonically trapped system B4 (βħ
hω) shows a non-monotonic behaviour as a function of βħ
hω: B4 (βħ
hω) is monotonically increasing (decreasing) for βħ
hω ¦ 1.5
(βħ
hω ® 1.5). This nonmonotonicity can cause a problem when extrapolating B4 (βħ
hω) to a
homogeneous system b4 by taking ω → 0 limit. Indeed, in Ref. [76], B4 (βħ
hω) has been
accurately calculated for βħ
hω ¦ 1.5, and it is extrapolated to ω → 0 limit without noticing this non-monotonic behaviour. This is why b4 = −0.047(4) obtained in Ref. [76] is very
different from the other results. In Refs [24, 25], B4 (βħ
hω) has been accurately calculated
for wider range of βħ
hω, including βħ
hω ® 1.5 region. Their results for B4 (βħ
hω) is in excellent agreement with that obtained in Ref. [76] for βħ
hω ¦ 1.5. With the B4 (βħ
hω) results
in βħ
hω ® 1.5 region, Ref [24] have more accurate extrapolation to ω → 0 limit taking the
nonmonotonicity into account, and obtained b4 = 0.047(18). Ref [25] has a much smaller
error bar b4 = 0.031(1) firstly because the limit ω → 0 is taken analytically and does not
suffer from the extrapolation error, and secondly because the canonical partition sum of all
the energy levels is done by the contour integral method which does not suffer from an energy
cutoff. We also note that Ref. [77] calculated b4 for a homogeneous system without using the
harmonic trap, and therefore does not suffer from such an extrapolation subtlety.
The physical origin of the nonmonotonicity can be understood by noting that the fourth
virial coefficient mainly comprises of two non-trivial contributions
1
(0)
B4 − B4 = B↑↑↑↓ + B↑↑↓↓ ,
(7)
2
(0)

B4 is the fourth virial coefficient for a non-interacting system and trivially gives a constant
(0)

shift in the uniform limit B4 (βħ
hω = 0) = −1/256. B↑↑↑↓ and B↑↑↓↓ are the fourth virial
coefficients of a 3 spin-up + 1 spin-down system, and a 2 spin-up + 2 spin-down system,
respectively (we note that 3 spin-up + 1 spin-down system is equivalent to 1 spin-up + 3
spin-down system). B↑↑↑↓ is positive and monotonically decreasing, while B↑↑↓↓ is negative
and monotonically increasing [24, 25]. This difference can be attributed to stronger Pauli
exclusion effect in a 3 spin-up + 1 spin-down system compared with a 2 spin-up + 2 spindown system. As B4 is a sum of monotonically increasing and decreasing terms, the resulting
B4 shows the nonmonotonicity: the effect of B↑↑↓↓ is larger for βħ
hω ¦ 1.5 because the 2 spinup + 2 spin-down system has smaller energy than the 3 spin-up + 1 spin-down system and
therefore has a larger contribution in the strong trap limit βħ
hω → ∞. Conversely, in the
βħ
hω  1 regime, the Pauli exclusion effect plays less significant role, and crudely speaking
we can regard B↑↑↑↓ ∼ B↑↑↓↓ . Since B↑↑↑↓ has a twice contribution, originating from 3 spin-up
+ 1 spin-down and 3 spin-down + 1 spin-up systems), compared with B↑↑↓↓ , B↑↑↑↓ plays more
dominant role in the βħ
hω  1 regime.
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Table 1: Comparison of b4 obtained in experiments (first and second rows) and theories (third to sixth rows).
Method
Cold atom experiment by ENS
Cold atom experiment by MIT
Numerical 4-body solution in a harmonic trap + extrapolation ω → 0
Feynman diagram (homogeneous system)
Contour integral method (homogeneous system)
Path Integral Monte Carlo in a harmonic trap + extrapolation ω → 0

b4

Reference

0.065(15)
0.065(10)
-0.047(4)
≈0.03
0.031(1)
0.047(18)

[44]
[43]
[76]
[77]
[25]
[24]

The nonmonotonicity also explains the discrepancy between the experimental values
b4 = 0.065 [43, 44] and theoretical values b4 = 0.03 [24, 25, 77]. In Ref. [5], the equation of
state of the homogeneous unitary Fermi gas has been accurately calculated by the diagrammatic Monte Carlo calculation. The authors have found that the equation of state as a function
of eβµ shows a non-monotonic behaviour at eβµ ∼ 1, in a similar manner as explained above
for a harmonically trapped system. They have found that their equation of state at eβµ ∼ 1
is consistent with the theory value b4 = 0.031(1) [25], while it is also consistent with the experimental equation of state for eβµ ¦ 1. It turns out that the experimental values b4 = 0.065
reported in Refs [43, 44] are plagued by the nonmonotonicity: by extrapolating the equation
of state to eβµ → 0 limit in order to obtain b4 with the experimental data mostly in eβµ ¦ 1
region, they seem to have overestimated b4 . Therefore, it seems that b4 = 0.031(1), which
1
comprises of b4 = b↑↑↑↓ + 12 b↑↑↓↓ − 32
with b↑↑↑↓ = 0.1838(4) and b↑↑↓↓ = −0.244(2) [25], is
currently the most plausible value. Furthermore, from the behaviour of the equation of state
at eβµ ® 1, it is likely that the fifth and sixth order virial coefficients should be b5 > 0 and
b6 < 0, although further studies are required to accurately determine the values of b5 and b6 .
The nonmonotonicity in the homogeneous system as a function of eβµ is closely related
with that in the harmonically trapped system as a function of βħ
hω. This can be understood
by assuming that the effect of the strongly correlated many-body medium can be, crudely
speaking, regarded as providing an effective trapping potential to particles embedded in the
medium. As the energy scale of the unitary Fermi gas is given universally by TF , the Fermi
temperature, we can regard this effective trapping potential to be ħ
hω ∼ kB TF . In this way,
we can find that the crossover point of the nonmonotonicity for the homogeneous system
eβµ ≈ nλ3 ≈ (TF /T )3/2 ∼ 1 agrees with that in the harmonically trapped system βħ
hω ∼ TF /T ∼ 1.

4

Conclusion

In this paper, we review the virial expansion of the equation of state of the unitary Fermi.
The unitary Fermi gas has been realized in cold atom experiments, and its universal equation of state has been observed. Its high temperature behaviour is characterized by the virial
expansion coefficients bn . As bn can be accurately calculated from exact few-body solutions,
the virial expansion offers a few-body perspective to study strongly correlated many-body systems. We review how bn for n ≤ 4 has been theoretically obtained in the unitary Fermi gas,
and compared with those observed experimentally. While the theoretical [23, 64, 75, 76, 79]
and experimental [43,44] values agree excellently for n ≤ 3, there is a discrepancy for b4 . The
discrepancy originates from the non-monotonic behaviour of the equation of state, which has
plagued the extrapolation procedure to extract b4 from the experimental data. We therefore
conclude that the theoretically reported value b4 = 0.031(1) [24,25,77] seems to be the most
plausible value, rather than the experimental one b4 = 0.065(15) [43, 44].
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Accurate determination of the high-temperature equation of state of the unitary Fermi gas
is useful for understanding the neutron star and supernova physics. In Ref. [2], for example,
it is argued that there exists a region in the neutron star which can be regarded as a hightemperature unitary Fermi system of neutrons. It is shown that the neutrino-neutron scattering
cross section, relevant quantity for understanding core-collapse supernovae and their neutrino
radiation, can be obtained from the high-temperature equation of state of the unitary Fermi
gas, and the virial expansion of the unitary Fermi gas is applied.
The virial expansion is also useful in studying universal thermodynamic behaviour of other
strongly correlated systems. In particular, it is a powerful tool in investigating many-body
systems in the presence of Efimov trimers. Such systems have attracted a lot of interests since
the realization of the so-called unitary Bose gas system [65,71–73], in which the Efimov trimers
can play relevant role in the strongly correlated many-body system [74]. The virial expansion
enables accurately incorporating the trimer degree of freedom into the many-body theory.
The third virial expansion coefficient has been accurately calculated for the unitary Bose gas
taking into account the Efimov trimers [61]. The third virial coefficients in the presence of
Efimov effects have also been accurately calculated for a mass imbalanced two-component
Fermi system [47] and for a mass imbalanced two-component Bose system [53]. We expect
that other universal clusters, such as universal trimers found by Kartavtsev and Malykh [58,
66–68, 96] and the tetramers [69, 70], can be incorporated into the many-body calculation
with the virial expansion.
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Abstract
A new potential, the g ene r al p ar t i cle t r an s f e r p o t en t i al: so called “GPT” potential was represented in the previous paper which indicates a Yukawa-type potential
for shorter range, but a 1/r n -type potential for longer range where n = 2 includes the
Efimov-like potential in the hadron system. In order to confirm the existence of a GPT
potential, we investigate the possibility of Cs+2d→La reaction on the three-ion quasimolecule CsD2 which is covered by twelve Pd or a CsD2 Pd12 -cluster, where the threebody bound states and wave functions for D-Cs-D molecular and d-Cs-d nuclear systems
are calculated. We obtain an approximate E2-transition from the molecular states to the
nuclear states. The transition ratio between the short range nuclear potential with the
E20 ;L
E20 ;S
1/r 2 -type long range potential and without long range potential is Wi→ f /Wi→ f ≈ 108 .
If the reaction Cs+2D→La is experimentally observed, then the existence of the GPT
potential could be confirmed.
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Introduction

Based on three-body kinematics, we proposed a general particle transfer (GPT) potential which
appears, not only at the three-body break-up threshold (3BT) but also at the quasi two-body
threshold (Q2T) [1] [2]. The “GPT-potential” is a Yukawa-type potential for shorter range,
but a 1/r n -type potential for longer range, where n = 2 includes the Efimov-like potential [3]
- [5]. We briefly review the GPT potential in section 2. The GPT potential could generally exist
in many systems, from atomic-molecular physics to hadron physics, especially in the threshold
behaviors where the two-body interaction becomes very small.
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In this paper, we explore a subject named the “ultra low energy nuclear synthesis” in section 3.
In the traditional nuclear fusion approach, the most serious problem is whether the incident
energy is sufficient to penetrate the Coulomb barrier, because the reaction is usually started in
the free field. We point out that the Cs-d penetration in the quasi-molecule, which is developed
in the Pd-crystal, could easily occur [6], since the energy levels of such a quasi-molecule could
exist close to the top of the Cs-d Coulomb barrier or over the barrier in the “Pd-cage” which is
a wall by Pd12 . Experimental results were published in 2002 by Iwamura et al. [7], and Hioki
et al. in 2013 [8]. The most critical point, whether the nuclear synthesis in their experiments
did occur, will be discussed in our theoretical view in section 4.

2

The GPT potential

In the three-body AGS equations, the coincidence of singularities in the kernel arises between the particle transfer term and the propagator of the two-body sub-system [9] which
brings about a serious problem at the 3BT. On the other hand, in the quasi two-body scattering
problem, where the two-body subsystem has a bound state in the three-body problem, the
kernel also diverges in the particle transfer diagram and the two-body Green’s function at the
Q2T. It should be noted that the 3BT corresponds to the case of two-body zero binding energy
in the Q2T. Therefore, the Q2T is more general than the 3BT. Such a coincidence singularity is
also found in the two-body Lippmann-Schwinger equation with the Coulomb potential which
gives rise to a serious problem with the Green’s function at the on-shell threshold [10]- [12].
In the Coulomb problem, such as the electron-proton system, the potential is given by
V (r) = −e2 /r.

(1)

Efimov pointed out that the three-body bound states with the two-body scattering length of
a0 → ∞ accumulate on the 3BT [4] [5]. Historically, Nicholson pointed out in 1962 that such
a scattering length is exactly given by another type of attractive long range potential in the
two-body Lippmann-Schwinger equation [3],
V (r) = −α/r 2 ,

(2)

with a proper constant α > 0. Therefore, one should keep in mind that such long range
potentials are closely related with the coincidence of singularities in the kernel of the two- and
three-body scattering equations.
In 2012, the GPT potential was proposed not only at the 3BT but also at the Q2T in the threebody problem [1] [2]. As mentioned above, since the Q2T singularity is more practical in
the hadron system than the 3BT case where the “finite value of the scattering length” for the
two-body potential is possible with the binding energy εB 6= 0, although at the 3BT, Efimov
persists in the two-body “infinite value of the scattering length” [4].
Let us recall our theory briefly at the Q2T. The Born term of the AGS equation is given in terms
of two-body form factors with different channels gα (~p), gβ (~p0 ),
0

Zαβ (~
q, q~ ; E) =

gα (~p)gβ (~p0 )(1 − δαβ )
E − q2 /2µ − p2 /2ν

→

gα (~p)gβ (~p0 )(1 − δαβ )
E − q2 /2µ + εB

,

(3)

where two-body momenta ~p, ~p0 are represented by the linear combination of q~ and q~0 with
masses. ν is the two-body reduced mass between two particles, and µ represents the reduced
mass between a spectator and the two-body masses, respectively. The three-body free energy
is given by E.
For the Q2T: Ecm ≡ E + εB = 0, q~ = 0, and Eq.(3) becomes
Zαβ (~
q, q~0 ; E) → ∞.
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On the other hand, at the Q2T, the two-body bound state becomes εB 6= 0, and therefore, the
Efimov criterion : the scattering length a0 → ∞ is not satisfied anymore. The propagator at
the Q2T becomes with the on-shell relation z = E − q2 /2µ (≤ 0),
f (z)
f (z)
=
→ ∞.
εB + z
(εB + E) − q2 /2µ

τB (z) =

(5)

Therefore, Eq.(4) and Eq.(5) indicate the “singularity coincidence” at the Q2T, where one
could imagine “an existence of long range potential”.
Just below the Q2T (Ecm ≤ 0), the AGS-Born term [9] becomes with ~p = ~p0 = 0,
Zαβ (~
q, q~0 ; E) =

gα (0)gβ (0)(1 − δαβ )
−|Ecm

=−

| − q2 /2µ

Cαβ
q2

+ σ2

,

(6)

p
where Cαβ = 2µgα (0)gβ (0)(1 − δαβ ), and σ = 2µ|Ecm |. Therefore, the Fourier transformation of this energy dependent potential becomes,

F [Zαβ (~
q, q~0 ; E)] = −F

 Cαβ



q 2 + σ2

= V0

e−σr
,
r

(7)

with V0 < 0. The r-space potential is a kind of Yukawa potential, but energy dependent. For
σ = 0 or Ecm = 0, it becomes the Coulomb potential (or the gravitational potential); therefore, our AGS equation is essentially the same equation as the Coulomb Lippmann-Schwinger
equation such as in electron-proton scattering except for the coupling constant [9]. In order to
solve the eigenvalue equation with the energy dependent potential of Eq.(7), we have to solve
it consistently with the two energies which are seen in the potential and in the eigenvalue.
However, the method is very complicated and hard to obtain with good accuracy. Therefore,
we introduced in ref. [1], an energy average by using a probability density function with respect to the possible energy range, which also represents effects of the structure or the form
factors of the composite particles,
Pσ =

σ2γ+1 e−aσ
,
ρ

(8)

with
ρ=

Z

∞

σ2γ+1 e−aσ dσ =

0

Γ (2γ + 2)
,
a2γ+2

(9)

where e−aσ is a damping factor with a “range parameter a ” which should not be confused by
the scattering length. By using the probability density function, the expectation value of the
energy-dependent potential becomes energy independent. This transformation is called the
“Euler integral of the second kind” with respect to Eq.(7), or a Laplace transformation with a
weight function. Therefore, by using Eq.(8) and Eq.(9), Eq.(7) becomes,
¦
©
¦ V e−σr © V
0
0
=
L F [Zα,β (~
q, q~0 ; E)]
= L
r
ρ
= V0

Z

∞

0

σ2γ+1 e−aσ

e−σr
dσ
r

2γ+2

a
.
r(r + a)2γ+2

Thus, the predicted GPT potential is obtained.
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Table 1: The GPT potential V0 a2γ+2 /[r(r + a)2γ+2 ] is illustrated, which is given by
an energy average below the 3BT (E = 0, εB = 0) and below the Q2T (E = −εB ,
εB 6= 0) with two-parameters a and γ. The potential properties for the longer and
shorter ranges are shown with respect to the parameter γ. V0 (< 0), a potential depth
which is analytically given by Eq.(7).
γ
–1
–1/2
0
1/2
1
3/2
2
·
·

short range potential r  a
V0 /r
V0 e−r/a /r
V0 e−2r/a /r
V0 e−3r/a /r
V0 e−4r/a /r
V0 e−5r/a /r
V0 e−6r/a /r
···
···

potential
V0 /r
V0 a/[r(r + a)]
V0 a2 /[r(r + a)2 ]
V0 a3 /[r(r + a)3 ]
V0 a4 /[r(r + a)4 ]
V0 a5 /[r(r + a)5 ]
V0 a6 /[r(r + a)6 ]
···
···

long range potential a  r
V0 /r
V0 a/r 2
V0 a2 /r 3
V0 a3 /r 4
V0 a4 /r 5
V0 a5 /r 6
V0 a6 /r 7
···
···

Therefore, it is seen that the GPT potential is a combination of a Yukawa-type potential at
shorter range but 1/r n -type potential for longer range. γ = −1 gives an attractive Coulomb
or the gravitational-type potential for any region which is given by zero mass particle transfer.
On the other hand, γ = −1/2 means the Efimov-type potential for the longer range. One
could imagine that the mass of the transfered particle could be very small compared to the
total mass of the parent particles. Therefore, an interaction between Cs-atom and D-atom by
electron transfer could be given by the 1/r 2 -type potential. While a one pion transfer potential
between the Cs- and d-nuclei could be the 1/r 2 -type or 1/r 3 -type which should be added to
the nuclear Cs-d Wood-Saxon potential.

3

An Investigation of the Long Range Force in the Cs(2d,γ)La Reaction

It is expected that many three-body systems such as unstable nuclei, nuclear halo systems
and hypernuclei as well as nuclear forces could be affected by the GPT potential. Especially,
the long range effect due to the GPT potential could appear in a kinematic region where the
two-body potential becomes weak.
Recently, it was claimed that several incomprehensible phenomena were found in the condensed matter nuclear science field. In 2002, Iwamura et al. found that, when Cs is added
on the surface of a Pd complex, D2 (hydrogen molecule) gas permeation at 343K changes Cs
to Pr which means that a reaction: Cs+2D2 → Pr occurs [7]. They also found that a reaction:
Sr+2D2 → Mo also occurs. Furthermore, Hioki et al. confirmed the previous reactions in
2013 [8].
Usually, in the free field, it is known that the molecular state is stable, and never changes to
the nuclear state, because the molecular state is energetically too far from the nuclear state
and the wave functions could not overlap one another, and also the Coulomb barrier can not
be penetrated at a ultra low energy compare to the usual nuclear fusion reactor.
However, in condensed matter, if and only if, some supplemental states generated by the long
range nuclear potential could mediate a transition from the molecular state to nuclear states,
the nuclear synthesis could occur as an electro-magnetic (EM) transition between both states.
Finally, the molecular state: CsD4 could change to a Pr-nucleus which could be accomplished
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by the direct five-body transition CsD4 →Pr, or by the sequential reaction CsD2 →La and
LaD2 →Pr.
In this paper, we first investigate the three-body reaction problem: CsD2 →La in the Pd complex instead of the five-body problem: CsD4 →Pr, and compare two cases with our long range
potential plus nuclear potential and without the long range potential. Therefore, this reaction
could be represented by Cs(d2 ,γ)La in nuclear reaction terminology in the CsD2 Pd12 system
with the shape of cub-octahedron [14], where γ stands for an energetic photon. Although, the
Coulomb barrier still exists in this problem, we should say again that the barrier is not in the
free field but in the Pd cluster (or Pd-cage). For this reason, the energy levels can be calculated from the bottom of the ion-ion potential to the top of the Coulomb barrier. Therefore,
the penetration problem is resolved in the quasi-molecule: CsD2 in the CsD2 Pd12 system, and
CsD4 in CsD4 Pd12 , and also CsD6 in the system CsD6 Pd12 [13], [14].
In order to investigate a very shallow nuclear state, we would like to study the D-Cs-D threeion problem by a high precision three-body variational (HPV) method with 80 to 100 digits
of accuracy based on a usual variational approach. For the nuclear potentials Cs-d, d-d, the
WS potential is adopted. The repulsive Coulomb potentials for Cs-D, D-D, and (Cs/D)-Pd cage
are taken into account, where the repulsive Coulomb (Cs/D)-Pd potentials are given by a onebody VcPd potential. We also adopted a three-cluster force to fit the ground state of La: Vt . The
two- or three-body long range hadron interactions are introduced by the GPT potential which
are given by a kind of “three-body Efimov potential” [4]. Some parameters of the potential are
chosen to cancel the three-body force effects at the tail of the WS potential [14], where the
so-called “three-body Efimov potential” should not be confused with the two-body potential
which produces the infinite value of the two-body scattering length.
Ni N j
The WS potential is given for the i th -N and j th -N nuclear potential: VW (ri j ),
Ni N j
VW (ri j )

=

Ni N j
VW 0



1 + exp

 ri j − RNi N j −1
W
Ni N j
aW

,

(11)

dd
Csd
dd
with parameters, VWCsd
0 = −79.30MeV, VW 0 = −27.57MeV, R W = 10.21fm, R W =
Csd
dd
1.49fm, aW
= 0.4fm, aW
= 0.3fm, respectively. Hereafter, notations ri j = |~ri − ~r j | = |ri j |
and ri = |~ri | are used without the vector sign. We adopted only the central part of the potential,
and the non-central part of the WS potential has been omitted for the first time, because the
highest nuclear energy level is not very sensitive to the non-central part. Furthermore, the EM
transition from the molecular state to the highest nuclear energy level is very important for
the nuclear synthesis. Therefore, we calculate only the S-state wave function in the beginning.
The ion-ion Coulomb potential is

 r i j 2 
Zi Z j e 2 
Ni N j


3
−
for ri j ≤ R c ,

Ni N j
Ni N j

Ni N j
8πR c
Rc
Vc
(ri j ) =
(12)
2

Zi Z j e

N
N
i j

for R c
< ri j ,

4πri j

with RCsd
= 10.21fm, and Rdd
c
c = 1.49fm.
The Pd-Ni Coulomb barrier is represented by a one-body potential,
VcPdN i (ri )

=

Pd
Vc0

¦  ri − aPd 2 ©
 r 10
c
i
exp −
,
acPd
bcPd

(13)

Pd
with Vc0
= 1.0 × 10−4 MeV, acPd = 5.0 × 105 fm, and bcPd = 3.1623 × 105 fm, respectively.
These parameters for the Pd-cage indicate that the location of Pd is 1.57×106 fm, and 2.73MeV
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height, however, these values may vary.
In this paper, we adopt a three-cluster (or body) potential as,
  ~r − ~r 2  ~r − ~r 2  ~r − ~r 2 
1
2
2
3
3
1
Vt (~r1 , ~r2 , ~r3 ) = Vt0 exp −
−
−
,
at
at
at

(14)

where Vt0 = 1800MeV and a t = 3.0fm are used to fit the ground state of La by adding the
Coulomb force.
We obtain a very good fit to the experimental ground state energy E0 = −32.3MeV, the root
mean square (rms) radius R0 = 6.25fm, the highest excited energy Emax = −3.5134
× 102 keV, for the usual nuclear potential by the HPV calculation. Therefore, the highest energy
level is far from that of the usual molecular state.
On the other hand, in order to obtain shallow energy levels that could be close to the molecular
states we adopt a kind of three-body long range potential with a 1/rinj tail which was proposed
as the GPT potential [1] [2] with a Lorentz form or given by the modified three-body Efimov
potential [4]:

−1
Ve (~r1 , ~r2 , ~r3 ) = Ve0 aen (~r1 − ~r2 )n + (~r2 − ~r3 )n + (~r3 − ~r1 )n + aen
,

(15)

where we choose n = 2 in this paper. Parameters Ve0 = −80000MeV, and ae = 5000fm are
taken, and also a supplemental aen is used to avoid divergence. It could be noticed that these
parameters seem to be too large to compare to the parameters in the WS potential, however
Eq.(15) does not change the usual nuclear potential in the shorter range together with the
three-body potential.
The three-body Efimov potential with n = 2 in Eq.(15) is analogous with the AGS Born diagram
for the k-particle transfer which could be classified into two types: A and B,
A) The three-body long range potentials between parent particles are represented by
Ve (~r1 , ~r2 , ~r3 ) = Ve0 ae2 /[ri2j + ae2 ]
= Ve0 ae2 /[2ri2j + ae2 ]

(for ~rki = 0 and ~r jk = 0),

(16)

(for ~rki = 0

(17)

or ~r jk = 0).

B) The two-body long range potentials in the AGS Born term appears in the form factor which
is represented by the long range potential and the wave function:
|g L (~rk j ) >= V L (~rk j )|Ψ L (~rk j ) >. Therefore, Eq.(15) for n = 2 is,
Ve (~r1 , ~r2 , ~r3 ) = Ve0 ae2 /[2rk2j + ae2 ] ∝ V L (~rk j )
=

2
Ve0 ae2 /[2rki

+ ae2 ]

L

∝ V (~rki )

(18)
(for ~ri j = 0 ).

(19)

C) Putting ~rk = (~ri + ~r j )/2 for the fixed k-particle, Eq.(15) for n = 2 becomes
Ve (~r1 , ~r2 , ~r3 ) = Ve0 ae2 /[3ri2j /2 + ae2 ].

(20)

Eq.(20) represents another type of three-body long range potential of (A). The three-body
force long range potential of Eq.(15) indicates the non-linearity of the GPT potential which
gives not only two-body long range but also three-body long range.
The highest three-cluster (or -ion) nuclear level can be well represented by the S-wave or even
central potential. While, the La ground state was adjusted by using the central two-cluster Cs-d
and d-d potentials to obtain −32.3MeV with the three-cluster force in Eq.(14). We confirmed
that the phenomenological method for the La ground state is not very sensitive to the shallow
bound states.
The nuclear interaction usually appears in the region of 0 ≤ r < 103 fm, however, the molecular
levels have been calculated in the region of 104 fm≤ r < 106 fm. Therefore, it was historically
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Figure 1: Three-body energy levels and potential “with the long range potential”. The
attractive potential part of the shorter range (fm region) indicates mainly the nuclear
WS potential, and the next attractive part of 103 fm region comes from mainly the GPT
potential, and the final hollow in the 105 fm region is the Coulomb attractive potential
by the Cs ion and the Pd cage. n is the principal quantum number. 1 ≤ n ≤ 5 shows
the La nuclear levels, 6 ≤ n ≤ 20 are special levels by the GPT potential which belong
to the nuclear excited states, and 21 ≤ n ≤ 60 states represent the molecular levels
for CsD2 , respectively.

thought that the nuclear state wave function and the molecular state wave function do not
overlap to give rise to the EM transition. This means that the molecular state cannot transfer
to the nuclear state. However, the binding energy and wave function of CsD2 in the Pd12 -cage
are completely different from the free system. We solved the three-ion system in the Pd12 -cage
for the full region: 0 ≤ r < ∞ by the HPV method. In other words, for the nuclear and the
molecular systems we can solve the eigen-equation on the basis of a common field in the full
region with 80-100 figure accuracy.
A part of the E2 transition operator and the charge Q k of the k-th cluster is given by
ok

= Q k (3zk2 − r 2 ) = Q k rk2 (3 cos2 −1).

(21)

P3
However, in our simple S-wave calculation, the value of k=1 < Ψ f |ok |Ψi > becomes zero by
the initial and the final wave functions Ψi and Ψ f . Therefore, we replace ok by Q k rk2 = Zk erk2 .

050.7

SciPost Phys. Proc. 3, 050 (2020)

E [MeV]

V (r )
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Figure 2: Energy levels and potential “without long range potential”. The attractive potential part of the shorter range (fm region) indicates mainly the nuclear WS
potential, and the next attractive part in the 105 fm region is the Coulomb attractive
potential between the Cs ion and the Pd cage. n is the principal quantum number.
1 ≤ n ≤ 5 shows the La nuclear levels, and 6 ≤ n ≤ 60 states represent the molecular
levels for CsD2 , respectively.

The calculated results for the E2 transition is represented by
E2
Wi→
f

3
5
X
1 4(Ei − E f )
1
(Ei , E f ) =
< Ψ f | Zk e(3zk2 − r 2 )|Ψi >
6
5
20 3π"0 (h/2π) c k=1
2
0

E2
→ Wi→
f (Ei , E f ) =

3
5
X
1 4(Ei − E f )
1
< Ψ f | Zk erk2 |Ψi >
6
5
20 3π"0 (h/2π) c k=1
2

2

.

2

(22)

(23)

0

E2
Therefore, the transition time is given by the inverse of Wi→
(Ei , E f ).
f
E20 ;L

Finally, we obtained the ratio between Wi→ f (Ei , E f ) of the transition probability by the long
E20 ;S

range plus short range nuclear potential and Wi→ f (Ei , E f ) of the short range nuclear potential
only,
E20 ;L

Wi→ f (Ei , E f )
E20 ;S

Wi→ f (Ei , E f )

=

1.5 × 1016 /S
≈ 108 ,
1.1 × 108 /S

(24)

E20 ;L

with S=cm2 . The value of Wi→ f (Ei , E f ) is one order larger than the experimental value
(∼ 1015 /cm2 ) by Iwamura et al. for the 133 Cs+4d→141 Pr, although our calculated result indicates the reaction: 135 Cs+2d→139 La. Therefore, we conclude that the long range potential is
essential to represent the experimental value.
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4

Conclusion and Discussion

This work is based on our hypothesis of the long range GPT potential which is introduced
by the three-body Faddeev method [15]. The GPT potential could emerge for the two-body
form factor in the AGS Born term, because the two-body problem could be treated again by a
certain three-body problem. Therefore, the long range effects in the three-body equation can
not be written in terms of the sum of two-body long range potentials, but must be given by a
three-body force-type or a nonlinear type potential. This is essentially predicted by Efimov in
his first paper which we call the “long range three-body Efimov potential” based on the GPT
potential, although several parameters of the potential are unfortunately not well defined.
In order to explore a possibility of the long range force, we discussed the nuclear synthesis
at the ultra low energy. Evidence of the low energy nuclear synthesis was reported by Iwamura et al. in 2002 [7] and also in 2015 [16]. They measured the quantity of Cs and Pr
by the XPS (X-ray photoelectron spectrometer) without taking out of the vacuum chamber,
or in the Pd-cage where they measured unusual thermal release, but not observed the γ-ray
emission. After the deuteron permeation, they etched the surface of Pd complex by using the
HNO3 . The etched solutions or the ions without the Pd-cage were measured by ICP-MS (inductively coupled plasma mass spectrometry) etc., and finally the Pr element was confirmed
by the mass. Finally, it should be mentioned that the most important improvement in our
calculation method is that the whole region from 0.01fm to several nano meters in the threebody equation is solved in a straight forward way with a very accurate method providing 100
digits. Furthermore, we found that the wave functions oscillate very quickly inside the potential barrier instead of being damped exponentially. Therefore, our calculated wave functions
give non-zero overlapping values between the molecular states and the proper nuclear states
even for the case without the long range potential, not to mention for the case with the GPT
potential which is accompanied by some additional states. In any case, our calculated result
indicates that a different reaction rate should occur “without” the long range force and “with”
the long range force, although we adopted only the S-wave calculation in this paper for simplicity. We believe that our calculation is the first serious work for the ultra low energy nuclear
synthesis based upon the Faddeev approach using a long range potential [14].
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Abstract
Three-body correlations in three-body exotic atoms are studied with simple models that
consist of three bosons interacting through a superposition of long- and short-range
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Introduction

A mesonic atom is a Coulomb bound system consisting of negatively-charged mesons surrounding a nucleus. Studying such systems gives access to the properties of the meson-baryon
interaction at very low energy [1–7]. For example, this antikaon-nucleon (K̄ N ) interaction
is believed to be a strong short-range attraction as suggested if Λ(1405) has a dominant K̄ N
structure [5,8]. The existence of bound kaonic nuclei is still under discussion and it is essential
to improve our knowledge of the K̄ N interaction [9]. The simplest atom, kaonic hydrogen,
consists of an antikaon (K − ) and a proton (p). It was used to extract some information about
the K̄ N interaction [10,11]. A study of kaonic deuterium [6,10,11] gives interesting constraint
on the isospin dependence of the K̄ N interaction. Encouraged by these results, we investigate
whether the physics of exotic atoms can be extended to three-body systems, without assuming
that two of them form a nucleus. A preliminary study was made by one of the present authors
(JMR) and C. Fayard [12], who considered a simple system of three identical bosons interacting via simple long- and short-range potentials. By varying the strength of the short-range
term, they studied the level rearrangement of the spectrum, and the transition from atomic to
nuclear states. They found that the contributions from long- and short-range potentials to the
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energy shifts can be factorized within a certain range of the potential strength. Our aim is to
extend this study, to consider more realistic cases treated in a more quantitative manner.
The paper is organized as follows: In the following sections, we introduce the models, the
method to solve the three-body problem, and the method of determinant, to probe whether
the energy shifts are given by a sum of products of long- and short-range terms.

2

Models

In this paper, two three-body models are employed.

2.1

Model I

The simplest model consists of three identical bosons. All interactions between two particles
have long-range and short-range attraction parts. The Hamiltonian of this system is
HI =

3
X

3
X

Ti − Tcm +

i=1

Vi LR
j

3
X

+λ

i> j=1

ViSR
j ,

(1)

i> j=1

where Ti (i = 1, 2, 3) is the kinetic energy of the ith particle and Tcm is the kinetic energy of
the center of mass, which is subtracted. All the physical constants including masses are set
to 1. The long-range (LR) and short-range (SR) two-body potentials have only a central term.
The strength of the short-range potential is varied through the parameter λ. We assume a regularized Coulomb for the long-range part and a Gaussian shape for the short-range potential.
The explicit forms are
Vi LR
j =−

erf(µ LR ri j )
ri j

,

(2)



2
2
3
r
exp
−µ
=
−C
µ
ViSR
SR SR
SR i j ,
j

(3)

where ri j denotes the distance between the ith and jth particles. The strength parameter CSR
is tuned so that the the short-range potential alone supports a two-body bound state for λ > 1,
i.e., λ = 1 is the coupling threshold for binding. The range parameters of both the short-range
potential and the regularizing term of the long-range potential are set to µ LR = µSR = 30,
which is large compared to the inverse Bohr radius, so that the role of the long- and shortrange interactions are well separated. Since all the long-range interactions are attractive, this
model cannot be realized by Coulombic systems, it corresponds to a gravitational interaction.

2.2

Model II

Model II describes a case that is more realistic, or at least closer to the ppK − system. The
first and second particles are identical bosons with a mass m1 = m2 = 1 and a positive charge
q1 = q2 = +1, while the third particle, also spinless, has a mass m3 = 1/2 and a charge
q3 = −1. The short-range potential is restricted to the interaction with the third particle, with
CSR appropriately rescaled so that λ = 1 is the coupling threshold for a two-body system of
masses {m1 , m3 }. The Hamiltonian of Model II is
HII =

3
X
i=1

Ti − Tcm +

3
X
i> j=1
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j

+λ

2
X
i=1

Vi3SR ,

(4)
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Figure 1: Schematic pictures of Model I and II employed in this paper. Solid lines
represent the short-range attractive potentials, and dotted and dashed lines represent
the long-range attractive and repulsive potentials, respectively.

with
Vi LR
j = qi q j

erf(µ LR ri j )
ri j

,



2
2
3
r
exp
−µ
=
−C
µ
ViSR
SR SR
SR i j .
j

(5)
(6)

Model I and Model II are schematically summarized in Fig. 1.

3

Correlated Gaussian expansion

The three-body calculations are carried out by a well-known variational method, which is now
briefly summarized. Let x denote the set relative coordinates,
 
x1
x=
.
(7)
x2
Here we choose the Jacobi coordinates:
x 1 = r1 − r2 ,
m1 r1 + m2 r2
− r3 ,
x2 =
m1 + m2

(8)
(9)

where ri (i = 1, 2, 3) is the single-particle coordinate of the ith particle. The three-body wave
function |Ψ (3) 〉 is expanded on a basis of correlated Gaussians (CG) [13],


X
1
(3)
|Ψ 〉 =
ck S exp − x̃ Ak x ,
(10)
2
k
where S is symmetrizer acting on the three particles (Model I) or on the {1, 2} subset (Model
II), and Ak is the positive-definite 2×2 symmetric real matrix which characterizes the kth
CG. The energy and the expansion coefficients {ck } are determined by solving a generalized
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eigenvalue problem. To optimize the non-linear variational parameters entering the Ak , we
employ the stochastic variational method [13, 14]. Since we have to treat simultaneously
two different scales, atomic and nuclear, we adopt the following strategy in the search for the
variational parameters. Suppose that we have already a basis of K CG: A number of candidates
for the additional AK+1 matrices are generated randomly with their elements either at the
nuclear or atomic scale. For small K, we select the matrix providing the minimum energy.
Once the energy is converged up to a certain number of digits, the additional CG are generated
only with elements at the nuclear scale. This procedure is efficient, particularly with large λ,
where the wave function changes drastically at short distances. In our calculations, we have
increased the size of the basis until the energy is converged within 10−4 .

4
4.1

Factorization of the long- and short-range contributions
Deser-Trueman formula

The energy shift of two-body exotic atoms is often estimated with the Deser-Trueman (DT)
formula [15, 16].
2π (2)
δE (2) =
(11)
|Ψ (0)|2 a,
µ 0
(2)

where µ is the reduced mass, Ψ0 (0) is the relative wave function at the origin obtained with
the long-range potential alone, and a is the scattering length calculated with by the shortrange potential alone. Note the remarkable factorization of the long-range and short-range
contributions in the DT formula. Fig. 2 shows a comparison of the ground-state energy of
two identical bosons interacting with Eqs. (2) and (3), calculated either exactly or by the DT
formula, with the strength λ of the short-range potential varied continuously.

0.0

Eg.s.

0.2
0.4
0.6
0.8
1.0
0.0

2-body calc.
DT
0.2

0.4

λ

0.6

0.8

1.0

Figure 2: Comparison of the two-body ground-state energy, E g.s. , obtained with the
full two-body calculation and the DT formula.
At small λ, the DT formula reproduces well the ground-state energy obtained by direct
two-body calculations. However, the DT formula deviates from the two-body calculation as
λ increases. This shows that the energy shift involves higher-order corrections, beyond the
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simple scattering length in the DT formula. A parallel question is whether or not the energy
shift can still be factorized into the long- and short-range contributions in large λ region. For
more quantitative discussion, we introduce in the next subsection the determinant method.

4.2

Determinant Method

To evaluate quantitatively the validity of the factorization of the energy shift, we use the following method. Let M be the matrix of the energy-shifts for a series of discretized strengths
λ1 , λ2 , . . . and several long-range potentials, as spelled out in Table 1.
Table 1: Matrix M constructed from the energy shifts obtained with different longand short-range potentials.

LRI
LRII
LRIII
..
.

λ1

λ2

λ3

···

δE(LRI , λ1 )
δE(LRII , λ1 )
δE(LRIII , λ1 )
..
.

δE(LRI , λ2 )
δE(LRII , λ2 )
δE(LRIII , λ2 )
..
.

δE(LRI , λ3 )
δE(LRII , λ3 )
δE(LRIII , λ3 )
..
.

···
···
···
..
.

If the level shift can be factorized as the product of a contribution from the long-range potential and another from the short-range part potential, as in the DT formula, the determinant
of any 2 × 2 submatrix S2 taken from M must be zero. For example, for λi when δE(LR, λi ) is
the product of separated contributions from the long-range and short-range interactions, that
is δE(LR, λi ) = A LR BSR (λi ). The submatrix S2 is defined by

 

A LRI BSR (λi ) A LRI BSR (λi+1 )
δE(LRI , λ1 ) δE(LRI , λ2 )
.
(12)
=
S2 =
A LRII BSR (λi ) A LRII BSR (λi+1 )
δE(LRII , λ1 ) δE(LRII , λ2 )
Considering the determinant of S2 , it can be easily proven that the detS2 is zero analytically
as
detS2 = A LRI BSR (λi )A LRII BSR (λi+1 ) − A LRI BSR (λi+1 )A LRII BSR (λi ) = 0 .
(13)
On contrary, when the energy shift is not separable, then det S2 is not necessarily zero. Practically, to get the variation of the potentials, we take the two long-range potentials with µ LR = 10
and µ LR = 30 and different λs at intervals of 0.01 (λi+1 − λi = 0.01).

4.3

Factorization of long- and short-range contributions in two-body system

Let us show how the determinant method works for the two-body system. Figure 3 plots
| det S2 | as a function of the strength of the short-range potential λ. To appreciate what
det S2 ' 0 means, we take into account the order of magnitude of the elements of S2 and the
accuracy of the calculation. In Fig. 2b, this corresponds to | det S2 | ® 10−6 . The shaded area
in Fig. 3 indicates the possible regions where the numerical error dominates Here the range
of the strength λ where the factorization holds is seen to be about λ ® λc = 0.6. Interestingly
this is the range of λ for which the DT formula works very well.
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Figure 3: The determinant of the S2 of the two-body system. The shaded region
shows the region that in which det S2 can be considered to be zero.
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Discussions: Three-body correlations

To discuss the results of three-body models, the two-body DT formula is extended to the threebody case as [12]
3
X
2π (3)
|Ψ0,i j (0)|2 ai j ,
(14)
µ
i> j=1 i j
where µi j , ai j are respectively the reduced mass and the scattering length obtained only with
(3)

the short-range potential of the ith and jth particles, and |Ψ0,i j (0)|2 is defined by
(3)

|Ψ0,i j (0)|2 =

(3)

(3)

〈Ψ0 |δ(ri − r j )|Ψ0 〉
(3)

(3)

.

(15)

〈Ψ0 |Ψ0 〉

(3)

Ψ0 is the wave function obtained only with the long-range potential. Note that the extended
DT formula keep the form of a sum of products of contributions from the long- and short-range
potentials.
The upper panel of Fig. 4a shows comparison between the ground-state energy obtained by
the full three-body calculation and the extended DT formula of Eq. (15) for Model I. At small
values of λ, the energy shift is small and shows a flat behavior. The extended DT formula
reproduces well the energy shift of the three-body calculation in this flat region. From the
lower left panel, one can see that the factorization is also valid in that region. Then the energy
shift drops rapidly at some λ, and the factorization breaks down simultaneously (we again
estimated the area for which a vanishing of the determinant makes sense, given the order of
magnitude of the matrix elements and the accuracy of the calculation). A departure for the DT
approximation is observed at about λc ' 0.4, while in the two-body case, a similar departure
occurred only at λc ' 0.6. This is because in the latter case, a purely nuclear state requires
λ = 1, for which a → ∞, while in the former case, a Borromean three-body bound state
occurs for λ ' 0.8. Hence the atomic spectrum is “pulled down” earlier.
Figure 4b displays the same plots for Model II. The energy shift and the determinant exhibit
the same qualitative behavior but the critical strength becomes much larger, λc ' 0.8. This is
051.6
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Figure 4: (Upper) Ground-state energy E g.s. obtained by the full three-body calculation and the DT formula. (Lower) | det S2 | values calculated with the three-body
calculations.
because of the repulsive long-range potential between two identical bosons, which suppresses
the three-body correlations. The level shift of such a three-body system is determined only by
the pairwise correlations and is of factorizable form.

6

Summary

Accurate three-body calculations have been performed to evaluate three-body correlations in
exotic-atom-like three-body systems. The interaction, which is pairwise, consists of a Coulombtype of long-range interaction and a short-range potential whose strength is varied. Two models have been considered. Model I consists of three identical bosons. Model II includes two
identical bosons of mass m1,2 = 1 and a third particle of mass m3 = 1/2, and opposite charge.
The factorization property of the long- and short-range contributions to the energy shift have
been examined quantitatively by the determinant method.
We find that, when the strength of the nuclear interaction is increased, the factorization and
the dominance of two-body correlations break down earlier when the same long- and shortrange potentials are applied to all pairs (Model I), whereas the three-body correlations are
much smaller with Model II in which only two pairs interact. This is intimately related to the
early or delayed occurrence of a Borromean three-body bound state in the nuclear potential.
As a further extension of this study, the analysis of the excited states is underway for a
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general understanding of the many-body correlations and of the level rearrangement. In particular, we shall extend the method of the determinant to larger submatrices to probe whether
the energy shift is a sum of products of long- and short-range terms, rather than a mere product. We also aim at investigating such exotic-atom-like systems with a complex potential to
take the meson-baryon absorption effect into account. This is, indeed, an important aspect of
the K̄ N interaction [4, 8].
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Abstract
We present a lattice method for determining scattering phase shifts and mixing angles for
the case of an arbitrary number of coupled channels. The proposed method combines a
spherical wall boundary condition and a channel-mixing auxiliary potential to extract the
full-rank S-matrix from the radial wave functions. We consider the scattering problem of
two spin-1 bosons interacting with a test potential involving up to four coupled channels.
For this benchmark system, the phase shifts and mixing angles are shown to agree on the
lattice and in the continuum. Our method should allow to extend previous two-channel
nuclear lattice EFT simulations to mixing of more than two partial waves.
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Introduction

In nuclear and particle physics, lattice simulations can be applied to many-body problems for
which continuum methods would be computationally too expensive. For example, they allow
to calculate the hadron spectrum in the non-perturbative domain of QCD [1]. Scattering processes involving few hadrons can also be considered in the lattice QCD framework by relating
the infinite-volume S-matrix to the finite-volume energy spectrum. This can be achieved using Lüscher’s method [2–4], which has already been generalized to an arbitrary number of
coupled scattering channels [5–9].
Simulating many-nucleon systems with lattice QCD is not yet possible due to the large
computational costs. Instead, it is more efficient to employ a lattice version of chiral effective
field theory (EFT) for such systems. This lattice EFT has been used to calculate bound states
of several light and medium-mass nuclei in Refs. [10–14]. Moreover, it has also been applied
to nucleon-nucleon, nucleon-nucleus and nucleus-nucleus scattering [10, 15–18].
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Unfortunately, Lüscher’s method is not suitable for scattering of heavier nuclei because
the finite-volume scattering energies for these nuclei are very small and thus cannot be determined with the required accuracy in Monte Carlo simulations [19]. In order to solve this
problem, the adiabatic projection method [20] has been used in Refs. [15, 16] to compute an
effective nucleus-nucleus Hamiltonian called the adiabatic Hamiltonian. Since the adiabatic
Hamiltonian only depends on the distance between the two nuclear clusters, one can extract
phase shifts from this Hamiltonian using spherical wall boundary conditions [21, 22].
So far, the spherical wall method has only been applied to at most two coupled scattering
channels. Because three or more coupled partial waves often appear in nuclear reactions,
we develop the (non-trivial) generalization of the two-channel method from Ref. [19] to an
arbitrary number of coupled channels in this article.

2

Benchmark system

As a concrete example, we consider scattering of two spin-1 bosons with the approximate
deuteron mass m1 = m2 = 2mN where mN = 938.92 MeV:
H=

p12
2m1

+

p22
2m2

+ V (~r1 − ~r2 ).

(1)

Here, p1 and p2 denote the momenta of the two particles, and the potential V only depends on
the difference between their positions ~r1 and ~r2 . For spin-1/2 fermions, a toy-model potential
already exists in Refs. [19, 22]:


3(~r · σ
~ 1 )(~r · σ
~ 2 ) − (σ
~1 · σ
~ 2 )r 2 −r 2 /(2r 2 )
0 .
Vfermion (~r ) = C 1 +
e
(2)
r02
Since the tensor term 3(~r · σ
~ 1 )(~r · σ
~ 2 ) − (σ
~1 · σ
~ 2 )r 2 also appears in the one-pion exchange
potential in chiral EFT, one can qualitatively interpret Eq. (2) as a nucleon-nucleon interaction
and choose the parameters
C = −2 MeV,

r0 = 3.95 fm

(3)

motivated by typical scales of nuclear systems. On the other hand, Eq. (2) is also similar to a
dipole-dipole interaction like
Vdipole (~r ) ∝ −


1
3(r̂
·
µ
~
)(r̂
·
µ
~
)
−
(~
µ
·
µ
~
)
1
2
1
2
4πr 3

(4)

in atomic or molecular physics [22]. Moreover, Eq. (2) can be transformed into a test potential
for spin-1 bosons if the Pauli matrices σ
~ 1, σ
~ 2 for the two particles are replaced by the spin-1
matrices ~
s1 , ~
s2 :


3(~r · ~
s1 )(~r · ~
s2 ) − (~
s1 · ~
s2 )r 2 −r 2 /(2r 2 )
0 .
V (~r ) = C 1 +
e
(5)
r02
Projecting the potential in Eq. (5) onto partial waves yields up to four coupled scattering
channels.

052.2

SciPost Phys. Proc. 3, 052 (2020)

3
3.1

Lattice method
Calculational setup

We introduce a cubic lattice with the spacing a = 1.97 fm and the length L = 35a, and define
orthonormal lattice states |~r 〉 with
r1 , r2 , r3 = 0, . . . , (L − 1)a = 0, . . . , (L − 1) l.u.,

(6)

where “l.u.” denotes dimensionless lattice units, which are used throughout this section. Quantities in lattice units must be multiplied by an appropriate power of the lattice spacing a to
obtain their physical values. Moreover, we impose periodic boundary conditions in each direction:
|~r 〉 = |~r + Lê1 〉 = |~r + Lê2 〉 = |~r + Lê3 〉 .

(7)

In the center-of-mass system (CMS), the Hamiltonian can be written as
3

3

3 X
3 X
49
H |~r 〉 =
|~r 〉 −
(|~r + êi 〉 + |~r − êi 〉) +
(|~r + 2êi 〉 + |~r − 2êi 〉)
12µ
4µ i=1
40µ i=1
3

−

1 X
(|~r + 3êi 〉 + |~r − 3êi 〉) + V (~r ) |~r 〉 ,
180µ i=1

(8)

with the reduced mass µ = m1 m2 /(m1 + m2 ). The derivative in the free term has been discretized using the O(a4 )-improved lattice dispersion relation [22].

3.2

Projection onto partial waves

Following Ref. [19], we define radial states for a partial wave 2s+1 l j :
XXXX
j,l,s
r 〉 ⊗ s1,z , s2,z ,
C0,l ,s Css,1,1
|R〉s,l, j =
,s ,s Yl,lz (r̂)δ r,R |~
~r lz ,sz s1,z s2,z

z

z

z

1,z

(9)

2,z

where the first sum runs over all lattice sites with a certain radial position (due to δ r,R ). The
j,l,s
z ,sz

Clebsch-Gordan coefficients for the spin-orbit and spin-spin couplings are given by C0,l
Css,1,1
,
z ,s1,z ,s2,z

and

respectively, and Yl,lz denotes the spherical harmonics. For n coupled channels with
|R〉α := |R〉sα ,lα , jα ,

(10)

for α = 1, . . . , n, the Hamiltonian can be projected onto the normalized radial states like
n
X

[HR (R1 , R2 )]αβ =

[N −1/2 (R1 )]αα0 α0 〈R1 | H |R2 〉β 0 [N −1/2 (R2 )]β 0 β ,

(11)

α0 ,β 0 =1

where N −1/2 is the inverse square root of the norm matrix
[N (R)]αα0 = α〈R|R〉α0 .

(12)

By computing the eigenvectors |ψ〉 of the radial Hamiltonian HR , one can then obtain the wave
function
ψα (R) =

n
X

[N −1/2 (R)]αα0 α0 〈R|ψ〉

α0 =1

in the α-th scattering channel.
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3.3

Auxiliary potentials

In order to yield accurate results on the lattice, two additional potential terms have to be
introduced. The first of these auxiliary potentials is the spherical wall potential that avoids
artifacts caused by the periodic boundary conditions. It can be added by replacing
V (~r ) → V (~r ) + Λθ (r − RW ),

(14)

where θ denotes the Heaviside function, RW is the wall radius and Λ has a large positive
value [22]. The second auxiliary potential is the so-called mixing potential, which will be
necessary to obtain the full-rank S-matrix [19]. For constructing the n-channel S-matrix, one
needs n linearly independent solutions of the Schrödinger equation in each channel. This
corresponds to a wave function vector with n2 components:
T
ψ0 (r) = ψ01 (r), . . . , ψ0n (r), ψ0n+1 (r), . . . , ψ02n (r), . . . , ψ0(n−1)n+1 (r), . . . , ψ0n2 (r) .
(15)
|
{z
}|
{z
}
|
{z
}
channel 1

channel 2

channel n

2

Accordingly, the radial Hamiltonian must be extended to an n × n2 matrix:
[HR0 ]α0 +(α−1)n,β 0 +(β−1)n = [HR ]α,β δα0 ,β 0 ,

(16)

for α, α0 , β, β 0 = 1, . . . , n. Now the mixing potential can be added to change the boundary
conditions for the different solutions:
HR0 → HR0 + U0 δ r,R M U M ,

(17)

where U0 is a real coefficient and U M is a channel-mixing matrix. The shape of the mixing
potential is a δ-peak located close to the spherical wall (R M ® RW ) and outside the range of
the test potential. As explained in Ref. [23], the matrix U M can be chosen as
[U M ]α0 +(α−1)n,β 0 +(β−1)n = (1 − δα,β )(1 − δα0 ,β 0 − 2δα,α0 δβ,β 0 ),
or explicitly in the case of n = 3,


UM

3.4







=







0
0
0
0
−1
1
0
1
−1

0
0
0
1
0
1
1
0
1


0 −1 1 0 1 −1
1
0 1 1 0
1 

1
1 0 1 1
0 

0
0 0 0 1
1 

0
0 0 1 0 −1 
.
0
0 0 1 1
0 

0
1 1 0 0
0 

1
0 1 0 0
0 
1 −1 0 0 0
0

0
0
0
1
1
0
1
1
0

(18)

(19)

Determination of S-matrix

In an interval [R I , RO ] outside the range of the potential, the wave function has the form
+
ψ0β+(α−1)n (r) = Aαβ h−
l (pr) + Bαβ hl (pr),
α

α

(20)

with the spherical Hankel functions h±
(pr) depending on the CMS momentum p. After del
termining the coefficients Aαβ and Bαβ from a fit to the wave function in this interval, the
S-matrix can be constructed as
−1


B11 · · · B1n
A11 · · · A1n
.
..   ..
.. 
..
..
S =  ..
.
(21)
.
.
.
.
.
Bn1 · · ·

Bnn
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Without the mixing potential, the second matrix in this equation would have zero determinant
and could not be inverted. For plotting, the S-matrix is decomposed according to the BlattBiedenharn parametrization [24]
S = O−1 diag(e2iδ1 , . . . , e2iδn ) O,

O T = O−1 ,

(22)

into the n phase shifts δ1 , . . . , δn and the n(n − 1)/2 mixing angles
εαβ = tan−1 Oαβ ,

(23)

for α, β = 1, . . . , n and β > α.

4

Computational results

We consider the coupled 1 D2 /5 S DG2 -wave for the test potential in Eq. (5) as a representative
example. The lattice parameters used here have been partly adopted from Ref. [19]:
a = 1.97 fm,

L = 35a,

R I = 9.02a,

RW = 15.02a,

Λ = 108 MeV,

U0 = 5 MeV.

RO = 12.02a,
(24)

Fig. 1 shows the obtained phase shifts and mixing angles as functions of the CMS momentum
p. Obviously, the lattice results agree with a continuum calculation performed for comparison
up to p = 120 MeV. (More precisely, the phase shifts and mixing angles on the lattice deviate
from the continuum data by less than 0.5 deg in the considered momentum interval.)

5

Conclusion

In this article, the lattice method from Ref. [19] has been generalized to an arbitrary number of
coupled scattering channels. The generalized method has been benchmarked using the system
of two spin-1 bosons interacting with a toy-model potential, for which the lattice and continuum results agree up to CMS momenta well below the lattice cutoff Λlatt ∼ π/a ' 314 MeV
employed here. However, the presented technique can also be applied to particles with different spin combinations by modifying the radial states on the lattice. Moreover, it can be
combined with the adiabatic projection method in order to consider scattering of particle clusters. Together with the chiral EFT interactions, this should allow to compute n-channel nuclear
reactions on the lattice (e.g. deuteron-deuteron or deuteron-alpha scattering).
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Figure 1: Phase shifts and mixing angles for the 1 D2 /5 S DG2 -wave (black solid line:
continuum; red points: lattice).
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Abstract
We study deuteron- proton elastic scattering in the deuteron energy range between 500
MeV and 2 GeV at the cms scattering angle θ ∗ ≥ 140◦ . The reaction is considered in the
relativistic multiple scattering expansion framework. The four reaction mechanisms are
included into consideration: one-nucleon exchange, single scattering, double scattering,
and the term corresponding to the delta excitation in the intermediate state.
The model is applied to describe the angular dependence of the differential cross section at the deuteron energies of between 880 and 1300 MeV. Also the energy dependence
of the differential cross section and polarisation observables such as tensor analyzing
power T20 and polarization transfer from the deuteron to proton c are considered at the
scattering angle equal to 180◦ . Contributions of the different reaction mechanisms into
the reaction amplitude are demonstrated in comparison with the existing experimental
data.
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Introduction

Elastic deuteron-proton scattering is the simplest example of the hadron nucleus collision.
Nowadays, a significant amount of the experimental data has been accumulated in a wide
energy range both with unpolarized and polarized beams. However, we do not have any
theory to describe the data for the energies above a few hundred MeV, especially, at backward
scattering angles.
A good theoretical description of the deuteron-nucleon process was obtained at low energies, where the multiple scattering formalism based on the solution of the Faddeev equations,
has been applied to this problem [1]. However, at the nucleon energies above 130 MeV there is
some discrepancy between the experimental data and theoretical predictions in the minimum
of the differential cross section [2].
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The Glauber theory taking into account both single and double nucleon-nucleon interaction
successfully describes the differential cross sections of the dp-elastic scattering at small angles
[3]- [4]. But it does not properly work at larger scattering angles.
In 1969 A.Kerman and L.Kisslinger supposed that resonances can play an important role
in deuteron-proton backward elastic scattering [5]. Later the double-scattering diagram with
∆-isobar in the intermediate state was taken into account in dp- backward scattering. The
significant contribution of this term to the reaction amplitude was demonstrated in refs. [6][8]. However, the double scattering with nucleon in an intermediate state was not considered
in these papers. Perhaps, it was the reason why the description of the differential cross sections
energy dependence was not good enough.
The effort to take the ∆-isobar into account in order to describe dp-elastic scattering was
also done in [9], [10]. In these papers deuteron-proton scattering was considered in a whole
angular range, not only at θ ∗ = 180◦ . Unfortunately, the process was studied at low energies,
Td < 200 MeV, where the ∆-isobar excitation effects are negligible.
We have previously proposed to use a model based on the multiple expansion of the reaction amplitude in powers of the nucleon-nucleon t-matrix [11]- [13]. Here we apply the
model for description of the deuteron-proton elastic scattering in backward kinematics.

2

General formalism

According to the three-body collision theory, the amplitude of the deuteron-proton elastic scattering J is defined by the matrix element of the transition operator U11 :
Ud p→d p

= δ(Ed + E p − Ed0 − E p0 )J = 〈1(23)|[1 − P12 − P13 ]U11 |1(23)〉 .

(1)

Here, the state |1(23)〉 corresponds to the configuration, when nucleons 2 and 3 form the
deuteron state and nucleon 1 is free. The permutation operators for two nucleons Pi j reflect
the fact that the initial and final states are antisymmetric due to the two particles exchange.
The transition operators for rearrangement scattering are defined by the Alt–Grassberger–
Sandhas equations:
U11 =
U21 =
U31 =

t 2 g0 U21 + t 3 g0 U31 ,
g0−1
g0−1

+ t 1 g0 U11 + t 3 g0 U31 ,

(2)

+ t 1 g0 U11 + t 2 g0 U21 ,

where t 1 = t(2, 3), etc., is the t-matrix of the two-nucleon interaction and g0 is the free threeparticle propagator. The indices i j for the transition operators Ui j denote free particles i and
j in the final and initial states, respectively.
Iterating these equations up to the t i -second-order terms, we can present the reaction
amplitude as a sum of the four contributions:

Jd p→d p = JONE + JSS + JDS + J∆ ,

(3)

one-nucleon exchange, single scattering, double scattering, and rescattering with ∆ -excitation
in the intermediate state.
The first term in the d p-elastic scattering amplitude J in Eq.(3) is the one nucleon exchange (ONE) term.

JON E = −2 〈1(23)|P12 g0−1 |1(23)〉 .
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Figure 1: The diagrams included into consideration: (a) the one-nucleon exchange
diagram; (b) the single scattering diagram; (c) the double scattering diagram with a
nucleon in the intermediate state; (d) the double scattering diagram with ∆-isobar
in the intermediate state.
The corresponding diagram is presented in Fig. 1(a). Applying the definitions of the wave
function of a moving deuteron and three- nucleon free propagator, we can write ONE amplitude in the following form:
q
1
JON E = − (Ed − E p − m2N + ~p 2 − P~d 2 ) ·
2
~d M0 Ω† (23)[1 + (σ1 σ2 )]Ωd (23) P
~d Md ; ~p m ,
~p0 m0 ; − P
d
d

(5)

where the definition of the permutation operator in spin space P12 (σ) = 12 [1 + (σ1 σ2 )] has
been applied.
All the calculations are performed in the deuteron Breit frame, where the deuterons move
in opposite directions with equal momenta (Fig. 1). It allows us to minimize the relative momenta of the nucleons in the both deuterons. As a consequence, the non-relativistic deuteron
wave function can be applied in the energy range under consideration.
In the rest frame the non-relativistic wave function of the deuteron depends only on one
variable ~p0 , which is the relative momentum of the outgoing proton and neutron:
§
ª
w(p0 )
1
µ p µn Ωd Md = p
µ p µn u(p0 ) + p [3(σ1 p̂0 )(σ2 p̂0 ) − (σ1 σ2 )] Md ,
4π
8
where u(p0 ) and w(p0 ) describe the S and D components of the deuteron wave function [14],
[15], [16], p̂0 is the unit vector in ~p0 direction.
In order to get the wave function of the moving deuteron, it is necessary to apply the
Lorenz transformations for the kinematical variables and Wigner rotations for the spin states.
This procedure has been expounded in ref. [11]. The proton-neutron relative momenta for
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the initial ~p0 and final ~p00 deuterons are expressed as:




En + E ∗
En + E ∗
0
~d 1 +
~d 1 −
~p0 = ~p + P
,
~p0 = ~p + P
.
E p + En + E ∗
E p + En + E ∗

(6)

q
q
~d 2 and E ∗ = (E p + En )2 − P
~d 2 /2 are the struck neutron energy in
Here En = m2N + ~p 2 − P
the moving deuteron frame and rest deuteron frame, respectively. Note, that |~p0 | = |~p00 |.
The next term in the d p-elastic scattering amplitude Eq.(3) is the single scattering one.

JSS = 2 〈1(23)|[1 − P12 ]t 3 |1(23)〉 .

(7)

The corresponding diagram is presented in Fig. 1(b). Following the standard procedure
we get the expression for the single scattering amplitude:
Z
~d − q~ 0 m0
~d M0 Ω† q~ 0 m00 , − P
(8)
JSS =
d~
q 0 −P
3
d
d
~d − q~ 0
~p 0 m0 , − P

3 1
1 0
~d − q~ 0 m0
~p m, P
t 12 + t 12
2
2
2

~d Md .
~d − q~ 0 m0 Ωd P
q~ 0 m00 , P
2

The relative momenta of two nucleons for the initial and final deuterons are
~d
~p0 = q~ 0 − P

E2 + E ∗
E2 + E3 + 2E ∗

~d
~p00 = q~ 0 + P

E2 + E 0∗
,
E2 + E30 + 2E 0∗

(9)

where the nucleons energies E2 , E3 , E30 in the reference frame are defined by the standard
manner (Fig.1b)
q
q
q
~d − q~ 0 )2 ,
~d + q~ 0 )2
E2 = m2N + q~ 02 ,
E3 = m2N + ( P
E30 = m2N + ( P
(10)
and these energies in the center-of-mass of the two nucleons forming the initial and final
deuterons are equal, correspondingly, to
1Ç
1Ç
0∗
~ 2,
~ 2.
E∗ =
E
=
(11)
(E2 + E3 )2 − P
(E2 + E30 )2 − P
d
d
2
2
The nucleon-nucleon scattering is described by the t-matrix t iTj . We use the parameterization of this matrix offered by Love and Franey [17]. This is the on-shell NN t-matrix defined
in the center-of-mass:
c∗0 µ01 µ02 t c.m. c∗ µ1 µ2 = c∗0 µ01 µ02 A + B(σ1 N̂ ∗ )(σ2 N̂ ∗ ) +
∗

∗

∗

∗

∗

(12)

∗

C(σ1 + σ2 ) · N̂ + D(σ1 q̂ )(σ2 q̂ ) + F (σ1Q̂ )(σ2Q̂ ) |c µ1 µ2 〉 .
The orthonormal basis {q̂∗ , Q̂∗ , N̂ ∗ } is a combination of the nucleon relative momenta in the
initial c∗ and final c0∗ states:
q̂∗ =

c∗ − c∗0
c∗ + c∗0
c∗ × c∗0
∗
∗
,
Q̂
=
,
N̂
=
.
|c∗ − c∗0 |
|c∗ + c∗0 |
|c∗ × c∗0 |

(13)

The amplitudes A, B, C, D, F are the functions of the center-of-mass energy and scattering angle. The radial parts of these amplitudes are taken as a sum of Yukawa terms. A new fit of the
model parameters [18] was done in accordance with the phase-shift-analysis data SP07 [19].
Since the matrix elements are expressed via the effective N N -interaction operators sandwiched between the initial and final plane-wave states, this construction can be extended to
the off-shell case allowing the initial and final states to get the current values of c and c0 .
Obviously, this extrapolation does not change the general spin structure.
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The double scattering contribution (Fig.1c) is defined by a deuteron wave function and
two nucleon-nucleon t-matrixes. Also we have here three-nucleon propagator:
Z
(14)
J DS = d p~2 d p~30 − P~d M0d Ω†d − P~d − ~p30 m02 , ~p30 m03
~d − ~p0 m0 , ~p0 m0
~p0 m0 , − P
3
2 3
3
 1

1
1
0
1
0
t 3(N N ) (E 0 )t 2(N
(E)
+
[t
(E 0 ) + t 3(N
(E 0 )][t 2(N
(E) + t 2(N
(E)]/4
N)
3(N N )
N)
N)
N)
Ed + E p − E1 − E2 − E30 + i"
~d − ~p2 m3
~p m, ~p2 m2 , P

~d Md .
~d − ~p2 m3 Ωd P
~p2 m2 , P

The argument of the N N -matrix is defined as the three-nucleon on-shell energy excluding the
energy of the nucleon which does not participate in the interaction:
E 0 = Ed + E p − E30 .

E = Ed + E p − E2 ,

(15)

The structure of the delta amplitude (Fig.1d) looks like the double-scattering one. But
here we have N N → ∆N matrixes instead the nucleon-nucleon matrixes and N N ∆-propagator
instead three-nucleon one.
Z
r



1 0 1 0 ~0
~
0
2
~
2
~
J∆ = 2 d p~2 d p3 d E∆ d p~∆ δ E∆ − µ + p∆ δ(~p + Pd − p~2 − p~3 − p~∆ )
τ mp
2
1 2
1
~ d 1M0 Ω† [1 − P12 ]t 3(N ∆) (E 0 )
00; −P
Ψ ~p∆ (E∆ ) 1
d
d
23
E − E2 − E30 − E∆ + iΓ (E∆ /2)
·

1 1
1 1
1 1
1 1
(16)
τ2 m2 ~p2 ; τ3 m3 ~p3
τ2 m2 ~p2 ; τ3 m3 ~p3
2 2
2 2
2
2 2
23 23 2
·
1 1
Ψ ~p∆ (E∆ ) t 2(N ∆) (E)[1 − P13 ]Ωd P~d 1Md ; 00 23 τ m~p .
1
2 2
1
Here a full set of the particles quantum numbers was included into the amplitude definition. Isospin and spin quantum numbers are marked by τ and m or M , respectively. The
indexes near the bracket correspond to the particles numbers.
The distribution function of the delta energy
Ψ ~p∆ (E∆ ) Ψ ~p∆ (E∆ ) = ρ(E∆ )

(17)

is defined through the delta width Γ (µ):
ρ(µ) =

Γ (µ)
1
,
2π (E∆ (µ) − E∆ (m∆ ))2 + Γ 2 (µ)/4

(18)

2
2
where µ2 = E∆
− ~p∆
is the squared four-momentum of the delta. The delta width is energy
dependent. We use, here, the standart parameterization of Γ (µ) taking into account the ∆
off-shell corrections:

Γ (µ) = Γ0

p3 (µ2 , m2π )
p3 (m2∆ , m2π )

·

p2 (m2∆ , m2π ) + γ2
p2 (µ2 , m2π ) + γ2
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Figure 2: The angular dependence of the differential
cross section at the deuteron energy Td = 880 MeV.
The data are from ◦ - [22] at Td = 850 MeV •- [23] at
Td = 940 MeV
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Figure 3: The angular dependence of the differential
cross section at the deuteron energy at Td = 1000 MeV.
The data are from ◦- [22] at Td = 940 MeV, •- [24] at
Td = 1169 MeV.
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Figure 4: The angular dependence of the differential
cross section at the deuteron energy at Td = 1200 MeV.
The data are from ◦ - [22] at Td = 1169 MeV,
• - [25] at Td = 1200 MeV.
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Figure 5: The angular dependence of the differential
cross section at the deuteron energy Td = 1300 MeV.
The data are from ◦ - [22] at Td = 1169 MeV, • - [25]
at Td = 1200 MeV.

where p(x 2 , m2π ) is the momentum in the πN -centere-of-mass:
p(x 2 , m2π ) =

q

(x 2 + m2N − m2π )2 /4x 2 − m2N .

(20)

In our calculation we use the following value:
Γ0 = 0.120 GeV,

γ = 0.200 GeV,

m∆ = 1.232.

(21)

In the Born approximation the N N → N ∆ t-matrix can be replaced with the corresponding
potential:


· 
·
1 1
1 1
~p, m, τ t (N ∆) (E) Ψ ~p∆ (E∆ ) ≈ ~p, m, τ V(N ∆) (E) Ψ ~p∆ (E∆ ) .
2 2
2 2

(22)

The potential for the N N → N ∆ transition is based on the π− and ρ− exchanges:
(π)

Vβα

(ρ)

Vβα

= −
= −

fπ fπ∗
m2π
fρ fρ∗
m2ρ

Fπ2 (t)

q2
(σ
~ · q̂)(S~ · q̂)(~
τ · T~ )
m2π − t

Fρ2 (t)

q2
{(σ
~ S~) − (σ
~ · q̂)(S~ · q̂)}(~
τ · T~ ).
m2ρ − t

(23)

Here, t is the four transfer momentum and q~ is the corresponding three transfer momentum. The operators σ(~
~ τ) are 21 - spin (isospin) operators defined by Pauli matrixes while S~( T~ )
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Figure 6: The energy dependence of the differential cross section at the scattering
angle θ ∗ = 180◦ . The data are from [26].
operators correspond to 12 → 32 spin (isospin) transition. mπ and mρ are a pion and ρ- mesonmasses. The coupling constant fπ is related with the N N π vertex and fπ∗ corresponds to the
N ∆π one. It concerns also ρ− coupling constants.
fπ = 1.008 fπ∗ = 2.156
fρ

= 7.8

(24)

fρ∗ = 1.85 fρ .

The hadronic form factor was chosen in a pole form:
n

F x (t) = (Λ2x − m2x )/(Λ2x − t) .

(25)

In our calculation we use Λπ = 0.8 GeV, Λρ = 1.8 GeV. The exponent n is equal to 1 for
π-meson and 2 for ρ-meson.
Since two nucleon states in the N N → N ∆ vertexes are antisymmetrized, two permutation
operators appear in Eq.(16). As consequence, the ∆- amplitude contains four terms: one
direct, two exchange, and one double-exchange ones. The permutation operator Pi j involves
the permutation of all quantum numbers. Here, it is permutation over momentum, spin, and
isospin indexes: Pi j = Pi j (p)Pi j (σ)Pi j (τ).

3

Results

We applied the method to describe angular dependences of the differential cross sections at
the backward scattering angles θ ∗ ≥ 140◦ at four deuteron energies of 880, 1000, 1200, and
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- [28].
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Figure 8: The energy dependence of
the polarisation transfer at the scattering angle θ ∗ = 180◦ . The data
are taken from [28].

1300 MeV. In Figs.2-5 the calculation results are presented for four cases. The dashed-dotted
curves correspond to the results obtained taking into account only ONE and single-scattering
contributions. The results obtained with the addition of the double-scattering term are represented by dashed curves. The solid curves correspond to the theory predictions taking into
account also ∆-isobar in the intermediate state with both π-meson (blue line) and π- and
ρ-mesons (red line).
It is well known that the data on the differential cross sections show some enhancement at
the backward angles. However the calculation results obtained without the ∆-isobar lie below
the data. Moreover the difference between the data and the results increases with the energy
growing. When we include the ∆-isobar into consideration we get rather good agreement
between the data and theory in the case when π- and ρ-mesons are taken into account. When
we include only π-meson in the ∆-isobar description we get overestimated values for the
differential cross sections.
It is interesting to look at a manifestation of the various mechanisms at the critical scattering angle of 180◦ . An energy dependence of the differential cross section is presented in Fig. 6.
The data demonstrate a shoulder at the energies between about 500 and 1400 MeV which is
not described by the calculations without ∆-isobar. The curves obtained taking into account
only ONE+SS and ONE+SS+DS rapidly descend and pass below the data. Inclusion ∆-isobar
into consideration allows us to describe the shoulder and significantly improve an agreement
between the data and theoretical predictions. As in the case of the angular distributions of the
differential cross sections, we get overestimated values when we include only π- meson in the
∆-isobar definition.
Tensor analyzing power T20 is presented in Fig. 7 as a function of the deuteron energy.
The result of the simplest reaction mechanism ONE is close to the data at low energies up to
about
p 500 MeV. But then the data go up while ONE curve descends up to minimum equal to
− 2 at the deuteron energy of about 1 GeV. The addition of the single- and double- scattering terms allows to slightly rise the curves in the minimum but the data description remains
unsatisfactory. The results obtained with ∆-isobar are closer to the data except for the energy
range between 700 and 1100 MeV where the data show the rise.
The role of the ∆-isobar is clearly manifested in the polarization transfer c, which is shown
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in Fig. 8 versus the deuteron energy. The data show the precipitous fall at the deuteron energy
between 400 and 600 MeV and then go on a plateau. The results obtained with the inclusion
of ∆-isobar reproduce the shape of the data while the results of the calculations performed
without ∆-isobar are far from the data.

4

Conclusion

We considered dp- backward elastic scattering taking into account four contributions: onenucleon-exchange, single-scattering, double-scattering, and ∆-excitation in an intermediate
state. We showed a role of each reaction mechanism in the description of the angular dependence of the differential cross section. Inclusion of the ∆-isobar term into consideration
allowed to describe the enhancement of the differential cross section at θ ∗ ≥ 140◦ in the
energy range between 880 and 1300 MeV.
The reaction mechanisms were also studied at the scattering angle θ ∗ = 180◦ . It was obtained a quite good agreement between the experimental data and the theoretical predictions
for the energy dependence of the differential cross section. Some progress was achieved in
the description of the tensor analyzing power T20 and polarisation transfer κ.

Acknowledgements
The author is grateful to Dr. V.P. Ladygin for fruitful discussions and interest in this problem.
This work has been supported by the Russian Foundation for Basic Research under grant No1902-00079a.

References
[1] W. Glöckle, H. Witała, D. Hüber, H. Kamadaa and J. Golak, The tree-nucleon continuum: Achievements, challenges and applications, Phys. Rep. 274, 107 (1996),
doi:10.1016/0370-1573(95)00085-2.
[2] K. Sekiguchi et al., Complete set of deuteron analyzing powers from d~ p elastic scattering at
190 MeV/nucleon, Phys. Rev. C 96, 064001 (2017), doi:10.1103/PhysRevC.96.064001.
[3] V. Franco, Small-angle high-energy scattering by deuterons, Phys. Rev. Lett. 16, 944 (1966),
doi:10.1103/PhysRevLett.16.944.
[4] V. Franco and E. Coleman, Double scattering in high-energy elastic collisions with deuterons,
Phys. Rev. Lett. 17, 827 (1966), doi:10.1103/PhysRevLett.17.827.
[5] A. K. Kerman and L. S. Kisslinger, High-energy backward elastic proton-deuteron scattering
and baryon resonances, Phys. Rev. 180, 1483 (1969), doi:10.1103/PhysRev.180.1483.
[6] L. A. Kondratyuk, F. M. Lev, pd-backward scattering in resonance region, Sov. J. Nucl. Phys.
26, 153 (1977).
[7] L. A. Kondratyuk, F. M. Lev, L. V. Shevchenko, On pd-backward elastic scattering in the
∆ resonance region and the one-pion exchange form factor, Sov. J. Nucl. Phys. 29, 558
(1979).

053.9

SciPost Phys. Proc. 3, 053 (2020)

[8] L. A. Kondratyuk, F. M. Lev, L. V. Shevchenko, Large angle nucleon deuteron scattering
and three baryon resonances, Yad. Fiz. 33, 1208 (1981).
[9] A. Deltuva, K. Chmielewski and P. U. Sauer, Nucleon-deuteron scattering with ∆-isobar
excitation: Chebyshev expansion of two-baryon transition matrix, Phys. Rev. C 67, 034001
(2003), doi:10.1103/PhysRevC.67.034001.
[10] A. Deltuva, R. Machleidt and P. U. Sauer, Realistic two-baryon potential coupling twonucleon and nucleon-∆-isobar states: Fit and applications to three-nucleon system, Phys.
Rev. C 68, 024005 (2003), doi:10.1103/PhysRevC.68.024005.
[11] N. B. Ladygina, Deuteron-proton elastic scattering at intermediate energies, Phys. Atom.
Nuclei 71, 2039 (2008), doi:10.1134/S1063778808120053.
[12] N. B. Ladygina, Differential cross-section of dp elastic scattering at intermediate energies,
Eur. Phys. J. A 42, 91 (2009), doi:10.1140/epja/i2009-10852-0.
[13] N. B. Ladygina, Delta excitation in deuteron-proton elastic scattering, Eur. Phys. J. A 52,
199 (2016), doi:10.1140/epja/i2016-16199-5.
[14] R. Machleidt, K. Holinde, Ch. Elster, The Bonn meson exchange model for the nucleonnucleon interaction, Phys. Rep. 149, 1 (1987), doi:10.1016/S0370-1573(87)80002-9.
[15] R. Machleidt, High precision, charge dependent Bonn nucleon-nucleon potential, Phys. Rev.
C 63, 024001 (2001), doi:10.1103/PhysRevC.63.024001.
[16] M. Lacombe, B. Loiseau, R. Vinh Mau, J. Cote, P. Pires and R. de Tourreil, Parametrization
of the deuteron wave function of the Paris n-n potential, Phys. Lett. B 101, 139 (1981),
doi:10.1016/0370-2693(81)90659-6.
[17] W. G. Love and M. A. Franey, Effective nucleon-nucleon interaction for scattering at intermediate energies, Phys. Rev. C 24, 1073 (1981), doi:10.1103/PhysRevC.24.1073 [Erratum:
Phys. Rev. C 27, 438 (1983), doi:10.1103/PhysRevC.27.438].
[18] N. B. Ladygina, New parameterization of effective nucleon-nucleon t-matrix interaction for
scattering at intermediate energies (2008), arXiv:0805.3021.
[19] INS DAC Services, http://gwdac.phys.gwu.edu
[20] B. K. Jain, A. B. Santra, Delta excitation in proton-proton and proton-nucleus collisions
Phys. Rep. 230, 1 (1993), doi:10.1016/0370-1573(93)90037-E
[21] V. Dmitriev, O. Sushkov, C. Gaarde, ∆-formation in the 1 H(3 He, 3 H)∆++ reaction at intermediate energies, Nucl. Phys. A 459, 503 (1986), doi:10.1016/0375-9474(86)90158-2.
[22] J. C. Alder, W. Dollhoff, C. Lunke, C. F. Perdrisat, W. K. Roberts, P. Kitching, G. Moss,
W. C. Olsen and J. R. Priest, Elastic pd-scattering at 316, 364, 470, and 590 MeV in the
backward hemisphere, Phys. Rev. C 6, 2010 (1972), doi:10.1103/PhysRevC.6.2010.
[23] N. E. Booth, C. Dolnick, R. J. Esterling, J. Parry, J. Scheid and D. Sherden,
Proton-deuteron elastic scattering at 1.0 GeV/c, Phys. Rev. D 4, 1261 (1971),
doi:10.1103/PhysRevD.4.1261.
[24] J. S. Vincent, W. K. Roberts, E. T. Boschitz, L. S. Kisslinger, K. Gotow, P. C. Gugelot, C.
F. Perdrisat, L. W. Swenson and J. R. Priest, Large angle p-d scattering at 580 MeV, Phys.
Rev. Lett. 24, 236 (1970), doi:10.1103/PhysRevLett.24.236.
053.10

SciPost Phys. Proc. 3, 053 (2020)

[25] E. T. Boschitz, W. K. Roberts, J. S. Vincent, M. Blecher, K. Gotow, P. C. Gugelot, C. F.
Perdrisat, L. W. Swenson and J. R. Priest, Elastic scattering of 600-MeV protons from H, D,
3
H e, and 4 H e, Phys. Rev. C 6, 457 (1972), doi:10.1103/PhysRevC.6.457.
[26] B. E. Bonner, C. L. Hollas, C. R. Newsom, P. J. Riley and G. Glass, nd scattering at
180◦ for neutron energies from 200 to 800 MeV, Phys. Rev. Lett. 39, 1253 (1977),
doi:10.1103/PhysRevLett.39.1253.
[27] J. Arvieux et al., Elastic scattering of polarized deuterons by protons at intermediate energies, Nucl. Phys. A 431, 613 (1984), doi:10.1016/0375-9474(84)90272-0.
[28] V. Punjabi et al., Measurement of polarization transfer κ0 and tensor analyzing power T20
in the backward elastic dp scattering, Phys. Lett. B 350, 178 (1995), doi:10.1016/03702693(95)00344-K.

053.11

SciPost Phys. Proc. 3, 054 (2020)

Three-nucleon force effects in nucleon-deuteron
scattering at backward angles
Souichi Ishikawa?
Hosei University, Tokyo, Japan
? ishikawa@hosei.ac.jp
Proceedings for the 24th edition of European Few Body Conference,
Surrey, UK, 2-6 September 2019
doi:10.21468/SciPostPhysProc.3

Abstract
Elastic and breakup cross sections in nucleon-deuteron scattering at intermediate energies are calculated using a realistic two-nucleon potential and three-nucleon potentials
based on the exchange of two pions among three nucleons. Attractive effects of the
pion-exchange at medium range region in the three-nucleon potential are recovered by
using a shorter range cutoff. It is shown that these effects increase the cross sections at
backward angles, which tends to reduce discrepancies between theoretical calculations
and experimental data.
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Introduction

The necessity of three-nucleon potentials (3NPs) in the nuclear Hamiltonian in addition to
two-nucleon potentials (2NPs) is well recognized. However our understanding of 3NPs is
quite incomplete except the 3NP based on Fig. 1, namely two-pion exchange process among
three nucleons (2πE), and then combinations of a 2NP model and a 2πE-3NP model have
been often used in few-nucleon calculations.
In spite of various successful 2πE-3NP effects on 3N observables, there are still unsolved
discrepancies between experimental data and calculations. A typical example is the differential
cross sections at backward angles of nucleon-deuteron (Nd) elastic scattering for intermediate
energy.
It is noticed that the 2πE-3NP has quite large attractive character, which should be suppressed by introducing a cutoff procedure to reproduce three-nucleon (3N) binding energies.
Since it turns out that the range of the cutoff is not limited to a short range, effects of the pionexchange process in 3NP may be eliminated even at rather longer distances. Thus, this ad hoc
cutoff procedure might affect 3N observables such as ND elastic cross sections at backward
angles. In this work, Nd cross sections are studied using Hamiltonian models consisting of a
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two-nucleon potential and 2πE-3NPs with a rather short range cutoff by adding phenomenological repulsive 3NPs as a counterpart [1].
In Sec. 2, a short note on numerical calculations and nuclear interaction models used in
this work will be given. Results of calculations will be presented in Sec. 3, and conclusion will
be given in Sec. 4.

2
2.1

Method and models
Three-nucleon Faddeev calculations

Three-body calculations in the present paper are performed by solving the Faddeev equations
[2] as integral equations in coordinate space using a method developed in Ref. [3].
3N partial wave states for which 2NPs and 3NPs act, are restricted to those with total twonucleon angular momenta j ≤ 6 for bound state calculations, and j ≤ 5 for scattering state
calculations. For scattering state calculations, 3N partial wave states with the total 3N angular
momentum J ≤ 27/2 are taken into account, while 3NPs are switched on for 3N states with
J ≤ 13/2.

2.2

Two-pion exchange three-nucleon potential

The momentum space representation of a component of the 2πE-3NP described by the diagram, Fig. 1, is given by


gA 2
1
1
1
V̂ (3:1,2) (~
q1 , q~2 ) =
(σ
~ 1 · q~1 )(σ
~ 2 · q~2 )
2
2
(2π)6 2 fπ q~1 + m2π q~2 + m2π


× (~
τ1 · τ
~ 2 ){a + b(~
q1 · q~2 )} + (i τ
~3 · τ
~1 × τ
~ 2 )(i σ
~ 3 · q~1 × q~2 )d , (1)
where momentum q~i (i = 1, 2) is defined in Fig. 1, mπ is the pion mass, σ
~ i (~
τi ) is spin
(isospin) operator of the nucleon i, gA is the axial charge of the nucleon, and fπ is the pion
decay constant. The coefficients, a, b, and d, characterize the 2πE-3NP, which are extracted
from pion-nucleon scattering amplitudes. In this paper, I will use a newer version of the Brazil
2πE-3NP, BR-O(q4 ) in Ref. [4] (BR07), whose coefficients are

−3
−3
(a, b, d) = 0.981m−1
π , −2.617mπ , −0.854mπ .
The coordinate space representation of the 2πE-3NP is given by
Z


(3:1,2)
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Figure 1: Diagram that shows a component of the 2πE-3NP. Total 2πE-3NP is the
sum of cyclic permutations of this diagram.
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Table 1: Empirical and calculated values of the 3 He binding energy and strength
parameter VC of the additional C-3NP, Eq. (4), for models used in this paper. See the
text for the description of the models.
Model

VC
(MeV)

Empirical
AV18
+BR660
+BR(C)1000
+BR[I]0.87
+BR(C)[I]0.5
+BR[II]1.29
+BR(C)[II]0.75

139
159
160

BE(3 He)
(MeV)
7.718
6.928
7.763
7.727
7.718
7.726
7.719
7.716


where ~ri j = ~ri − ~r j , and FΛ q~2 is a form factor. I this work, I will take a dipole form:
FΛ q~

2



=



Λ2 − m2π
Λ2 + q~2

2
.

(3)

Here, the parameter Λ represents a scale of the cutoff momentum of the exchanged pions.
Calculations with the BR07-3NP adapting the dipole form factor with the cutoff parameter Λ
will be denoted as BRΛ .
In the present paper, I will use the Argonne V18 (AV18) 2NP model [5]. Calculated 3 He
binding energy for the AV18 are shown in Table 1, which indicates the AV18 calculation underbinds the 3 He bound state by about 0.8 MeV. When the BR07-3NP is combined with the
AV18-2NP, the cutoff parameter Λ determined to reproduce the 3 He binding energy is Λ = 660
MeV (BR660 ) (see Table 1 for numerical values). This value of Λ is quite small compared with
ones used in one-boson exchange 2NP models, such as the CD-Bonn potential [6], which are
larger than 1000 MeV. This indicates that some medium range contributions in 2πE-3NP may
be reduced.

3
3.1

Calculations
Elastic cross sections

In Fig. 2 (a) and (b), calculations of differential cross section for elastic proton-deuteron (p-d)
scattering at E p = 65 MeV and E p = 170 MeV, respectively, are compared with experimental
data [7, 8]. In the figures, AV18 and AV18+BR660 calculations are shown by black and red
curves, respectively, which demonstrates that the deviations between the AV18 calculations
and the data, especially at the minimum region, 90◦ < θ < 150◦ , are well reduced by introducing the BR660 for E p = 65 MeV, but is not enough for E p = 170 MeV.
Here, I remark that the momentum transfer from the incident proton to deuteron, which
is calculated from the scattering angle, exceeds the value of 660 MeV/c for scattering angles
larger than 120◦ for E p = 170 MeV. Thus, effects of the pion exchange in 2πE-3NP at large
scattering angles might be suppressed by using the cutoff parameter of 660 MeV.
Next, I will examine the BR07-3NP with a large value of Λ, namely 1000 MeV. When the
cutoff mass Λ larger than 660 MeV is used, calculated 3 He binding energy for AV18 + BRΛ
are too large. In order to reproduce the 3 He binding energy, I introduce a spin-independent
054.3
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Figure 2: Cross sections for p-d elastic scattering at (a) E p = 65 MeV and (b)
E p = 170 MeV. Black, red, and green curves denote AV18, AV18+BR660 , and
AV18+BR(C)1000 calculations, respectively. Experimental data are taken from Ref.
[7] for E p = 65 MeV and Ref. [8] for E p = 170 MeV.
repulsive Gaussian 3NP [9], which will be denoted as C-3NP:
WC = VC

X

e

−(

r jk
rik 2
2
rC ) −( rC )

,

(4)

c y clic

where ri j is the relative distance between nucleons i and j, rC the range parameter, and VC the
strength parameter. With fixing rC = 1.0 fm, fitted value of VC for Λ = 1000 MeV is shown as
BR(C)1000 in Table 1.
In Fig. 2, calculations of AV18+BR(C)1000 are shown by green curves, which demonstrates
that the introduction of the BR(C)1000 gives almost the same effect on the cross section as
BR660 at E p = 65 MeV, while increases the cross section at backward angles larger than BR660
to give a reasonable agreement with the data at E p = 170 MeV.

3.2

Inclusive breakup cross section

Next, I will study the effect of a large cutoff parameter in the 2πE-3NP on deuteron breakup
reactions, p + d → p + p + n. Since there are large numbers of configurations for final threenucleon states, here, I just pick up an inclusive breakup reaction, 2 H(p, p0 )pn, which is considered to be a continuation of the elastic scattering.
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Figure 3: Cross section for inclusive breakup reaction, 2 H(p, p0 )pn, for proton
scattering angle 110◦ at E p = 170 MeV as a function of excitation energy of the
residual pn system. Black, red, and green curves denote AV18, AV18+BR660 , and
AV18+BR(C)1000 calculations, respectively.
In Fig. 3, cross sections of the 2 H(p, p0 )pn reaction for proton scattering angle in laboratory
system to be 110◦ at E p = 170 MeV. This angle corresponds to 140◦ at c.m. system in the p-d
elastic scattering, where the effect the BR(C)1000 -3NP is remarkable as shown in Fig. 2 (b).
The cross sections for AV18, AV18+BR660 , and AV18+BR(C)1000 are plotted as functions of the
excitation energy of the residual p-n system Eex , which is 0 for the elastic scattering. Effects
of the large cutoff parameter in the 2πE-3NP, which are shown by the difference between the
red curve and the green curve are well visible.

3.3

Cutoff in coordinate space

Since the use of the dipole form factor is not unique way to suppress a short-range part of
interactions, I will examine other method: one used in recent the chiral effective field theory
(χEFT). In recent calculations of few- and many-nuclear systems [10–12], 2NPs based on
χEFT are provided in the coordinate space representation with multiplying a damping function
(called as regulator) fR (r), where R is a parameter representing the range of cutoff. The cutoff
procedure used in constructing the 2NP is also applied to 3NP as follows:
Z
(3:1,2)

VR

(~r13 , ~r23 ) = fR (r13 ) fR (r23 ) ×

q1 , q~2 ).
d~
q1 d~
q2 e−i~q1 ·~r13 −i~q2 ·~r23 V̂ (3:1,2) (~

(5)

In the present work, two different functional forms of the regulator will be used. One,
which will be designated as [I], is from Refs. [10, 11]:
[I]
fR (r)

r2
= 1 − exp − 2
R




6
,

(6)

and the other, which will be designated as [II], is from Ref. [12]:
[II]

fR (r) = 1 −

1
.
(r/R)6 e(r−R)/(R/2) + 1

(7)

First, the range parameters are decided to reproduce the 3 He binding energy, and the
results with the BR07-3NP are R = 0.87 fm for [I] and R = 1.29 fm for [II]. The regulators
[I]
with these parameters as functions of r are plotted by black solid curve for fR (r), and black
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Figure 4: The regulator functions, Eq. (6) and Eq. (7). The meaning of the curves
are described in the text.
[I]

dashed curve for fR (r) in Fig. 4. Range of the regulator may be characterized by a value of
[I]

[II]

r0.5 that satisfies fR (r0.5 ) = 0.5. For both of fR=0.87 (r) and fR=1.29 (r), r0.5 becomes about 1.3
fm, which indicates a long-range character of the regulators.
Next, in order to make the BR07-3NP more attractive, the range parameter R for each of
the regulator is changed to be smaller value so that r0.5 ≈ 0.75 fm, which gives R = 0.5 fm
for [I] and R = 0.75 fm for [II]. As in the case of the dipole form factor, I will introduce the
repulsive C-3NP to reproduce the 3 He binding energy. The strength parameters of the C-3NP
are shown as BR(C)[I]0.5 and BR(C)[II]0.75 in Table 1.
In Fig. 5, calculations of p-d scattering at E p = 170 MeV for AV18+BR(C)[I]0.5 ,
AV18+BR(C)[II]0.75 as well as AV18+BR(C)1000 are plotted. This figure shows a similarity
among AV18+BR(C)[I]0.5 , AV18+BR(C)[II]0.75 , and AV18+BR(C)1000 calculations, and these
calculations almost equally resolve the difference between the data and calculations. This
[I]
[II]
indicates that the regulator functions FR=0.5 (r) and FR=75 (r) play a similar role as the form
factor with Λ = 1000 MeV in the 2πE-3NP.
[I]
[II]
In Fig. 4, the functions FR=0.5 (r) and FR=0.75 (r) are plotted as red solid curve and red
[I]

[I]

dashed curve, respectively. In the figure, the differences between FR=0.5 (r) and FR=0.87 (r), and
[II]

[II]

FR=0.75 (r) and FR=1.29 (r) are plotted as blue solid curve and blue dashed curve, respectively,
which demonstrates that the increase of the p-d cross sections at minimum and backward
angle regions is caused by effects of the pion-exchange around r = 1 fm.

4

Conclusion

The use of a larger value of cutoff parameter in the form factor, or a short range cutoff of the
regulator in the 2πE-3NP enhances p-d elastic cross sections at backward angles for intermediate energies, which tends to reduce the discrepancies between data and calculations. Similar
effects are observed in inclusive breakup reactions. This demonstrates the importance of pion
exchange in the 2πE-3NP around r = 1 fm.
In this work, the repulsive 3NP to compensate the large attractive effect of the 2πE-3NP
is introduced phenomenologically. Physical origin of it as well as spin-dependence of 3NPs to
reproduce polarization observables in p-d scattering are left as future problems.
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Figure 5: Cross sections for p-d elastic scattering at E p = 170 MeV. Black, green,
blue, and cyan curves denote AV18, AV18+BR(C)1000 , AV18+ AV18+BR(C)[I]0.5 , and
AV18+BR(C)[II]0.75 calculations, respectively. The latter three curves are almost overlapped mutually. Experimental data are taken from Ref. [8].
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Abstract
We use a correlation matrix of two-nucleon (2N) potential parameters to investigate correlations among three-nucleon (3N) observables for the elastic nucleon-deuteron (Nd)
scattering process. We employ the up-to-date 2N semilocal momentum-space regularized chiral interactions and the phenomenological OPE-Gaussian potential and using
the Faddeev formalism we calculate 3N observables and their correlations. As an example, we present the correlation between the differential cross section and the deuteron
analyzing power T20 .
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Introduction

The question about the existence of correlations among nuclear physics observables is closely
linked to constructing models of nuclear forces. Namely, the knowledge of the correlations
among the various 3N observables will allow the determination of the set of observables, which
should be used to fit the parameters of three-body force models. Such information will also be
a valuable guide for planning future experiments in low-energy nuclear physics. To the best
of our knowledge, the correlations between two- and three-nucleon observables (2N and 3N
respectively) have not been investigated yet. The aim of this paper is to start such a study
focusing on 3N observables.
Recently R. Navarro Peréz and his collaborators from the Granada group carefully revised
the existing 2N data and prepared a new database [1], removing from the data these points
for which uncertainties were unknown or poorly defined. They excluded also data sets inconsistent with other data, which led to a self-consistent database at the 3σ level. Currently,
this database (Granada-2013) is a standard set of data used for fixing parameters of the 2N
forces. In addition, R. Navarro Pérez et al. have derived new models of the 2N interaction,
for example the One-Pion-Exchange-Gaussian (OPE-Gaussian) potential [2, 3]. In 2018 the
Bochum-Bonn group introduced sophisticated 2N potentials up to the fifth-order in the chiral
055.1
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expansion with a semilocal regularization in momentum space for the pion exchange contributions [4]. They used the self-consistent Granada-2013 database to fix the free parameters
of the model. For both potentials [2] and [4] a detailed error analysis was performed. In
particular, the authors quantified for the first time the statistical uncertainties of the potential
parameters and obtained not only the values of 2N potential parameters but also their covariance matrices. The knowledge of a correlation matrix of the 2N potential parameters allowed
us to perform a statistical analysis aimed at finding theoretical uncertainties for the elastic
nucleon-deuteron observables (3N observables). As a result in [5,6], we successfully analyzed
the propagation of uncertainties of 2N potential parameters to a given 3N observable. It was
found that this uncertainty is much smaller than the uncertainty arising from using various
models of the nuclear interaction.

2

Methods and theoretical formalism

Given the mean values of the 2N potential parameters and their correlation matrix, we sampled
50 sets of the potential parameters. Next, for each set of potential parameters, we apply the
Faddeev framework to calculate the elastic Nd scattering observables [7]. This means that
we first calculate the deuteron wave function by solving the Schrödinger equation and obtain
the t-matrix elements from the Lippman-Schwinger equation for a given 2N interaction in
momentum space. Next, we solve the Faddeev equation in momentum space to compute
the transition amplitude from which any 3N observable can be obtained. In this study, we
neglect 3N interactions and use only the 2N force, which enters the Faddeev equation via
the precalculated t-matrix operator. The Faddeev equation for the transition amplitude T |φ〉
reads:
T |φ〉 = t P|φ〉 + t P G0 T |φ〉 ,
(1)
where the initial state |φ〉 is composed of a deuteron and a relative momentum eigenstate of
the projectile nucleon, P is a permutation operator, G0 is the free 3N propagator and t is a
solution of the Lippmann-Schwinger equation with an interaction V (given by the models of
2N interaction from the Granada or Bochum-Bonn groups). We solve Eq. 1 numerically, in
momentum space, using partial wave decomposition and by generating the Neumann series
and summing it by the Padé method. More information can be found in Refs. [7] and [8].

3

Results

We analyzed many pairs of 3N observables for which we computed correlation coefficients
at selected incoming nucleon energies and in the whole range of scattering angles. As an
example in Fig. 1, we present the angular dependence of the correlation coefficient for a chosen pair of 3N observables as functions of the center-of-mass scattering angle in the range
θc.m. ∈ [0◦ , 180◦ ] at two laboratory energies of the incident neutron 13 and 65 MeV. Correlations between two selected 3N observables, i.e. the differential cross section and the deuteron
tensor analyzing power T20 were investigated with the semilocal momentum-space regularized
(SMS) chiral N2 LO, N4 LO and N4 LO+ potentials [4] with the value of the regulator parameter Λ = 450 MeV and with the OPE-Gaussian potential [2]. In general, as shown in Fig. 1,
the differential cross section, dσ/dθc.m. , appears weakly correlated with the deuteron tensor
analyzing power, T20 , for the two employed potentials and for both energies. However, it is
observed that for some intervals of the scattering angle, a relatively strong correlation for this
particular pair of 3N observables exists. In the case of the SMS chiral N2 LO potential at scattering energy E = 13 MeV the absolute value of the correlation coefficient does not exceed
055.2
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Figure 1: The angular dependence of the correlations coefficient between the differential cross section dσ/dθc.m. and the deuteron analyzing power T20 for the incoming neutron laboratory energies E = 13 MeV (a) and E = 65 MeV (b) in the
elastic neutron-deuteron scattering. The black solid, red dashed, cyan dot-dash and
green dash-dot-dotted lines represent predictions of the SMS chiral N2 LO, N4 LO and
N4 LO+ forces with Λ = 450 MeV and the OPE-Gaussian potential, respectively.
|ρ| = 0.15 for 0◦ ≤ θc.m. ® 70◦ , but there is a region for which the value of the correlation coefficient reaches about |ρ| = 0.6. For the higher energy E = 65 MeV, the correlation coefficient
amounts to 0.5 at small scattering angles. With the increasing angle, ρ gradually increases
and at θc.m. = 57.5◦ reaches its maximum and then drops sharply reaching a minimum at
θc.m. = 90◦ which points to strong anti-correlation (|ρ| is already 0.77). Further growth of ρ
is observed with increasing values of the angle and at θc.m. = 140◦ again practically reaches
the same value as at θc.m. = 57.5◦ . With a growing order of the chiral expansion, one reaches
a more accurate version of the chiral 2N force. One example is the SMS chiral N4 LO. Using it
we observe the same behavior, but the magnitude of the correlation coefficient at E=13 MeV
is different. For the SMS chiral N4 LO+ predictions one can see again more or less the same
behavior as for the SMS chiral N2 LO, especially for small scattering angles for both energies.
For the phenomenological OPE-Gaussian potential, we see that the behavior of predictions is
similar to the one for results based on the SMS chiral N4 LO force for both energies.

4

Conclusion

We showed that it is possible to analyze the correlation among various 3N observables resulting
from the correlation matrices provided with the models of 2N interactions from the Granada
and Bochum-Bonn groups. It was also demonstrated that when using the chiral interaction
the angular dependence of the correlation coefficients for the differential cross section and
the deuteron analyzing power depends on the order of chiral expansion as well as on the
scattering energy. It is interesting that a strong correlation appears at specific intervals of
scattering angles. This could indicate a dependence of the transition amplitude on specific
partial waves.
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Abstract
The recent ANKE@COSY data on the differential cross section of reaction pd → pdππ
demonstrate a peak at invariant mass of the final dππ system 2.38 GeV, that corresponds
to the isoscalar J P = 3+ dibaryon D03 , and the enhancement in the distribution over the
invariant mass of two final pions. The two-resonance model involving the t -channel σmeson exchange between the proton and deuteron in the subprocess pd → p D03 and
the sequential decays D03 → D12 + π and D12 → d + π was applied to describe the shapes
of these distributions with the lowest orbital angular momenta in the corresponding
vertices. A possible role of higher orbital momenta in those vertices is studied here.
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Introduction

A clear resonance structure was observed by the WASA@COSY in the total cross section of the
reaction pn → dπ0 π0 at the invariant mass of the pn-system 2.380 GeV [1, 2]. The isospin
of this system T is equal to zero and the spin-parity J P found in [2] and in polarization measurements [3, 4] is equal to 3+ . The mass of this resonance is close to the ∆∆-threshold, but
its width Γ = 70 M eV is twice lower as compared to the width of the free ∆-isobar that is an
indication to its unusual structure. Another interesting feature of this reaction is a resonance
behavior of its differential cross section as a function of the invariant mass of the final twopion system Mππ known as the ABC-effect [5]. Possible mechanisms proposed yet in the early
1970s for interpreting the ABC effect in the two-pion production are the t-channel excitation
of the noninteracting ∆∆ or N N ∗ (1450) systems and their subsequent decay into the pion
channel ( see Ref. [6] and references therein). These mechanisms made it possible to describe
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to some extent the old inclusive data, however, fail to explain new exclusive data obtained in
4π geometry with very high statistics [2].
After discovery of the dibaryon resonance D03 in the reaction pn → dπ0 π0 , naturally the
question whether dibaryons could be produced in collisions of other particles arose. Recently a
very similar resonance structure was observed in the differential cross section of the two-pion
production reaction pd → pdππ in experiments performed by the collaboration ANKE@COSY
at beam energies 0.8 − 2.0 GeV with high transferred momentum to the deuteron at small
scattering angles of the final proton and deuteron [7]. At proton beam energies at 1.1 GeV and
1.4 GeV the resonance peaks were observed in the distribution over the invariant mass Mdππ
of the final dππ system at Mdππ ≈ 2.38 GeV [7] that is the mass of the isoscalar two-baryon
resonance DI J = D03 , while the kinematic conditions differ considerably from that in [2].
Furthermore, the ABC-like effect was observed in [7] in the distribution over the invariant
mass of the two pions Mππ . An attempt to explain the observed behavior of this reaction
within the modified two-resonance model [8] of the reaction pn → dπ0 π0 was undertaken in
Refs. [9] and [10] and the shape of the distribution over the Mdππ was explained qualitatively.
However some questions appeared concerning the origin of the ABC-like structure in the Mππ
distribution in the data [7]. Only the lowest orbital momenta in the resonance vertices were
considered in [9, 10]. Here we are focused on the role of possible higher orbital momenta in
those vertices.
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The model

Different mechanisms of the ABC effect in the reaction pn → dπ0 π0 were discussed in [11].
One possible mechanism of this reaction suggested in paper [8] involves sequential excitation
and decay of two intermediate dibaryon resonances, D03 (2380) and D12 (2150). We modify
this model by including the t-channel σ-meson exchange between the proton and deuteron
which leads to excitation of deuteron to the D03 dibaryon, σ + d → D03 , and after that the
dibaryon decays sequentially as D03 → D12 + π → d + π + π. This mechanism is depicted in
Fig. 1 where the second diagram takes into account identity of two π0 - mesons. Since not
all required partial widths are known, we discuss mainly the shapes of the distributions over
the invariant masses of the final dππ and ππ systems. The total amplitude of the reaction
pd → pdππ corresponding to the sum of two Feynman diagrams in Fig. 1 has the following
form
µ0p µ0

µ0p

Tµp µdd (pd → pdππ) = Tµp (p → p0 σ)

1

µ0

pσ 2 − mσ 2 + imσ Γσ

Tµdd (σd → dππ), (1)

where pσ , mσ , Γσ are the 4-momentum, mass, and the total width of the σ-meson; µi (µ0i ) is the
spin projection of the initial (final) particle i. The amplitude of the virtual process p → pσ is
µ0p

based on the phenomenological σN N interaction and its spin averaged form |Tµp (p → p0 σ)|2
is given in [13].
µ0
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Figure 1: Two resonance mechanism of the reaction pd → pdππ
The matrix element for the amplitude of the decay D03 → dπ0 π0 via two decays D03 → D12 +π0
and D12 → d + π0 has the following form
T(D03 →dππ) =

X

3µ

µ2 m1 m2

2µ

×F D12 →dπ (λ1 )C1µ 2l

d 2 m2

d

2 1 m1

l p
λ1 )
λ12 4πYl2 m2 (λ̂

2µ

×F D12 →dπ (λ2 )C1µ 2l

F D03 →D12 π (k1 ) · C2µ 3l

2 m2

l p
k11 4πYl1 m1 (k̂1 )

1

+
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12
3µ3
l1 p
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12

−

M D2
12

+ i M D12 Γ D2

.
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12

Here PD03 , M D03 and Γ D03 (PD12 , M D12 and Γ D12 ) are the 4-momentum, mass and total width of
the dibaryons D03 (D12 ), respectively, PD12 is 4-momentum of dibaryon D12 , which appeared as
a result of the emission of a pion with an impulse k1 (first pion): PD12 = PD03 − k1 , and PD0 ap12
peared as a result of the emission of a pion with an impulse k2 (second pion): PD0 = PD03 − k2 ;
12
q is the 3-momentum of the initial deuteron in the cms of the D03 , k1 (k2 ) is the 3-momentum
λ2 ) is the 3-momentum of the pion π2 (π1 )
of the pion π1 (π2 ) in the cms of D03 , and λ 1 (λ
in the cms of the D12 . We use in Eq. (3) the standard notations for the Clebsch-Gordan coefficients C jJ M
and spherical functions Ylm (k̂) = k l Ylm (k̂); l1 is the orbital momenta of
1 m1 j2 m2
relative motion of dibaryon D12 and the first pion in the vertex D03 → πD12 , l2 is the orbital
momenta of relative motion of final deuteron and the second pion in the vertex D12 → dπ
and L is the orbital momentum of the relative motion of the initial deuteron and the σ-meson
in the vertex d + σ → D03 . From the parity and angular momentum conservation one can
find the following allowed values for the orbital momenta: L = 2, 4; l1 = 1, 3, 5; l2 = 1, 3.
Since we do not know decays parameters for higher orbital momenta, we consider below the
differential cross section and the partial width of the decay Γ D03 →dππ for each allowed set of
orbital momenta separately.

Figure 2: The mechanism of the decay D03 → π0 N N
The vertex functions FR→a b (q) in Eqs. (2)- (3) are related to the corresponding partial
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widths of the decay of the resonance R to the system a + b, ΓR→ab , as [12]:
v
u
u 8πΓ (l) (qab )
R→ab
,
FR→a b (qa b ) = Mab t
2l+1
qab

(4)

where Ma b is the mass of the a + b system, l is the orbital momentum of the relative motion
of the particles a and b, and qa b is their relative 3-momentum determined as
2
qa b = [(s − (ma − m b )2 )(s − (ma + m b )2 )/4s]1/2 , where s ≡ Mab
. We use the following
parametrization of the energy dependence of the partial widths [12]:
(l)
ΓR→a b (qa b )
(l)

=

(l)
ΓR→ab



qab
q0

2l+1 

q02 + λ2ab

l+1

2
qab
+ λ2ab

,

(5)

(l)

here ΓR→a b ≡ ΓR→a b (q0 ), q0 is the relative momentum qab of the particles a and b at the
resonance point defined as Ma b (q0 ) = MR , where MR is the nominal mass of the resonance.
According to Eqs. (4), (5), the vertex function F D03 →dσ (q) is written as
v
u
(L)
t 8πΓ D →dσ (q)
03
,
F D03 →dσ (q) = Mdσ (q)
q2L+1
(L)
(q)
03 →dσ

where the factor Γ D

(6)

is defined as

(L)
(q)
03 →dσ

ΓD

(L)
03 →dσ

= ΓD

 q 2L+1  q2 + λ2  L+1
0
dσ
.
q0
q2 + λ2dσ

(7)

Here q is relative 3-momentum of deuteron and σ-meson in cms of D03 , q0 is 3- momentum at
the resonance point M D03 = 2.38 GeV and q0 = 0.362 Gev/c, λdσ = 0.18 GeV is the parameter
which given in [8].
The vertex function and the partial width of the decay D03 → D12 π at l1 (= 1, 3, 5) are the
following
v
u
u 8πΓ D(l1 )→D π (k1 )
03
12
F D03 →D12 π (k1 ) = M D12 π (k1 )t
,
2l1 +1
k1
(l )
Γ D 1 →D π (k1 )
03
12

=

(l )
Γ D 1 →D π
03
12

2
 k 2l1 +1  k10
+ λ2D π l1 +1
1
12
,
k10
k12 + λ2D π

(8)

12

where k1 is the relative 3-momentum of the dibaryon D12 and the pion in the cms frame of
the D03 , k10 is the 3-momentum at the resonance point M D03 = 2.38 GeV, the parameters
k10 = 0.177 GeV/c, and λπD12 = 0.12 GeV are taken from [8].
The vertex function and the partial width of the decay D12 → dπ at l2 = 1, 3 are the following
v
u
u 8πΓ D(l2 )→dπ (k2 )
t
12
F D12 →dπ2 (λ1 ) = Mdπ (λ1 )
,
2l +1
k2 2
(l )

(l )

12

12

Γ D 2 →dπ (λ1 ) = Γ D 2 →dπ

 λ 2l2 +1  λ2 + λ2 l2 +1
10
dπ
1
,
2
2
λ10
λ1 + λdπ
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where λ1 is relative 3-momentum of deuteron and pion in cms of D12 , λ10 is 3-momentum at
the resonance point M D12 = 2.15 GeV and λ10 = 0.224 GeV/c, λdπ = 0.25 GeV [8].
The differential cross section of the reaction pd → pdππ within the considered model can
be written as following
dσ = ((2π)7 · 64 · q pd · s)−1 · |T f i (pd → pdππ)|2 k · q · p0 · dΩk dΩq d cos θ p0 d M D03 d Mππ , (10)
and the partial width of the D03 → dπ0 π0 decay takes the form
dΓ (D03 → dππ) =

1
1
k · q · |T f i (D03 → dππ)|2 dΩk dΩq d Mππ .
5
(2π) 4M D2

(11)

03

dσ/dMππ [µ b/(GeV/c2)]

dσ/dMππ [µ b/(GeV/c2)]

In Eq. (10) q pd is the relative 3-momentum between the initial proton and the deuteron and
p0 is the 3-momentum of the final proton in the center of mass of the reaction. In Eqs. (10)
and (11) k is the relative 3-momentum between two pions, and q is the relative 3-momentum
between the final deuteron and the center mass of the ππ system in the center mass of the of
the dibaryon D03 .
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Figure 3: The distribution over the invariant mass of two final pions system Mππ at
different orbital angular momenta. a: L = 2, l1 = 1, l2 = 1, b: L = 4, l1 = 1, l2 = 1,
c: L = 2, l1 = 1, l2 = 3, d: L = 4, l1 = 1, l2 = 3. Here L,l1 and l2 are the orbital
momenta in the vertices d + σ → D03 , D03 → πD12 and D12 → dπ, respectively. The
results of the model calculations (full lines) are normalized to the data [7] (open
circles). In the calculations the scattering angle θdc.m. of the final deuteron belongs
to the full interval 0◦ < θdc.m. < 180◦ .
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3

Numerical results and discussion

The following values are used in our calculations for the masses and widths of the resonances
D03 and D12 resonances and their vertex parameters: M D03 = 2.380 GeV, Γ D03 = 70 MeV,
M D12 = 2.15 GeV, Γ D12 = 0.11 GeV, and for the σ-meson mσ = 0.5 GeV, Γσ = 0.55 GeV. The par(l=1)
12 →dπ

tial widths Γ D

(l=1)
12 →pn

= 10 MeV and Γ D

= 10 MeV were found in Ref. [12] from the analysis
(L=2)

+

if the reaction pp → dπ . The partial width Γ D →dσ = 8.5 MeV was found by us [10] from
03
normalization of the calculated differential cross section within this two-resonance model to
the data [7]. To get this value we assumed in Ref. [10] that the experimental value of the width
ex p
Γ D →dππ = 10 MeV [14] is completely determined by the decays chain D03 → D12 π → dππ
03
and on this way we found that the value Γ D03 →D12 π has to be equal to ≈ 140 MeV. Here was
assumed l1 = 1 in the decay D03 → D12 π.
(l )
(l =3)
The following partial widths are unknown at present: Γ D 1 →D π at l1 = 1, 3, 5 and Γ D 2 →dπ .
03
12
12
In order to estimate them we use Eqs. (5),(7), (8), (9) with the same parameters q0 and λ as
for the minimal orbital angular momenta l1 = l2 = 1, L = 2, but substitute the higher orbital
momenta l1 = 3, 5, l2 = 3 and L = 4.
Table 1: The partial width Γ D03 →dππ at different values of the orbital angular momenta l1 and l2 (see text for details)
l1

l2

1
1
3
3
5
5

1
3
1
3
1
3

Γ Di

03 →dππ

Γ Dii

(MeV)

03 →dππ

< 6.5
< 2.02
< 1.81
< 0.6
< 4.42
< 3.6

(MeV)

10
3.1
2.78
0.92
6.8
5.5

Using the mechanism of the decay D03 → πN N depicted in Fig. 2 and experimental
constraints on the width Γ D03 →π0 N N < 6.3 MeV from [15] we found for the partial widths
Γ Dl=1→D π < 95 MeV, Γ Dl=3→D π < 82 MeV, Γ Dl=5→D π < 65 MeV, here is l the orbital angular
03

12

03

12

03

12

momentum of the relative motion of the D12 and the π0 .

Let us consider now the partial width Γ D03 →dππ . We have two possibilities to calculate this
partial width. (i) One can take into account the upper limit to Γ D03 →π0 N N < 6.3 MeV from [15].
ex p
(ii) One may assume that the experimental value Γ D →dππ = 10 MeV [14] is completely de03
termined by the decay D03 → D12 π → dππ. The results of calculations of the Γ D03 →dππ for the
first and the second approximation are given in the third (Γ Di →dππ ) and the fourth (Γ Dii →dππ )
03
03
columns in the Tab. 1, respectively.
In Ref. [10] we didn’t consider the channel σ+d → D03 with the orbital angular momentum
(L=4)
L = 4. Here when calculating the corresponding partial width Γ D →dσ in a similar way as for
03

(L=4)

the channel L = 2 we find the value Γ D →dσ = 6.4 MeV.
03
Considering the cross section of reaction pd → pdππ we should note that in our previous
work [10] we found that "ABC-type" shape is caused mainly by the collinear kinematics of the
experiment [7] and does not occur within the considered model for the case when scattering
angle of the final deuteron is in the full interval 0◦ < θdc.m. < 180◦ . In Ref. [10] we performed
calculation only for the lowest orbital angular momenta. Here we study the role of other
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Figure 4: The same as in Fig. 3 but with the model calculations at the scattering angle
θdc.m. of final deuteron in the interval 0◦ < θdc.m. < 11◦ as in the experiment [7].
l
possible orbital angular momenta L, l1 , l2 . We use the same partial decay widths ΓR→ab
(q0 )
for high orbital angular momentum as for low values of orbital angular momentum in Eqs. 5.
The calculated differential cross section as a function of the mass of two final pions is shown
in Fig. 3. One can see from this figure that at some orbital angular momenta the ABC effect
is reproduced qualitatively (Fig. 3 c and d). Other higher orbital angular momenta do not
reproduce "ABC-type" shape and we do not show the corresponding results.
From the results of calculations shown in Fig. 4, one can conclude that the contribution
l =3
of the decay width Γ D2 →dπ to the reaction D03 → D12 π → dππ is approximately equal to the
12

l =1

contribution of the Γ D2 →dπ , therefore, interference effects, not taken into account here, will
12
be important.
The differential cross section of the reaction pd → pdππ calculated at orbital angular
momenta L = 2, l1 = 5, l2 = 3 for the interval of the scattering angle of the deuteron
0◦ < θdc.m. < 11◦ is depicted in Fig. 5a as a function of the mass Mππ .
The results of calculations are normalized to the experimental data. One can see that
the model fails to reproduce the ABC effect for these (and higher) orbital angular momenta.
We should note, that the absolute value of differential cross section decreases with increasing orbital angular momenta. We do not show distribution of the differential cross section
on the Mdππ invariant mass because when changing the orbital angular momenta the shape
of the differential cross section practically is not changed, while its absolute value is slowly
diminished.
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Figure 5: The distribution over the invariant mass of two final pions Mππ at the
orbital angular momenta L = 2, l1 = 5 and l2 = 3. The scattering angle θdc.m. of
the final deuteron belongs to the experimental interval 0◦ < θdc.m. < 11◦ (a) and to
the full interval 0◦ < θdc.m. < 180◦ (b). The results of the model calculations are
normalized to the data [7].

4

Conclusion

The two-resonance model of the reaction pd → pdππ considered in Refs. [10] allows one to
describe shapes of the measured in [7] distributions over the invariant masses Mdππ and Mππ
if the lowest orbital angular momenta are used in the vertices σ + d → D03 , D03 → D12 + π
and D12 → d + π. The ABC-like effect observed in the experiment [7] performed at small
scattering angles of the deuteron θdc.m. = 0 − 11◦ disappears in this reaction within this model
if the full angular interval for the scattered deuteron is allowed, 0 ≤ θdc.m. ≤ 180◦ . In the
present work the higher orbital angular momenta were included into consideration in the
vertices σ + d → D03 , D03 → D12 + π and D12 → d + π and it was found that for some of
them the ABC-like effect takes the place for the full interval of the deuteron scattering angle
θdc.m. = 0 − 180◦ . The interference effects were not taken into account since the absolute
values and relative phases of transition amplitudes with different orbital angular momenta
are unknown.
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