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Part I: Space and time before Einstein
Introduction
In 1905 Einstein showed how Newtonian mechanics broke down when applied to
very high-speed motion. Let us first briefly examine Newtonian mechanics and its
foundations to see what could be wrong with it.
Define “event”:
A physical event is something that happens independently of the reference frame we
might use to describe it (e.g. collision of two particles, turning on a light source etc.)
It happens at a point in 3-D space and at an instant in time. It therefore requires four
numbers to define it (x,y,z,t). But the important thing to remember is that these four
numbers are not universal. They depend on our frame of reference. We have to
define a reference frame first and then the event is fixed in that frame.
For example, the collision of two particles might happen, according to an observer in
the lab at x=1m, y=4 m, z=11 m and t=7 secs. (i.e. 7 seconds after some predefined
time axis origin). But according to another observer, these numbers can be different:
he might also be in the lab but defines the origin of his reference frame in space
somewhere else, or his origin in time might be a different event to the first observer.
He might be outside the lab and moving and so his reference frame might have at
one time shared the same origin as the one in the lab but since he is moving, his
coordinates will be different at the time of the collision.
Inertial frame:
This is a frame of reference in which Newton’s first law holds, i.e. a body that is not
acted upon by an external force will be seen, in such a system, to be either standing
still or moving at a constant velocity.
If a body is acted upon by an external force it will accelerate. So any reference frame
in which such a body still looks like it is not moving or moving at a constant velocity
must itself be accelerating and is therefore not an inertial frame.
Any other reference frame that is moving at a constant velocity (remember this
means at a constant speed in a straight line) with respect to our inertial frame is itself
therefore also an inertial frame.
We can define new inertial frames by simple translations in space and time. The
simplest case is a translation in space, so that a body with velocity v in the first frame
still has velocity v in the new one. We can also get a new frame by a rotation of the
original one by some angle about one or more of the x,y or z axes. Thirdly, we can
also have a new inertial frame moving at a constant velocity relative the original one.
Conclusion
Absolute values of (x,y,z,t) of an event are not important, since we can choose the
origin of space and time arbitrarily. What is important is the relative positions in
space and time between different events.
So,

Δ t = t2 - t1
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and

L2 = (x2 – x1)2 +(y2 – y1)2 +(z2 – z1)2

(i.e. distance between two points in 3-D).

Galilean Transformation equations
We wish to connect the spacetime coordinates of an
event in one frame to those in another. Start with
inertial frame S. It has x-, y- and z-axes. Now
consider another inertial frame, S', moving relative to
the first. To simplify the problem we choose it to be
moving in the x-direction at a velocity v.
Consider that the origins of the two frames coincide
at time t=0. Then at a time t seconds later, the frame
S' will have moved to the right some distance such
that its origin is now vt away from the origin of S.

y

S

y’
vt

p

S
x
z

Now, any point, p, with coordinates
(x,y,z) in S will have coordinates
(x',y',z') in S' at time t. Thus,

S’

Galilean
Transformation
Equations

x’
x

z

y

z’

x'= x ! vt
y'= y
z'= z

Note also that it goes without saying that t = t'.
Space intervals:
A space interval is defined as the distance between two points A,B.
In the frame S,
In S' then,

Therefore,

! x = xB " xA

x !A = x A " vt
x !B = x B " vt
! x " = x "B # x "A = ( x B # vt ) # ( x A # vt ) = x B # x A = ! x

So, the distance is the same in both frames, as we might expect.
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Of course if S' had been rotated relative to S such that their x-axes were no longer
pointing in the same direction then ! x " # ! x . Instead we would need to define the
space interval in terms of all three axes.
2
2
2
2
2
2
The space interval will now = ! x + ! y + !z = ! x " + ! y " + ! z " = constant.

Velocity transformation:
If we differentiate the Galilean transformation equations with respect to t

dx ! dx
=
"v
dt
dt
and since t' = t then
Therefore,

d
d
=
dt dt !

u!x = ux " v
u!y = uy
u!z = uz

=>

dx ! dx
=
"v
dt ! dt

These are the Addition of Velocities Equations.

Example:
S frame is a the station platform
S' frame is the moving train
If you walk down the train and the observer on the platform sees you moving at
ux=100 km/hr then, assuming the train is travelling relative to the platform at 95
km/hr, according to the train frame (i.e. to someone seated on the train) you are
walking at a speed of 5 km/hr.
What about acceleration?

a=
and

a! =

du
dt

du! du! d
=
= (u " v ) = a " 0 = a
!
dt
dt dt

(since v is constant).

So observers in both frames will see same acceleration of a body despite moving
relative to each other. This is because while they see different velocities u'≠ u, the
change in velocity seen by both is the same.
Since in classical physics, mass is unaffected by motion (this may seem obvious)
then the product ma, is the same for all observers (i.e. in all inertial reference
frames). So any force F=ma, will have the same value whoever measures it.
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Thus Newton's laws of motion and equations of motion are the same in all inertial
reference frames. And since the conservation laws (energy, momentum, angular
momentum, etc) follow from the laws of motion then all laws of mechanics are the
same in all inertial reference frames.
A word of caution here however; since velocities will have different values in different
frames, so will momenta and kinetic energies. That is, different observers will get
different values for the momentum, say, of a moving body, BUT they will always
agree on whether momentum is conserved (in a collision say) or not. If it is
conserved they will get different values for the total momentum of a system but at
least each observer's values will be the same before and after the collision (the
conservation bit).
Newtonian Relativity
The consequence of all this is that we cannot design a mechanical experiment in one
frame that would tell us what the motion of that frame is relative to any other. For
example, on a plane that has reached cruising altitude and speed, everything will
look normal and behave as though the plane is not moving: the way a ball bounces
or a pendulum swings, objects fall, collide etc. will all do so in exactly the same way
as they would if we were conducting the experiments on the ground. The stewardess
does not have to start pouring your cup of coffee at the front of the plane, with you
seated at the back in order to take into account the time it takes for the coffee to drop
vertically reaching your cup as it and the plane move forward to meet the coffee!
So, no inertial frame is preferred over any other.
=> No physically definable 'absolute' reference frame.
All motion is relative and depends on your frame of reference.
This is Newtonian Relativity.
Transformation laws between frames change some things (coordinates of points,
velocities, momenta) but leave others the same (mass, acceleration, force, Newton's
laws of motion). Unchanged quantities are called invariants of the transformation.
A statement about what the invariant quantities are is called a Principle of Relativity.
All this seems straightforward enough and correct. But Einstein showed that it was
not true. He found that space and time get mixed up and that Δx and Δt are not
constant in all reference frames. Instead:

Δx' is a function of both Δx and Δt
and

Δt' is a function of both Δx and Δt.

Only when we combine space and time together into four-dimensional spacetime do
we recover a quantity that is constant in all inertial reference frames!
It is as though different observers see lengths and time intervals differently. Think of
a box view by you and someone else looking at it from a different angle.
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Another view

Your view
You see the side facing you as square and the side facing the other observer as
rectangular (squashed). He will see the opposite. But you would both agree it is just
a matter of perspective. We shall see in special relativity (SR) that that it is only in 4D
spacetime that we can agree on lengths and time intervals being just 'a matter of
perspective' (different points of view from different inertial frames). You and another
observer moving relative to you will never agree on the length of an object no matter
what angle you look at it, and you will never agree on time intervals between events.
Only by uniting space and time do you retrieve an invariant quantity.
So for the moment we have a Principle of Relativity for the Newtonian Laws of
Mechanics. But this is not the whole of physics.
Electromagnetism
We have seen how the laws of mechanics are invariant under Galilean
transformations. How about the laws of electromagnetism? If they are also invariant
then the Principle of relativity will hold for all of physics (at least all of physics known
at the time of Einstein). There really would be no experiment that could pick out a
preferred inertial reference frame and say 'this is the one that is truly at rest'.
Consider light waves:
As you know, all waves need a medium to travel through (e.g. sound needs air, or
other matter, water waves need the water). How about light? Outer space is empty
so how does sunlight reach us? Scientists in the nineteenth century argued that
there had to be an invisible medium that carried light waves, called the 'ether'.
Experiments were designed to find it.
Consider the aether frame of reference S (inertial rest frame). [Compare this with
sound waves travelling through air. The frame of reference in which the mean
position of the air molecules is constant is the air rest frame.] Now the speed of light
c = 3x108 m/s in the aether frame.
But observer at rest in S' , moving at a speed v relative to S, will measure the light
speed to range between c+v and c-v depending on the direction of relative motion.
So speed of light (henceforth denoted by sol) is not an invariant quantity under
Galilean transformations. So for e.m. there is only one (inertial) reference frame in
which sol is c and we would have a way of determining a 'true' rest frame. That is, if
the aether exists then it defines an absolute rest frame.
So we seem to have a 'Galilean' Principle of Relativity that applies to the Newtonian
laws of mechanics but not to Maxwell's laws of electromagnetism. We are faced
therefore with three possibilities:
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1. Thanks to e.m., there is a preferred reference frame which we could locate
experimentally.

2. A Principle of relativity exists for both Newtonian mechanics and Maxwell's
e.m. and therefore Maxwell's e.m. must be wrong and needs modifying.

3. A Principle of Relativity exists for both Newtonian mechanics and Maxwell's

e.m. But since the Galilean transformations only apply to Newtonian
mechanics they must be wrong and a new set of transformation equations is
needed that applies to both.

Einstein showed in 1905 that option 3 was the correct one.
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Part II: Special Relativity
The Michelson-Morley experiment
After Maxwell’s work on electromagnetism in the 19th century, physicists wanted to
understand how em radiation (light) propagated in vacuum. It was suggested that
there had to be some medium that pervaded the whole Universe, dubbed the ‘ether’.
Two American physicists, Michelson and Morley conducted one of the most famous
experiments in the history of science (1887) to prove the existence of the aether. If it
exists, they reasoned, then light emitted from a source in the laboratory, which is on
Earth and therefore moving through the aether, would be measured to be travelling
at different speeds depending on its direction.

M1

l
S

l
M
M2
Detector
(interferometer)
Set-up
A light source emit monochromatic light in the direction in which the Earth is spinning
(moving through the aether) onto a beam splitter (half-silvered mirror), M, placed at
45 degrees to the beam direction. The reflected light bounces off towards another
mirror, M1, a distance l away and is then reflected back down to a detector. The part
of the beam transmitted through M continues to travel in the original direction to a
third mirror, M2, also l away, bounces back and has a component that is reflected off
M down to the detected. Both the beams reflected back from M1 and M2 have
components that head back towards the source, which are not of interest. What is
important is the combined beam into the detector. Since, the light in both directions
to M1 and M2 and back will have travelled a distance 2l, they should reach the
detector in phase. This is an interferometer device (now called a Michelson
interferometer) that shows fringes of light (bright if in phase, dark if out of phase).
The issue is what distance the light really has travelled. We have
MM1 = MM 2 = l

So path lengths are each 2l . But what if whole apparatus is moving at a speed v in
the MM 2 direction due to the Earth moving through the aether?
We would have
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=c !v
direction = c + v

Speed of light in MM 2 direction
Speed of light in M 2 M

l
l
2l $ v 2 '
! t 2 (time for M " M 2 " M ) =
+
= &1 # )
c + v c # v c % c2 (

#1

For light travelling M ! M 1 ! M , we must add velocities vectorially.
In the figure, the path MM 1 is the one the
light beam is seen to take as viewed in the
lab. The path MM 1! is the one seen by an
external observer stationary in the ether.
Thus,

l
1
t1 = 2 ! 2 2 = 2l 2
c "v
c
"1/
2
2l # v 2 &
= %1 " 2 (
c$ c '

M1

c2 ! v2

c2 " v2
c2

For v << c we can use the Binomial
approximation for each of the expressions
for t1 and t2:
!1

" v2 %
v2
$1 ! 2 ' ( 1 + 2 ,
c
# c &

v

M1 ’

c

M

" v2 %
$1 ! 2 '
# c &

!1/ 2

v2
( 1+ 2 .
2c

Thus the time difference is

2l )# v 2 & #
v 2 &, 2l ) v 2 , lv 2
!t = t 2 " t1 = +%1 + 2 ( " %1 + 2 (. = + 2 . = 3 .
c *$ c ' $ 2c '- c * 2c - c
Now, experimentally they found that !t = 0 .
It followed therefore that v = 0 . That is, there is now velocity of the Earth relative to
the aether. Many scientists at the time could not believe this ‘null’ result. They tried to
explain this result while still retaining the notion of the aether since they could not
contemplate its non-existence.
Around the turn of the century two physicists, Poincaré and Lorentz, tried to explain
the Michelson-Morley result and almost ‘got there’. But in 1905, Einstein reached the
correct answer.
He presented two postulates:
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Einstein’s Postulates

-1The laws of physics are the same for all observers no matter how fast
they are moving relative to each other.
(e.g. if you are in a rocket with the engines off you cannot say whether you are
moving stationary.)

-2The speed of light has the same value (c) measured by all observers no
matter how fast they are moving relative to each other.
(e.g. the speed of light coming from the sun is the same whether measured on Earth
or on a rocket speeding away from the Solar System at half the speed of light!)

Poincaré had also reached these postulates in 1904 but unfortunately for him he did
not summarise all the basic concepts into one formal theory. That is why Einstein
gets the credit. Lorentz and Fitzgerald had proposed a set of transformation
equations that predicted a length contraction in the direction of motion (MM2 in the
Michelson-Morley exp) which would explain their null result but allow the aether
concept to be saved. They were very close; the Lorentz Transformation equations
form the basis of Special Relativity and Lorentz contraction is real but they proposed
it for the wrong reason in order to preserve the aether.
Technically, M&M experiment showed not that the speed of light is constant in all
inertial frames but rather that it was constant in all directions within the same frame.
It was not until 1932 when another famous experiment was carried out (by Kennedy
and Thorndike) that Einstein’s second postulate was properly proven: that speed of
light is constant in all inertial reference frames.
In the 1960’s experiments at CERN showed this very clearly when studying the
decay of the pion. Pions travelling at 99.75% of the speed of light emit γ-rays in the
direction of motion that were measured to still have a velocity c in the lab. So
however fast the pions are travelling, the emitted photons do not come out any
faster. The pions see the photons coming out at a speed c and so do we.
Einstein’s second postulate states that the speed of light is the same in all inertial
reference frames (or: speed of light has the same value as measured by all
observers no matter what their relative velocity with respect to each other is).
An important consequence of this is the nature of time itself as an absolute quantity
is no longer true. This sounds a rather outrageous claim and requires some
explanation. So here goes:
When Einstein was 16, he considered what would happen if he were to chase a light
beam. He asked himself whether, while flying at the speed of light and holding a
mirror in front of his face, he would see his reflection. Since to do so required the
12

light to bounce off his face, into the mirror and then reflect back into his eyes, how
could the light overtake his face to reach the mirror if he was travelling at light
speed? This is what he answered with his second postulate: he would indeed see his
reflection as normal. But has this to do with the nature of time?
Imagine someone (call them A) travelling in a rocket at half the speed of light
alongside a beam of light. To an observer (B) on Earth, they would see the light
heading off at speed c, B moving at c/2 and so the light overtaking B at c/2. But
according to postulate 2, A will still see the light overtaking him at a speed c. Even if
A reached 99.9% the speed of light (we will see later on how nothing can travel AT
light speed apart from light itself) then B would see the light beam just creeping past
A as it is moving ever so slightly faster. However, A still sees it overtake him at a
speed c. [Note that in all this I have taken c=3x108 m/s.]
How can this be? Who is right? The answer is that both are right in their own
reference frames. But something has to give. In this case it is the nature of time
itself. B will see A’s clocks running slower than his. One second on board the rocket
lasts a long time during which the light beam can cover a significantly greater
distance than it does in one Earth second. So B will see how, in A’s slow motion
time, the light beam would appear to still be travelling at c.
So, the second postulate of Einstein’s manifests itself in two ways involving the
nature of time:
Relativity of simultaneity
Simultaneous events according to one observer may not be simultaneous to another
(the relativity of simultaneity). An important point to make here is that this is not just a
consequence of the finiteness of the speed of light (i.e taking different durations to
reach two observers. That is obvious and can easily be accounted for without any
notions of Einsteinian relativity. Rather it is a consequence of the second postulate
about the constancy of the speed of light.
You may wish to refer to the diagrams on the following pages while reading through
this discussion.
A and B are on board rockets moving towards each other at constant relative
velocity. Two events (flashes of light) take place at either ends of A’s rocket: EF
(event at front) and ER (event at rear). Will A and B agree on the ordering of these
two events?
Begin first by considering B’s reference frame (the one in which B’s rocket is at rest –
or the one moving alongside B’s rocket). Let us say that at time T0 B and A are
alongside each other. At some later time T2, B sees the light from the two events, EF
and ER, reach him simultaneously. So he calculates that since light travels at
constant speed from both events, they must both have happened at the same
moment, T0. B will argue that the position of the events in his frame do not change
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but A’s rocket was positioned at the right place at T0 when B was half way between
the front and back of A’s rocket. Of course A’s rocket moves on but the location of
the events in B’s frame are fixed. B therefore predicts that A will move towards the
place at the front of his rocket where EF happened and so will see it before he sees
ER, which he is moving away from. So B sees them together but understands why A
doesn’t.
In A’s frame, he claims he is always half way between the front and back of his
rocket and so light will take the same duration to reach his eyes. Of course he
confirms B’s statement that he does not see the events simultaneously but this is
because EF really does happen before ER. He argues that the only reason B sees
these two sequential events at the same time is because it is B who is moving
towards ER and so the light from that event doesn’t have so far to travel. The light
from EF, which set out earlier is chasing B and happens to reach his eyes at the
same time as ER., they both agree that one of them sees events simultaneously and
the other doesn’t. They both have sensible explanations for why. But their
explanations are different. The issue is, never mind what A and B think, did the
events happen simultaneously or not??
The constancy of the speed of light tells us therefore that there is no right answer.
The simultaneity of events simply depends on ones reference frame.
The slowing down of time
We can measure time using a ‘light pulse clock’.
A pulse of light is emitted by a
source at the bottom of the clock
towards a mirror at the top and is
reflected back down to detector.
We assume that to a good
approximation, the light pulse goes
straight ‘up and down’ so that in the
rest frame of the clock it covers a
distance of 2l and so time taken to
go there and back is

tc =

2l
c

We now put the clock on board a rocket and observe it zoom past. We will discover
that by simply applying the notion of the constancy of the sol we can prove that time
does indeed have to be running at different rates. Imagine an observer watching the
rocket with his own clock that can accurately measure the time it takes for the pulse
on the rocket clock to leave the source and return to the detector. Call this time t0.
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Position of source/detector at start and finish are x1 and x 3 .

! x1 x 3 = vt 0

, x1 x 2 = 12 vt 0

x1 M 2 = l 2 + ( 12 vt 0 )

2

Therefore the distance travelled by the light pulse according to the stationary oberver
is 2 !

l 2 + ( 12 vt 0 ) .
2

But in the observers frame, the light is still travelling at a speed c. However, now it
has to cover a longer distance. It does this in a time

t0 =

2 l 2 + ( 12 vt 0 )

2

c

As you see, t0 appears on both sides. Solve for t0 to give
!

1
2

"
v2 %
t0 = tc $ 1 ! 2 '
c &
#

!

2l
t0 =
c
and substituting,

we have

tc =

"
v2 %
1
!
$#
c 2 '&

2l
c
1
2

.

Since the factor multiplying tc is always greater than 1 (check this) then we have

t0 > tc
So observer will see that more time has elapsed on his clock (t0) than has elapsed
on board the rocket clock (tc).That is, he sees the rocket clock running slower.
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The Lorentz Transformation Equations
This set of equations, derived by Lorentz before 1905, show how we must transform
from one inertial reference frame to another and they replace the old
Newtonian/Galilean Transformation Equations. They will not be derived here, simply
stated. But the interested student can find their derivation in any textbook on special
relativity.
For two inertial frames of reference, S and S', in standard configuration (i.e with S'
moving at a constant speed v relative to S in the positive x-direction):
where ! = 1

1" v

2

c2

x = ! ( x " + vt)
y = y"
z = z"
t = ! (t " + v x " /c 2 )
x ! = " (x # vt)
And the distance and interval between two events (1) yand
y are:
! =(2)
= xz# + v!t # )
! x " = # (!x $ v!t)
!x = z"!(!
! y" = !y
! z" = !z

!y = t!! y=# " (t # vx/c 2 )
!z = ! z#

! t " = # (!t $ v!x / c 2 )

!t = " (! t # + v! x # / c 2 )

You must take care in using these transformation equations. The first set (the upper
box) are to calculate spacetime coordinates of events in different frames. The more
useful ones are the second set – the 'difference' form of the L.T. equations – which
calculate the lengths ( !x, !x " ) of objects, or distance between events, in different
frames, as well as the rates that clocks tick, or intervals between events, in different
frames. We need, however, to define two important concepts:
Proper length: This is the length of an object as measured in the frame in which the
object is at rest.
Proper time: a) This is the time difference between two events happening at the
same place (not spatially separated) as measured by a clock in the same frame.
b) Another way of stating this is that it is the time measured by a clock as seen
by an observer in the clock's rest frame (ie for whom the clock is at rest).
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Two consequences of the L.T. equations that we will investigate are time dilation (the
slowing down of time) and length contraction (also called Lorentz contraction as he
was the first to predict the effect, albeit for the wrong reason). This contraction in
length means objects appear shorter when they are moving very fast. It also means
that the distance travelled by a fast moving object appears, in the rest frame of that
object, to be a shorter distance. That is, if a rocket that is travelling from A to B that
are 10 lightyears apart as measured in the rest frame of A and B, the distance
needed to cover will appear shorter according to the astronauts on board the rocket.
This is because, in the moving frame, the distance (the space) that has to be
covered that appears to moving in the opposite direction. Think of a ruler stretch
between A and B. It will appear shorter as seen from the rocket since it is a moving
object.
Example:
Time dilation.
a) for a clock at rest in a spaceship (frame S') observed at two different times

separated by an interval Δt' as measured by the spaceship clock. What is the
time between the events as measured by the Earth clock (frame S)?

We need to use

!t = " (! t # + v! x # / c 2 ) .

The distance between the two events as measured in S' is
clock has not moved). So we are left with

! x " = 0 (since the

!t = " ! t #

which agrees with our earlier formula from light pulse clock.
So interval between the two events (two ticks of the rocket clock) that is one
second long will take longer according to Earth clocks – rocket clock running
slower.
b) For clock on Earth at two times, !x = 0 , which means that we must use

! t " = # (!t $ v!x / c 2 ) = # !t
So here we see that, seen from rocket, it is the Earth clock that is ticking more
slowly! Is this a paradox? No everything is relative. We need to wait till the
discussion of the twins paradox to see this more closely.
Length contraction:
Viewed from S what is the length of something that is stationary in S' ? That is an
object moving at velocity v relative to observer stationary in S.
An important point here is that, in S', the length ! x " is the proper length.
Be careful here how to use the L.T. equation you need to use. You must think about
what quantities are known. Thus, since we need ! x (length as measure in S) we
cannot check positions of each end of the moving object at different times; there
positions must be known simultaneously (i.e. a snapshot of the moving object). This
means there is no time interval !t in S. Thus !t = 0 .
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So problem involves ! x ! x " and !t . So we need

! x " = # (!x $ v!t)
! " x # = $ "x
1
! "x = " x $
#
and since ! > 1 , this means that !x > ! x " .
Example with numbers:
An aircraft, of length 40m at rest, is moving at 630m/s with respect to the ground. By
how much will its length appear to be contracted according to an observer on the
ground?
From the above boxed equation,
2

v2
$ 630 '
!x = 1 " 2 # 40 = 1 " &
# 40 = 1 " 4.4 # 10 "12 # 40
8)
% 3 # 10 (
c
Thus length is contract by

(

! x " # !x = 40 # 1 # 4.4 $ 10 #12 $ 40 = 40 1 # 1 # 4.4 $ 10 #12

)

Here we must use the Binomial approximation since just pushing buttons on the
caclulator to work out above expression will give you zero (try it!)
We use the fact that (1 ! x ) ! 1 ! nx,
n

when x is very small.

Applying this gives us the result ! x " # !x = 8.8 $ 10
is, less than the size of an atom.

#11

= 0.88 Å (angstroms). That

Now back to time dilation: How long will it take, by Earth clocks, for the aircraft clock
to fall behind by 1µs?
We want ! t " to be less than !t by 1µs. Here ! t " is the proper time and we just
need the time dilation relation since there are no lengths involved: !t = " ! t # . Of
course what is the subtlety here is that we know neither !t nor ! t " , but their
difference:

!t " ! t # = 1 $ 10 "6 = !t "

1
!t
%

1 $ 10 "6
1 $ 10 "6
& !t =
=
(1 " 1 / % ) 2.2 $ 10 "12
The above quantity is in seconds, so converting to more interesting units this gives
!t " 5 days.
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Velocity transformations:
So far we have discussed bodies at rest in one of the two frames. The moving body's
rest frame is usually chosen to be S'. What if the two frames are already defined and
one is moving relative to the other? We can then have the situation of a body moving
relative to an observedr in S', and we can ask what its velocity will be according to a
second observer in S.
Consider a body moving at velocity
that is itself moving at a velocity

vx in frame S. What is its velocity in frame S'

v0 relative to S?

We can derive a new set of velocity transformation equations from the L.T.
equations. [See tutorial sheet problem.]
Note that in general, the body may be moving in some arbitrary direction in S and
therefore have components vx , vy , vz

vx! =
vy! =

vx " v0
1 " vx v0 / c 2
vy

# (1 " vx v0 / c

vx =

2

vz
vz! =
# 1 " vx v0 / c 2

(

)
)

vy =

vx! + v0
1 + vx! v0 / c 2
vy!

" (1 + vx! v0 / c 2 )

vz!
vz =
" 1 + vx! v0 / c 2

(

vx " v0
Note that:1 " v v / c 2
x 0
! c then we obtain vx! = vx " v0
1. If vx and v0vare
y both
vy! =Transformation) 2
#x =1c"then
vx v0 / c
2. If v

)

vx! =

(

vz
vz! =
# 1 " vx v0 / c 2

(

)

vx! =

)

(Galilean

c " v0
c " v0
=
#c=c
v
1 " 0 c c " v0

and in agreement with Einstein's second Postulate about the constancy of the
speed of light.
3. If a body is moving in the y or z direction then we do not get the simple
vy! = vy or vz! = vz . Consider it is moving in the y-direction, then vx = vz = 0
Therefore,
vy
vy! =
= vy / "
" (1 # 0)
That is, the velocity appears dilated (reduced) by a factor of γ when viewed in the
S' frame.
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Example:
(see cartoon in Black Holes, Wormholes and Time Machines)
A space traveller in a rocket moving in the x-direction at a speed of v0 = 0.5c
relative to an observer (at rest in frame S) fires a bullet in the same direction of
motion of the rocket from his super gun. It leaves the gun at v'x = 0.8c. How fast
does the bullet travel according to the observer in S?
Note that if we simply add velocities here we get 0.8c+0.5c=1.3c (faster than
light!)
In fact we require the transformation equation:

vx =
=

vx! + v0
1 + vx! v0 / c 2
0.8c + 0.5c
1.3c
=
= 0.93c
1 + 0.8c " 0.5c / c 2 1.4

That is, still less than c. As we saw earlier, even if bullet speed were equal to c
then observer would still see it moving at c.
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Why 4-D?
It has already been claimed that SR requires time as the 4th dimension but we
have not yet discussed why this is necessary. After all, any event requires 4
numbers to define it (x,y,z,t). Doesn't this already imply that time is an extra
dimension or necessary axis. Also, the claim that the L.T. equations mix up space
and time coordinates is not so convincing since the G.T.s do too (x' =x – vt).
However, the real difference, that puts time on a different footing to what Galileo
and Newton would have claimed is the transformation equation for time itself. It is
no longer the same in different frames. What this means is that space and time
cannot be split any longer into separate quantities but are mixed up in a very real
and profound way.
Consider a length in 3-D space defined in terms of the coordinates of its end
points (x1,y1,z1) and (x2,y2,z2). This is the space interval we met earlier:

l 2 = !x 2 + !y 2 + !z 2
Transforming to a different reference frame S’, moving at velocity v in the xdirection, the Galilean Transformation equations would tell us that l ! 2 = l 2 (since
there is no length contraction here) and we have invariance of length in 3D
space. But when we use L.T. equations we know that ! x " = # !x and so l ! 2 " l 2 .
Consider two events defined in frame S by the coordinates (x1,y1,z1,t1) and
(x2,y2,z2,t2). Now define a quantity

s 2 = (t 2 ! t1 )2 ! (x2 ! x1 )2 ! (y2 ! y1 )2 ! (z2 ! z1 )2
= "t 2 ! "x 2 ! "y 2 ! "z 2
2

To ensure the relation is dimensionally correct, we multiply the first term by c
(the reason we use the speed of light here rather than some other quantity with
units of speed will become apparent later):

s 2 = c 2 !t 2 " !x 2 " !y 2 " !z 2
Now we work out what this quantity is (some kind of space and time distance
between the two events) when measured in the S' frame:

s ! 2 = c 2 " t ! 2 # " x ! 2 # " y! 2 # " z ! 2

(

= c 2$ 2 "t # v"x c 2

)

2

# $ 2 ( "x # v"t ) # "y 2 # "z 2
2

= $ 2 % c 2 "t 2 # 2v"x"t + v 2 "x 2 # "x 2 + 2v"x"t # v 2 "t 2 ' # "y 2 # "z 2
&
(
c
1
2'
% c 2 # v 2 "t 2 + 1 # v 2
=
# "y 2 # "z 2
2 "x
2
)
*
c
(
1# v 2 &
c
= c 2 "t 2 # "x 2 # "y 2 # "z 2
2

(

)

(

)

= s2
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2

So, s is invarient under L.T.
s is known as the spacetime interval.
So, even though distances between events and times between events change
when we go from one frame to unother under L.T., there exists a quantity (the
spacetime interval, s) that is a combination of distance and time that does not
change; it is the same for all observers.
This is why we need 4-D spacetime: to plot this new 'length' in. Time becomes
another axis. The difference is that it has to be multiplied by c and its square comes
into the definition of the interval as opposite in sign to the spatial dimensions. Here is
how time must be regarded as the 'fourth dimension'.
Einstein's old teacher, Herman Minkowski, realised this in 1908. He said:
«Henceforth, space by itself and time by itself are doomed to fade away into mere
shadows and only a kind of union of the two will preserve an independent reality.»
So, lengths and times vary from one frame to the next, but this is because see them
separately. Viewed in 4-D spacetime, it is like looking at a length (the interval) from
different angles (perspectives). To an observer in one frame there may be of a
spatial component and less of a time component. To another, it might be the other
way round. But combining space and time means the spacetime interval in 4-D is
constant.
Spacetime diagrams
Everything that happens in the Universe is just a collection of events. These trace
continuous loci (paths) in 4D spacetime, which will look different in different
reference frames. They are pictured in a 'spacetime diagram'. Of course, we cannot
plot four mutually perpendicular axes and so, to simplify, we forget about the y and z
axes and plot just x, t.
If an object starts at x1 at time t1 and moves (at
varying speed) until it reaches x2 at t2, then the
line joining the two points is the object's
worldline. Everythings traces worldlines through
spacetime. You have a worldline that is made
up from the sum of worldlines of all the atoms in
your body. Many will merge together when you
are born and this clump of worldlines makes up
yours. Many atoms
will leave off on their
own worldline as you
shed them while trillions of others join throughout your
lifetime.
An object even traces a worldline in spacetime when it is
standing still (see left).
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The faster an object moves the bigger the angle
its worldline makes with the time axis.
The gradient of a worldline here is the
reciprocal of its velocity since gradient here is
1/v.
Since the fastest speed in the Universe is the
speed of light (we will see why in the next
lecture) there is a certain minimum gradient that
worldlines cannot drop under.
We define the our axes scales such that the
worldline of a light beam makes 45°.
Since nothing can go faster than light, no body can have a worldline of more than
45° with the time axis.
Light cones
Putting back in the y-axis
allows us to draw what is
called a light cone. In fact,
every event is associated with
two light cones, one below and
one, inverted, above. All
events sitting in the light cone
below E0 could have
influenced it or caused it since
we can plot a worldline
between any of these events and E0 that has a gradient steeper than 45°. Likewise,
any events in light cone above E0 could have been caused by it.
Any lines joining E0 with events outside its light cone would necessarily imply faster
than light travel if we think they are causally connected. Thus, in the diagram below,
while E1 has happened, in this frame, before E0 and E1 has happened after, neither
is casally linked to it as the distance that would need to be covered is greater than be
covered by light in the short time interval between them.
The two light
cones are known
as future and
past light cones
and everywhere
outside of them
for any given
event in a given
frame is known
as ‘elsewhere’.
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Now go back to 2D spacetime and we see that on the surface of the light cone (well,
light triangle now) we have x = ct where c =1 is put in for the sake of correct units.
Thus, the intervals between any two events on the this line are related via

!x 2 = c 2 !t 2
and in full 4-D spacetime this is

!x 2 + !y 2 + !z 2 = c 2 !t 2

" s2 = 0

Inside the cone:
2

c
If s is positive then
interval is known as timelike.

2

!t 2 > !x 2 + !y 2 + !z 2

and such an

c !t < !x + !y + !z and such an
If s is negative then
interval is known as spacelike and will only join events if there is ftl signalling!
2

2

2

2

2

2

Faster than light?
The Great Betrayal:
This is an example taken from the book Spacetime Physics, by Taylor and Wheeler.
The Humans and the Klingons sign a peace treaty known as the Treaty of Shalimar
on the Klingon’s home planet Kronos. The treaty takes place four years before an
event that becomes known as the Great Betrayal. It is so important that it is taken to
be the origin of spacetime in all inertial reference frames. With the Treaty of
Shalimar the Klingons promise not to attack the Federation fleet or space colonies.
In return, the Federation allows them access to its technology.
After the treaty is signed the Federation negotiators leave Kronos in their ship and
travel away in the positive x-direction at a speed of 0.6c.
For this story we need to draw spacetime diagrams. For simplicity we drop the two
unused space dimensions in the y and z directions.
We choose the axes scales to be in units of 1 LY
for x and 1 year for t. In these units, c=1, which is
very convenient as it means we don’t have to
carry it around.
We now have to consider two different reference
frames: the rest frame of Kronos and the rest
frame of the Federation starship.
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1. Rest frame of Kronos, S:
Four years after the Treaty of Shalimar,
the Klingons use the technology given
to them to build a faster than light (ftl)
missile and fire it at a speed of 3c
towards the departing Federation ship.
This launch is what marks the Great
Betrayal (GB).
Two space colonies at 1LY and 2LY
away from Kronos see the missile
streak past them. In this frame they are
at rest and the events of the missile
going past them defined as E1 and E2.
Of course it is travelling too fast for
them to have time to warn the Fed
ship. The missile destroys the ship at
E3. This event is 3LYs away from
Kronos but only one year after the GB.
So far so good (well, not so good for
those on board the Federation ship!
We next have to consider events in the
rest frame of the Fed ship, that is the
frame, S’, that is moving at velocity 0.6
relative to S.
We need to recalculate the coordinates of the different events using the LT
equations. The origin of this new frame also coincides with the GB (since that is how
defined this event to start with).
Shalimar treaty coordinates:

! = 1

1 " 0.6 2

= 1.25

xsh! = 1.25(xsh " 0.6 t sh ) = 1.25(0 " 0.6 # "4) = 3 LY
t sh! = 1.25(t sh " 0.6 xsh ) = 1.25("4 " 0) = "5Y

Ship destroyed at E3:
x3! = 1.25(x3 " 0.6 t 3 ) = 1.25(3 " 0.6 # 1) = 3 LY
t 3! = 1.25(t 3 " 0.6 x3 ) = 1.25(1 " 0.6 # 3) = "1Y

! = xsh = 3 since Fed ship is stationary in its own rest frame.
Note that xsh
So we can now draw a new spacetime diagram for the moving frame
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In this frame, the Federation ship is
stationary and Kronos is moving away from
it in the –ve x-direction. Four years after
the treaty is signed, the ship is destroyed at
(3,-1) and, as we move up in time, the
missile is reconstituted from the explosion
and travels backwards, first to event E2
then at a later time E1 until finally landing
back on Kronos one year after it has
destroyed the ship!
In other words, if we track the missile more
sensibly with its launch to begin with and
then it destroying the ship we see that it
would have to be moving back in time.
So, in this frame it would appear that the effect takes place before the cause. This is
what is known as a violation of causality, which is something that is forbidden. And
since no reference frame is any more valid than another, then the only way to avoid
such a paradox is to rule out faster than light travel.

Further evidence of c being the maximum speed in the Universe:
1. What happens to time when travelling at s.o.l.?
Clock moving at speed v will appear dilated by !t = " ! t # . Therefore if

! ="

v = c,

! "t = #
i.e. interval takes infinitely long time. That is time stands still (eternal moment).
2. What happens to time at

! =

v > c?

1
1" v

= 1

2

c2

"ve

= imaginary number .

! "t = imaginary time!
So, L.T. equations tell us that it makes no sense to think about ftl travel It has
been hypothesised that ftl particles might exist, known as ‘tachyons’. But their
properties would be so weird that their existence is not taken seriously.

Cerenkov radiation
It is well known that light travels at different speeds through different media. It
moves more slowly through glass or water than it does through air and this is
what gives rise to refraction. The change in speed is what determines the
refractive index of a medium. When a charged particle moves through a medium
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with velocity v that is greater than the speed of light in that medium, cm then it
emits Cerenkov radiation. Cerenkov photons emerge at an angle θ to the
direction of the particle.

cos! =

cm t cm
=
vt
v

The effect is similar to a sonic boom when an aiercraft goes through the sound
barrier.
Cerenkov counters are used to identify high energy charged particles inside
reactors and accelerators as they emit this light.
cm depends on the refractive index. Thus for water, cm = 0.75c (where c is the
speed of light in the vacuum = 3x108 m/s).

The searchlight paradox
If a searchlight is rotatingvery fast then the further away from it that an observer
is, the faster the beam will sweep past (in a larger and larger circumference).
If the source is aa distance, r, away from you and the beam sweeps round at n
revs/sec, how far away do you have top be for it to sweep past you faster than c?
The 'sweeping' covers a distance of 2! r in
1/n seconds.
Therefore, v = 2! rn = 3 " 10 8 m/s
For instance, if n =100 Hz then

2! r " 100 = 3 " 10 8

# r = 500 km.

This doesn't seem so outrageously large. But there are real examples much more
dramatic: pulsars.
Consider the pulsar (rotating neutron star) in the Crab Nebula. It is roughly 7000
LY away from Earth and spins at 30 revs/sec.
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! v = 2" # 7000 # 3 # 10 8 # 3600 # 24 # 365 # 30 = 1014 c !!!
Distance light travels in one year

This seems incredible! But the answer is simple: the beam is made up of
individual photons arriving at Earth having moved radially outwards from the
pulsar and having travelled at a speed c. Nothing physical is actually moving
round in a circle. So nothing is breaking the light speed barrier. Two point along
the circumference might get photons arriving within a time interval that is so short
that no signal could pass between them, say the earlier observer letting the later
one know that he has received his photon. The two events are joined by a
'spacelike' worldline and so are not causally connected.
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Relativistic Kinematics (Momentum and energy)
We all learn at school that momentum is proportional to velocity via p = m v. This
equation, it turns out, is only valid for v ! c (see figure)

The reason for this is that the mass of a moving body is not constant but depends
on its velocity. The correct formula for momentum is

p = ! m0 v
where m0 is the 'rest mass' (i.e. the mass of the body as measured in its rest
frame).
The quantity ! m0 is called the relativistic mass, m :

m = ! m0 .
Now we can go back to writing the usual p = mv . But remembering that this new
mass is no longer a constant. So, mass, and hence momentum, becomes infinite
at v = c . That is, objects get heavier as they speed up.
So, what else is different? Well, Einstein thought about why this would happen
and, through considering ideas like conservation of momentum, realised that as
more energy is used up on a body to make it go faster, it gets progressively more
difficult to increase its speed as it approaches light speed. On the other hand it
gets heavier. He concluded that this energy must just be getting used up as
mass. He realised that in fact mass and energy are equivalent and proportional to
each other. The constant of proportionality had to have units of speed squared
and the correct value for this turned out to be the speed of light. Thus was born
the most famous equation in physics

E = mc 2
Proof:
Maxwell's theory of electromagnetism predicts the existence of radiation
pressure, which depends on the energy density of the radiation. This pressure
manifests itself as a momentum that is defined as
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p=

E
.
c

Consider a mass at rest in frame S that absorbes an energy E split equally
between two light pulses hitting it from opposite sides. In this frame the total
momentum before the absorption is zero Mass is stationary and light pulses
equal and opposite) and so total momentum after absorption is also zero.

Now consider the view from a frame S' moving downwards relative to S at
velocity -v. In this frame, the mass will be moving upwards with velocity v. But
here is where we use Einstein's second postulate: the speed of the light pulses is
still c in this frame.

Consider the momentum before and after absorption:
The horizontal component is trivial as it is zero (still ballanced).
The vertical component:
Mom. Before = Mv + 2 p sin ! = Mv +

E
sin !
c

Now consider velocity triangle:

sin ! =

v
c

Therefore, Mom. Before = M v +

E v "
E%
! = $ M + 2 ' v.
c c #
c &

Mom. After:
Since in the rest frame the mass is still at rest after the absorption, therefore it
follows that in the moving frame it will still be moving at velocity v.
And we must have:

Mom. Before = Mom. After
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!

That is, # M +
"

E$
& v = Mv
c2 %

But this cannot be correct as
change. Let us write

E
! 0 . Therefore we conclude that the mass mast
c2

E$
!
#" M + 2 &% v = M 'v
c

and the velocity v cancels on both sides.

M ! M" =

E
c2

Define this increase in mass as m = M ! M " and so

m=

E
c2

or

E = mc 2

Q.E.D.

That is, the pure light energy absorbed by the mass doesn't make it go any faster
as it is acting on it from both sides equally. But instead it goes into increasing its
mass.
Remember, the mass that appears in the equation E = mc is the relativistic
mass and so we can write
2

E = ! m0 c 2
when an object is at rest, ! = 1 and therefore E = m0 c .
2

So there is an energy associated with rest mass, called the rest mass energy. So
not only are mass and energy interchageable but mass really can be thought of
as 'frozen energy'.
Once a body is moving, it will have kinetic energy, K, and so the total energy is

E = m0 c 2 + K
! K = E " m0 c 2 = mc 2 " m0 c 2 = # m0 c 2 " m0 c 2

! K = (" # 1) m0 c 2 .
The above expression can be shown to have the correct non-relativistic
expression in the limit of v ! c .

! =1

1" v

2

c

2

#1+ v

2

2c 2
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(

!K " 1+ v

2

2c

2

)

# 1 m0 c 2 = v

2

2c

2

$ m0 c 2 =

1
m0 v 2 .
2

We can also write the total energy in terms of momentum

m0 2 c 4
E = mc = ! m0 c =
2
1" v 2
c
2
2
m0 2 c 4 1 " v 2 + m0 2 c 4 # v 2
c
c
=
2
1" v 2
c
2 2 2
2
m cv
= m0 2 c 4 + 0 2 = m0 c 2 + ! 2 m0 c 2 v 2
1" v 2
c
2

(

)

2 2

2

2 4

(

)

(

(

= m0 c 2
In other words,

E=

(

)

2

)

+ p2c2

m0 c 2

) + ( pc )
2

2

The photon is a special case. It has no rest mass ( m0 = 0 ), which is how it is
able to travel at the speed c.

Ephoton =

( pc )2

= pc

Remember that this is the same formula that was used for radiation pressure in
Maxwell’s theory earlier on.
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The relativistic Doppler shift
Definition (nothing to do with relativity): it is the change in frequency of
propagating waves (in this case em radiation) from its value emitted by a source
at rest to that measured by an observer with respect to whom the source is
moving.
Consider a source of radiation (light) that gives off pulses at regular intervals
dt 0 in its rest frame. It is moving away from an observer at a speed v.

In the rest frame of the source, the time between pulses is the proper time dt 0 .
Before we even consider the Doppler shift, we already know that the time
between successive pulses as measured by the observer will be time dilated

dt = ! dt 0
However, in between successive pulses, the source will have moved away a
distance of v dt and so light has to cover this extra distance in a time v dt / c .
So observer sees successive pulses arriving at an interval that is both time
dilated due to relativity as well as Doppler shifted (waves stretched out due to the
motion of the source away from observer). We will call this time interval
dt RDS (where RDT stands for ‘Relativistic Doppler Shift’):

(

dt RDS = dt + vdt / c = dt 1 + v c

(

= ! dt 0 1 + v c

)

)

Now that we have this formula involving light pulses we can convert it into
frequency of the light by assuming that each pulse corresponds to a crest of a
continuous wave. In that case the time intervals are periods of oscillation and
correspond to the inverse of frequency.
Thus, defining f0 as the frequency in the source frame and f as the frequency in
the observer’s frame,

f =

f0
1
1
=
=
dt RDS ! dt 0 1 + v
! 1+ vc
c

(

) (

)

2
c
c
c2 " v2
v
=
1"
#f =
# f0
c2 0 c + v
c+v
c
(c " v)(c + v)
=
# f0
c+v
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!f =

c"v
# f0
c+v

i.e. f < f0 (a Doppler redshift).

If, on the other hand the source is moving towards the observer then one can
derive the equivalent formula from the beginning in exactly the same way or,
more easily, we simply switch the sign on the velocity of the source so that v
becomes –v and we have

!f =

c+v
# f0
c"v

i.e. f > f0 (a Doppler blueshift).

Just as we have done previously, we can look at the limit of these formulae when
v ! c by expanding ! :
Towards observer

f0
v% "
v2 %
"
= ! $1 ± ' = $1 ( 2 '
#
f
c& #
c &

(1/2

v%
"
$# 1 ± '&
c

Away from observer

Using Binomial approximation,

f0 "
v2 % "
v%
v
v2
! 1 + 2 ' $1 ± ' = 1 ±
+
f $#
2c & #
c&
c
2c 2
Non-relativistic
Doppler shift term

Relativistic time
dilation term

Since v is always smaller than c, we can see that the Doppler shift term is
always larger than the time dilation term. Now when source is moving away from
observer, they are both positive and add together to enhance the effect. But
when source is moving towards the observer, they are opposite in sign and so
Doppler shift always wins.
We see therefore that we were not careful enough when talking about observing
moving clocks run more slowly. What we actually 'see' happening depends on
what direction the clock is moving. If it is moving towards us we would actually
see it running more quickly because of the standard Doppler shift effect being
larger than the time dilationm effect.
Aside: the Hubble expansion of the Universe confirmed by observing the redshift
of the light from distance galaxies. Here we must use the relativistic formula since
these are moving away from us (in all directions) at a significant fraction of the
speed of light. In fact, more correctly, the galaxies are not moving but rather that
the space between us and them is stretching.

35

Transverse Doppler shift
If there is no radial motion (i.e. if source is circling observer so that radial distance
between them remains constant) then there is no non-relativisitic Doppler shift.
But we still get a relativistic shift in the light's frequency due to time dilation. This
is referred to as a 'transvers Doppler shift':

f =

1
f0
!

=>

redshift

If an object is moving is moving fast enough such that this relativistic effect is
noticeable then one might still observe a redshift even if the source is moving
closer to the observer (not directly of course as then Doppler is maximised and
always wins). There exists a critical angle at which the light pulse shows no shift
in frequency at all (when it is moving in a direction that gives just enough, but not
too much, non-rel Doppler effect to cancel out the time dilation effect.
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The twins paradox
Special relativity can lead to apparent paradoxes due to the misuse of the L.T.
equations. The most famous of these is known as the twins paradox. Over the past
century, it has led to literally hundreds of papers published in journals with each
generation of physicists thinking that they have discovered some flaw in SR for the
first time.
Consider two twins, Alice (A) and Bob (B). A is an astronaut who heads off in her
rocket at near light speed while B stays at home. SR predicts that upon A's return,
less time will have gone by for her and she will be younger than her twin B. After all
her clocks have been running slower due to time dilation. The paradox is that A
could equally well have claim that she was not moving and that the Earth had moved
away from her in the opposite direction. Indeed she sees B's clocks run slower. So
why is she the one who ages less?
Example with number:
A travels to star 4 LY away at 0.8c.
1. According to B (on Earth), time taken =

d
4
=
= 5 LY.
v 0.8

(note: choosing units of light years means that c=1 and we can drop it).
Therefore total time of trip = 2x5 = 10 Y.
2. According to A, distance will be length contracted (imagine a long rod stretching
from Earth to the star. It will appear shorter to A in her rocket frame as it zooms
past her)

! x" =

1
!x = 1 $ 0.8 2 % 4 = 0.6 % 4 = 2.4 LY
#

d 2.4
=
= 3 Y.
v 0.8
Therefore, total trip time = 2 ! 3 = 6 Y.
Therefore, time taken =

So, B will have aged 10 years while A only ages 6 years.
We see that the length contraction argument works and there is no paradox.
No we do it using time dilation arguments:
1. According to B:
B says that A must cover a distance of 8 LY at v=0.8c.
Therefore B's clock measures 10 years.
B predicts that A's time is dilated: t B = ! t A

! =

1
1 " 0.8 2

=

" 10 = ! t A

5
3
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!t A =

10
3
= 10 # = 6 Y.
"
5

This is correct.

2. According to A:
A covers 4.8 LY at v=0.8c. So the trip time is 8 years.
But: A also claims that she is stationary and that it B who is moving. So to her B's
time is dilated. That is, according to A:

5
tB
3

tA = ! tB

" 6=

" tB =

3
# 6 = 3.6Y
5

This does not agree with B who says that 10 years have passed.
So it seems we cannot use time dilation argument for A. WHY?
Answer: because A changes direction and therefore changes reference frames
and is thus unable to use the same Lorentz transformations continuously. The
situation is nopt symmetric between A and B since B does keep the same inertial
frame and so can use the L.T equations.
The more complete answer requires the consideration of Einstein's General theory of
Relativity (yet to be covered in this course) since A undergoes decelleration and
acceleration, which is not allowed in inertial reference frames. However, the paradox
can be resolved without recourse to GR. The neatest way to resolve it is to consider
A and B sending light pulses to each other and counting how many each of them
sends and receives during A's there-and-back journey.
Twins paradox resolved with light pulses:
This is the simplest and clearest way to see what is actually happening. It does not
involve the use of Lorentz transformations. We begin by noting that according to B,
the journey time is 10 years, while for A, due to length contraction of the distance to
the star, it only takes 6 years. Now consider what happens if each of A and B were to
send each other a light pulse on each anniversary of the departure date. Thus,
considering each one as a source of light sending a signal with a frequency of 1
pulse per year. This means that A will send 6 pulses over the course of her travel
while B is able to send 10 pulses. Can this be understood using the relativistic
Doppler shift to count how many each of them receives?
1. What A receives:
In her 3 year outward journey, the pulses she receives from B on Earth are
redshifted (because, for her, the source of the light is moving away).
To A, f0=1. Using the formula

f =

c!v
" f0 =
c+v

c ! 0.8c
0.2 1
#1=
= pulse per year = 1 pulse every
c + 0.8c
1.8 3
3 years.
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So in her three outward years she receives just one pulse.
But during her three year return journey the pulses from Earth will be
blueshifted and we use the reciprocal formula for this relativistic Doppler shift:

f =

c+v
1.8
" f0 =
= 3 pulses per year.
c!v
0.2

So she receives nine pulses.
That is a total of 1+9=10 pulses received by A during her six year journey and
she correctly deduces that Bwill have aged 10 years.
2. What B receives
During the five years that according to B's clock the outward journey should take
A, he will be receiving redshifted pulses from her (at one pulse every three
years). However, he will not see her reach the star for a further four years due to
the time it takes light to reach him from her furthest point. So this means he will
be receiving redshifted pulses for a total of nine years; that is, three pulses.
Then during the 10th year (i.e. for just one year) he will receive blueshifted pulses
at a rate of three per year . That is, three pulses.
So B receives a total of 3+3=6 pulses from A during his ten years and correctly
deduces that A will have aged 6 years.
So where is the assymetry? How does this work? Why does it work? The diference
is that A immediately switches to receiving blueshifted pulses half way through the
journey. Whereas, because the turnaround takes place so far from B, the finite
speed of light is what delays his observation of the turnaround.
This asyymetry between A and B is linked to the main issue: that A switches
reference frames whereas B does not.
As an exercise, you can also see what happens if you consider a third observer, C,
moving at half A's speed in the Earth start direction. Bu keeping C in the same frame
(ie not turning round) you can reliably use the Lorentz Transformation equations to
analyse both A and B.

39

Newton's second law
Now that we know that mass is a variable and changes as we approach light speed
then we deduce that it is not strictly correct to write this as

F = ma

(for constant F )

A naïve correction would be to write

F = ! m0 a .
This would be wrong. We should be a little more careful and begin with a more
careful definition of the second law:

F=

dp

(rate of change of momentum)
dt
d
dv dm
dm
= ( mv ) = m
+
v = ma +
v
dt
dt dt
dt

Of course the m here is the relativistic mass and so the first term is indeed ! m0 a .
However, there is a second term involving the rate of change of mass with time. This
is because the mass depends on v which in term depends on time. We can think of
the initial velocity being at t=0: v(0) . But the forces acts over a certain time during
which both the velocity and mass change.
What is the physics of this second term?
We can relate

dm
back to the original force F in the following way.
dt

We begin with E = mc

!m=

2

!

E
c2

!

(

dm 1 dE
=
dt c 2 dt

)

dm 1 d
1 dK
= 2
m0 c 2 + K = 2
dt c dt
c dt

But K (the kinetic energy) is equal to the work done by the force in getting the body
from v(0) to v(t) :

dK dW d ( F ! l )
=
=
(where l is distance travelled under action of force)
dt
dt
dt
and since we defined the force to be a constant, then

dK
= F !v "
dt

dm 1
=
F !v
dt c 2

Therefore, Newton's second law can be recast relativistically as

F=

1
( F ! v ) v + ma
c2
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That is, unlike the case in non-relativistic mechanics where a force acting on a body,
whether or not it is moving, will always cause it to accelerate in the direction of the
acting force, we see that if the body is already moving at relativistic speed then the
acceleration caused by the forces in no longer parallel to it due to the extra term.
But it is still worth exploring a little more what this new formula means.
A body with initial velocity v(0) will have a force acting on it from an arbitrary
direction.
CASE (1):

F!v

!F "v = 0
F = ma = ! m0 a
So the 'quick fix' to the newtonian formula suggested earlier works.
CASE (2):

F!v

! F " v = Fv
Also,

v = v v (where v means the unit vector)
! v = v F (since F ! v and so their unit vectors are the same)
F
=v
F
1
1
v
v2
F
"
v
v
=
Fv
F
=
F
( )
( )
c2
c2
F
c2
%
v2
v2 (
! F = 2 F + ma # ' 1 $ 2 * F = ma
c
c )
&
!

#F=

1
2
1$ v

ma = + 2 ma = + 3 m0 a

c2
!
So we can write F = ma
where m! = + 3 m0
So, if force is acting in the direction of v , it feels a new, large, effective mass

m! = ! 3 m0 . That is, if the body is moving close to the speed of light then ! is large
3
and the factor of ! makes its mass much larger and so much less acceleration is
produced by a given force.
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Part III: General Relativity
The Principle of Equivalence
In 1907, Einstein had the ‘happiest thought’ of his life:
For an observer falling freely there exists in his immediate surroundings no
gravitational field. If he releases an object while falling then it will float alongside him
as they both drop together (that is, it will be at rest in his accelerating – non-inertial –
reference frame). In addition, he will feel the same sensation as he would if floating
weightless out in space. Einstein realised that while accelerating under the influence
of gravity the effects of the force of gravity disappear: the acceleration due to gravity
cancels out the ‘pull’ of gravity. In the same way, we can put back the effects of
gravity via acceleration.
That is, the effects of gravity and acceleration are equivalent. This is known as the
PRINCIPLE OF EQUIVALENCE.
Imagine a rocket with no windows floating in space. SR says that we cannot tell if it
is standing still or moving with constant velocity, since it depends on what inertial
reference frame one is in. Einstein’s P. of E. states that if you feel a force pushing
you down onto the floor of the rocket equal to mg (where m is your mass), then you
cannot tell if you are accelerating upwards at 1g out in space or stationary on the
surface of the Earth. An example of where this can be demonstrated is in theme park
simulator rides, where the effects of acceleration are simulated by gravity.
We can demonstrate this equivalence more carefully by conducting an experiment
inside a rocket:
If a ball is thrown across the rocket horizontally
while it is still stationary on Earth, then the
Earth’s gravity will give it a curved trajectory
downwards.
On the other hand, if the rocket is accelerating
out in space at 1 g then we need to investigate
more carefully how the trajectory looks. We
must do this from two reference frames.
Imagine an observer floating alongside the
rocket while it is travelling at constant velocity v.
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The outside observer travelling at initial velocity of rocket sees ball released
horizontally and therefore with no vertical component to its velocity. At that instant,
the rocket accelerates at 1 g and so the three diagrams are successive time frames
showing the rocket edging away from the observer. But since the ball, while inside
the rocket, is nevertheless not involved in this acceleration, it will continue to move
horizontally according to the outside observer, but the back of the rocket moves up
towards this horizontal line of travel of the ball.
Inside the rocket on the other hand, it would appear as though the ball is moving in a
downwards trajectory, tracing a path exactly as it would when under influence of
Earth's gravity.
We now do same experiment but by shining a light beam across the rocket. Consider
first scenario 2 (the accelerating rocket). For exactly the same reasons as before, the
light beam will appear from within the rocket to bend slightly downwards (since the
rocket is accelerating upwards towards it). The P. of E. states then that the same
bending of the light beam should be seem when the rocket is still on Earth!
The bending of the path of the ball is not surprising in both cases, but the bending of
the light beam under influence of gravity probably is. After all, light is massless so
how can gravity pull it down?
One answer mighty be to say that since mass and energy are equivalent then the
lights energy behaves like an effective mass that can be inlfuenced by gravity. But if
one were to do the sums then the amount of bending calculated would be out by a
factor of two.
There is a better and deeper explanation. Gravity bends spacetime itself. Balls, light
beams and everything else are then just tracing curves through spacetime. In fact,
they trace straight lines as best as they can that become curved when the medium
they are travelling through (spacetime) is bent. Such paths are known as geodesics.
They are defined as the shortest distance between two points in a curved space.
All bodies curve the spacetime around them. One of the most famous tests of GR
(and the one that made Einstein famous) measured this curvature and its effect on a
light beam due to the gravitational field of the Sun (see later).
There are two ways of defined what General Relativity is about:
1. It generalises SR to include accelerating frames (not just inertial ones). So SR
is just a special case of GR.
2. It is about the geometry of spacetime and how it is affected by gravity (i.e. a
deeper origin to gravity than what Newton tought us).

Curvature of spacetime
To understand this, we need to simplify the picture and look at 2D space. When flat,
the rules of geometry are called Euclidean. But if surfaces are curved then the rules
of Eulidean geometry break down.
For instance, the sum of interior angles of trangles ! 180°
And the circumference of circles ! 2" r .
There are two types of curvature: positive and negative.
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In a positively curved space (surface), interior angles of a triangle > 180 degrees
In a negatively curved space (surface), interior angles of a triangle < 180 degrees.
Locally, in region of concentration of mass/energy, spacetime is curved positively.
But for Universe as a whole, it might be flat or even negatively curved. We simply do
not know yet what the overall shape of the Universe is yet.
Not only does mass and energy cause spacetime to curve but if it oscillates/vibrates
then it can create ripples that propagate through spacetime at the speed of lifght.
These are known as gravity waves and, while not yet confirmed experimentally, are
believed to exist and are predicted by GR.
The spinning disk
Put three metre rods on a spinning disk of roughly 1m radius in the positions shown
in the diagram below. If the disk is spinning close to light speed then to an outside
observer (off the disk) the rod on the disk's perimeter will appear length contracted
as it moves tangentially past him.

For another observer standing at the very centre of the disk, there is no acceleration
(ignore the 'spinning on the spot') and so is in an inertial frame. Since he is stationary
to the outside observer (while spinning, he is nevertheless not moving from his
location) and is therefore in the same inertial frame as the outside observer. Thus he
should agree with him that the rod on the perimeter is shorter. However, he can be
facing this rod at all times and it therefore willl stay stationary relative to him (one
radius away at all times). So he cannot use special relativitistic length contraction to
explain its shortening.
Instead, if he were to walk towards the rim of the disk, he will find it increasingly hard
not to be flung off (ignore the fact that it is spinning near lightspeed and he would in
practice have been flung off straight away). This is because acceleration increases
as he moves radially outward. And since acceleration is equivalent to gravity then we
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see that it is through the Principle of Equivalence that gravity also seems to have an
effect on lengths. This is however because of the way it bends space. Thus the
person at the centre of the disk sees the perimeter still 1m away but having a
circumference that is less than 2! r .
This can best be understood if we go back to look at a curved 2D surface. The view
of the observer at centre of disk is similar to that of an observer at the North Pole
measuring the circumference of the Arctic Circle.
The radial distance form the pole to the circle would, if
flattened out, give a circle of circumference 2! r , which
would be larger than the dashed circle draw. Thus this
Arctic Circle traces a distance that is less than 2! r .

We can also see the effect of gravity on clocks by using the P. of E. in the same way
as before and considering the spinning disk.

Clocks (1) and (3) run at the same rate (not moving relative to each other so no SR
time dilation and clock (1) is not accelerating as at centre of disk, so both in same
inertial frame. Clock (2), however, will run slower than (3) as seen by observer at
clock (3) due to time dilation since it is moving. Thus, observer at centre should see
(2) running slower than (1). This is because clock (2) is accelerating. And since
gravity and acceleration are equivalent then gravity should also slow time down.
Of course we cannot untangle the effects of gravity on space and time and must deal
consistently with its effects on 4D spacetime. But it is often easier to see how it
curves space and slows down time separately; we just have to be careful to
remember that they are not independent effects.

Experimental Tests fo General Relativity
1. Advance of Mercury's perihelion
The planet Mercury follows an elliptical path around the Sun. Other planets,
however, pull at it and perturb its motion so that its axes slowly rotate in its plane.
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The point along its orbit when it is closest to the Sun is known as the 'perihelion'.
The shifting of this point around gradually as it follows many orbits is called the
procession of the perihelion. Calculations using Newtonian mechanics predict a
procession of 532 seconds of arc per century. (This means it takes about a
quarter of a million years for the procession to complete a full orbit.) However,
experimentally this procession has been observered by astronomers in the 19th
century to be 43 seconds of arc more than ther calculated value. Such was the
scientists' confidence in these numbers that they proposed the existence of an
undetected planet dubbed 'Vulcan'(!) on the other side of the Sun to Earth whose
gravity added the extra perturbation necessary to account for the discrepancy.
One of the first things Einstein did with his new general theory of relativity in 1915
was to recalculate this effect by considering Mercury's path as a geodesic in
spacetime. The value he obtained matched the experimental one perfectly.
Of course it should be stated that measuring the experimental value was a great
feat in itself since the Earth also has a small residual perihelion advance, in
addition to its wobbling motion due to the effects of the Moon.
2. Bending of a light beam
Can we detect the bending of light by Earth's gravity?
Shine a torch out into space. In one
second light travels a distance of
3x108m horizontally and 'falls' 10 m due
to Earth's; gravity (g).
Therefore effect is too small to detect if
we wished to carry out experiment on
Earth.
But the Sun's gravity is large enough.
In 1919, a famous expedition set out for the Equator to observe a total eclipse of
the Sun and test the predictions of GR.
Consider three stars shine next to each other (It doesn't matter how far away they
are just that they appear close together in the night sky.

However, if the Sun is in the way its gravity should affect the path of light from the
stars. But saying that the Sun is in the way means that it would be daylight and the
stars are obscured.
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During a solar eclipse, however, the Sun's rays are blocked by the Moon

Light from star A, which should not be able to treach Earth now gets bent by the
Sun's gravity and can be seen of the Sun's light is blocked. However, on Earth we
now see star A in a new 'apparent' position A'. This shift in its position depending on
whether the Sun's gravity is bend its light or not can be translated in curvature of
spacetime around the Sun.
The results of the experiment confirmed Einstein's prediction spectacularly and he
instantl;y became a household name around the world.
3. Gravitational redshift
GR also predicts that time runs slower in a gravitational field (as it is spacetime that
is bent, not just space). The stronger the field, the slower time runs. Einstein
calculated that clocks tick more slowly on the surface of the Sun than they do on
Earth. If we could put two identical clocks on Sun and Earth then we would see that
for each second that elapses on the Sun, 1.000002 seconds go by on Earth.
Of course, we can't put clocks on the Sun but we have natural clocks at our disposal:
gamma rays emitted by nuclei in the Sun. When atomic nuclei are excited they will
de-excite by emitting a gamma ray of a definite energy (since their energies are
quantised). From Planck's relation we know that this energy is proportional to
frequency of the gamma ray. Since f=1/T then frequency can be regarded as a
measure of time. If a nucleus that gives out a gamma ray of specific frequency is
placed in a gravitational field, the slowing down of time wil cause the frequency to
drop. So we would expect gamma rays from the Sun (indeed all em radiation) to be
redshifted. This is known as the gravitational redshift and is not the same as Doppler
shift.
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American physicists, Pound and Rebka measured this effect on Earth and proved
that time does indeed slow down, even on Earth (1959, 1965). They measured the
redshift of gamma rays at the top of a 74 foot tower that had been emitted by cobalt
nuclei at the bottom of the tower.
Their experiment was possible thanks to the then newly discovered Mössbauer
effect: identical nuclei emit and absorb light of the same frequency. But if this
frequency is changed even slightly then the light can no longer be absorbed by
nuclei identical to the emitters. Pound and Rebka placed cobalt nuclei at the top of
the tower and found that they no longer absorbed the gamma rays emitted from the
bottom due to a slight gravitational redshift arising from the slightly stronger
gravitational field. They then employed a very clever trick: by moving the nuclei at
the top of the tower downwards at a controlled velocity they enduced a Doppler (blue
shift) in the gamma rays (since in the rest frame of the falling nuclei, the source of
the gamma rays – the nuclei at the bottom – is seen to be moving towards them).
Their falling velocity and hence the blueshift could be adjusted to exactly cancel out
the gravitational redshift and bring the gamma rays back to the correct frequency to
be absorbed. They calculated from this method the amount of gravitational redshift
and this agreed with the predictions of GR to within 1%.

Black Holes
In such a brief introductory course on General Relativity it is impossible to go into
any depth. So having covered the Principle of Equivalence, the curvature of
spacetime and the experimental tests of GR, we skip any discussion of Einstein's
field equations (the equations of GR that link mass/energy to curvature of spacetime)
and end with a look at an extreme and exotic (and yet experimentally – almost –
confirmed) consequence of GR: the black hole.
How do black holes form? To answer this we need to study stellar and galactic
evolution. Stellar black holes form when a massive star, of several solar masses,
collapses under its own weight once it stops shining at the end of its life. Basically,
its falls down its own gravitational field! Supermassive black holes form at the
centres of large galaxies very early on in their evolution (quasars) and have a mass
typically of millions of solar masses.
A black hole is a region of spacetime when matter is so densely packed that its
gravity has warped spacetime to an extent that not even light can escape from its
pull. At the centre of a black hole is the singularity; in the simplest picture this is a
point of zero size and infinite density (although quantum mechanics saves us from
this limit by insisting on a tiny amount of uncertainty or fuzziness).
Surrounding the singularity is the event horizon. This is the surface of an imaginary
sphere of a certain radius called the Schwarzchild radius. The horizon marks the
point of no return as you approach a black hole; once you get closer to a black hole
singularity than the Schwarzchild radius then there is no escape. Since this is also
the region from which light cannot escape, it also defines the size of the black hole
(that is the extent of the 'blackness') as seen from outside.
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There is a very simple way of deriving a formula for the Schwarzchild radius from
simple Newtonian ideas.
We begin by considering the notion of escape velocities. For a body of mass m to
escape the pull of a massive object such as a star or planet, it must acquire a kinetic
energy in excess of the gravitational potential (binding) energy of the object. The
escape velocity, ve, is the critical velocity for this. Thus,

GMm
r
2GM
! ve 2 =
r
1
2

mve 2 =

Clearly, as mass M increases, so does the necessary escape velocity. But more
interestingly, if we keep the mass constant we see that reducing the radius also
increases the escape velocity. Once the radius falls below the Schwarzchild radius
r0 the escape velocity exceeds the speed of light.
At the critical radius, r = r0 we have v = c . Therefore

c2 =

2GM
r0

Therefore,

r0 =

2GM
c2

We see in this simple and elegant formula that we have two univeral constants: G, c.
Thus, the size of a black hole is related purely to its mass and its radius is in fact
proportional to the mass: double the mass, double the radius. Or, if two black holes
of equal mass M collide, the will form a single balck hole with twice their radius.
Example:
What if the Earth could be compressed down to form a black hole? How large would
it be?
We simply substitute in numbers to the formula above:

G = 6.7 ! 10 "11 m3 kg-1 s-2, c = 3 ! 10 8 m s-1, M = 6 ! 10 24 kg =>
r0 =

2 ! 6.7 ! 10 "11 ! 6 ! 10 24

( 3 ! 10 )

8 2

= 9 mm.

What is the physics of a black hole? How do objects behave near the horizon?
This is a very difficult subject and certainly, once inside the event horizon, we cannot
be sure as the laws of physics breakdown. Things get very weird. For instance,
spacetime is so twisted that the radial direction of in-falling objects is no longer a
direction in space but is instead the direction of the time axis! This is why all objects
must always fall radially inwards: any movement away from the singularity
constitutes motion backwards in time. It is just as inevitable that you will hit the
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singularity if you fall into a black hole as it is that you will reach tomorrow. Also, we
see now that the Schwarzchild radius, which is in units of spatial length is only
meaningful as a measure of size of the black hole from outside. This is not the true
size of a black hole and things are very different inside.
The singularity of as black hole marks the edge (end) of spacetime. There is no
space or time beyond it. This is the opposite to objects called white holes, whose
singularity marks the beginning of spacetime. Our universe was born from such a
singularity at the Big Bang.
Consider now two observers: one who suicidally jumps into a black hole while the
other watches from a safe distance outside the horizon. Firstly, consider the view of
the falling in observer:
1. He will not know exactly when he has passed the event horizon (only if he
tries to turn back).
2. If he looks back the way he came he will see events in the outside universe
taking place in speeded up motion since his time is running slower (although
he is unaware of it)
3. The light from the outside universe will be focussed increasingly into a ring
and it will be as though he has entered a tunnel with the entrance receding
and getting smaller. This is because light from all the stars around the black
hole gets bent round and focussed.
4. Depending on the size of the black hole, the journey from the horizon to the
singularity will take, according to the clock carried by the falling observer, from
seconds (stellar black hole) to hours (supermassive black hole).
From the perspective of the outside observer:
1. The falling observer will appear to fall more and more slowly towards the
event horizon as the gravitational field increases in strength and slows time
down. At the horizon there will be maximum gravitational time dilation and the
falling observer will appear to be frozen, floating just at the horizon [whereas
as, as far as the falling observer is concerned, he has actually been falling
faster and faster and accelerates through the event horizon at the speed of
light!]
2. Light from the falling observer that reaches the outside observer will be more
and more redshifted until it quickly falls to frequencies beyond the visible.
Thus in practice the faller will never be seen frozen at the horizon but will
have gradually faded away by then.
3. This redshift of the light can be thought of in another way. Not only will the
wavelengths become too long for us to ‘see’ them but the stretching of the
wavelength comes from the stretching of spacetime itself. Thus the photons
have further and further to travel as the fall closer to the horizon in order to
escape the gravitational well. The final photons to leave the body of the falling
observer before he disappears beyond the horizon will be infinitely redshifted
and take an eternity to reach the outside observer.
THE END
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